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Experiments under quasistatic conditions show that the aspect ratio (pore-to-throat effective diameter
ratio) necessary for snap-off in throats is ~ 1.5 when advancing contact angles (f,) are equal to zero and
increases only slightly, to 1.75, when 8, is equal to 55°. Above ~70°, snap-off in throats does not occur
in systems with pressure equilibrium between pores and throats. Three critical contact angles are recognized
for two types of interfaces. Advancing (8,) and receding (fg) angles for convex interfaces and 6, the
angle measured for selloidal interfaces at the moment of instability when snap-off occurs. Capillary
pressure, disjoining pressure, thin-film thickness, and contact angles are interrelated phenomena and,
for a given solid and fluid pair, ,, fr and fs may be defined at different pressures and are not equal but
are points on a common curve, the equation for which is defined. As 6, increases from 0° to 70° we
estimate that g increases from 30° to 77°. The difference between g and 6, decreases with increase in
64. The Young-Laplace equation assumes constancy of contact angle and must be applied with caution
since contact angle is a function of capillary pressure as well as of interface type. © 1986 Academic Press, Inc.

1. INTRODUCTION

Many natural and artificial porous media
consist of larger spaces (pores) connected by
smaller spaces (throats) which form continu-
ous three-dimensional networks. During the
displacement of nonwetting fluid by wetting
fluid (imbibition), collars of wetting fluid may
form in throats and these have interfaces with
elements of negative as well as positive cur-
vature. That is, radii of curvature occur on
both sides of an interface which is selloidal or
saddle-shaped (Fig. 1). As capillary pressure is
lowered, the curvature of the collar changes
to a critical value at which the fluid-fluid in-
terface becomes unstable and suddenly rup-
tures. Prior to this event, the interface is stable
and can be made to advance or retreat in re-
sponse to small decreases or increases of cap-
illary pressure. Rupturing of a selloidal inter-
face which has become unstabie has been re-
ferred to as snap-off (1-4) or choke-off (5). It
occurs at a critical capillary pressure and cur-
vature which are functions of throat size and
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wettability. The term snap-off has been applied
to events during drainage (1, 2) as well as dur-
ing imbibition (3, 4).

In addition to selloidal interfaces, interfaces
with only positive elements of curvature occur
and are referred to as convex interfaces (Fig.
2). Advance or retreat of a convex interface in
a pore or throat is referred to as “piston-type”
motion (4). For a given wettability, there is a
critical pore radius (7,) to throat radius (1) (r,/
r, = critical aspect ratio) at which snap-off of
a selloidal interface occurs in a throat at a
higher capillary pressure than a convex inter-
face can advance in the adjacent pore. As a
result the nonwetting phase becomes discon-
nected by snap-off in the throat and nonwet-
ting phase is trapped in the pore. This is an
important mechanism of trapping of oil in
water-wet reservoir rocks during waterflooding
(6). Initially, assume that both pore and throat
are simple circular tubes linked in series and,
later, we will consider the concept of effective
radius for other cross-sectional shapes. If the
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NON-WETTING PHASE

FIG. 1. Two pores with connecting throat to illustrate
nonwetting phase bridge (shaded) and wetting phase collar
(plain) in throat. Interface is selloidal. The thickness of
the continuous wetting film is greatly exaggerated here
and also on Figs. 3 and 8.

pore and throat both have circular cross-sec-
tional shape with radii 7, and , and the same
wettability, the critical aspect ratio is equal to
the ratio of the capillary pressure for piston-
type advance of a convex interface in the throat
(Py) to the capillary pressures for snap-off in
the same throat (Py). That is, r,/ry = Ppt/Py.
The purpose here is to report the results of
experiments which define the critical condi-
tions of aspect ratio and contact angle for snap-
off in a single pore—throat pair. Experiments
were performed in transparent glass models
using several fluid pairs with differing advanc-
ing contact angles. Previous workers have re-
ported measurements of critical aspect ratio
for snap-off in both imbibition and drainage
(2, 7) but these data have been for completely
wetted systems (advancing contact angle = 0)
and no experimental work is available to relate
critical aspect ratio to wettability.
Experiments under quasistatic conditions
reported here, for throats of constant rectan-
gular cross section and constant circular cross
section, show that the aspect ratio necessary
for snap-off in throats is ~ 1.5 for advancing
contact angles (6,) equal to zero and increases
only slightly to 1.75 for 6, equal to ~55°.
Above 70°, snap-off in throats does not occur
in systems with pressure equilibrium between
pores and throats. Published experimental
data for 6, equal to zero should be compared
to reported critical aspect ratios of ~3.65 (2),
~2.0(7), and ~2.3 (4), all of which are larger
than those determined by us. Existing theo-
retical treatments fail to explain adequately
the relationships established experimentally
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between critical aspect ratio for snap-off and
contact angle.

This paper concerns the conditions for snap-
off in a single pore-throat pair. In a subsequent
paper (8) we consider the topologic aspects of
snap-off in relation to disconnection and en-
trapment of nonwetting phase in several in-
terconnected pores.

Experiments were performed under quas-
istatic conditions by decreasing (drainage) and
increasing (imbibition) the fluid pressure in
the wetting phase (P,). The nonwetting phase
(nwp) is air, in all experiments reported here,
and nonwetting phase pressure (P,,) is con-
stant and equal to atmospheric pressure. In a
given experiment, advancing contact angles
() and receding contact angles (), in im-
bibition and drainage respectively, are con-
stant but not necessarily equal and represent
two limiting conditions for an interface in
equilibrium (Fig. 2). Further, the contact angle
(fs) measured in the wetting phase within a
collar (Fig. 2) has a limiting value at the mo-
ment of instability where snap-off occurs and
this angle is generally not equal to 4 or to fg.
Contact angle is measured in the denser phase
in the systems reported in this paper. Inter-
facial tension (v) is taken to be constant and
gravity forces are weak in relation to capillary
forces. All fluid motions occur in a horizontal
plane.

Entry of nonwetting phase (nwp) into a duct
of circular cross section and diameter (d) is
achieved at a threshold capillary pressure:

Po=Py— P, =

[1]

FI1G. 2. Selloidal interface (left) and convex interfaces
(right) in cylindrical tube with horizontal axis. Two convex
interfaces indicate the advancing and retreating positions
with contact angle hysteresis (6, > 6g) (piston-type motion).
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Small increases or decreases of this capillary
pressure cause the meniscus to advance or re-
cede in a reversible manner (piston-type mo-
tions), the difference in capillary pressure being
related to contact angle hysteresis.

In a duct of rectangular cross section, of
width x and depth y, the threshold capillary
pressure for fg = 8, = 0 is given by Lenormand
et al. (4) as

11
P.= F(e)2'y()—c + ;) , where ¢ = f 2]

and
4 — w)
2(1 + e){(1 + ¢
—[(1 + ¢? — (4 ~ 7r)]1/2}

The dimensionless term F(e) is nearly equal
to 1 and Eq. [2] can be approximated by

Fle) = [3]

P.= 27(-1- + l)cos 0 4]
X ¥

as given in (9) for any value of . The angle §

is not necessarily the same in imbibition as in

drainage.

An important difference between smooth
ducts of circular cross section and those of
rectangular cross section is that the former
only have a thin film of wetting fluid separating
the nonwetting fluid from the solid over the
entire surface whereas, in the latter case, there
are larger wedges of wetting fluid associated
with the corners of the rectangular plates as
well as thin films elsewhere (Fig. 3). One of

A B

THIN WETTING FILMS
_____AL__ )

NON-WETTING PHASE /
WEDGE OF WETTING PHASE:
Fi1G. 3. Conduits of circular and square cross section to

illustrate positions of thin films and wedges of wetting
phase.
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FIG. 4. Experimental apparatus for throat of rectangular
cross section.

the conditions for snap-off is that wetting fluid
be supplied to specific sites in the throats and
the supply rate is affected by these differences
in wetting phase distribution. Since sediments
and rocks typically have spaces defined by ir-
regular surfaces, a rectangular section provides
a more realistic model than a cylindrical tube.

II. EXPERIMENTS WITH THROATS OF
RECTANGULAR CROSS SECTION

A. Experimental Methods

The experimental apparatus is illustrated in
plan view and median-longitudinal section in
Figs. 4A and B. The throat is of rectangular
cross section and fixed depth (y = 1 mm) but
adjustable width (x = 0.5 mm) so that the ef-
fective throat size can be varied.

Wetting fluid can enter the throat along
grooves associated with the corners of the
rectangular cross section (Fig. 3B) and also
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along several grooves etched into the top and
bottom plates perpendicular to the long axis
of the throat and connecting with local sources
of wetting fluid in chambers C1 and C2 (Fig.
4A). The design is such that wetting fluid is
always accessible to the throat independently
of thin films. This enables rapid attainment of
equilibrium when pressure is changed during
an experiment. The model consists of three
layers: a top plate (TP), a bottom plate (BP),
and four middle plates M1 to M4 (Figs. 4A
and B). The top and bottom plates both have
been etched with HF to provide the ducts il-
lustrated. The middle plates M1 and M4 are
“c”-shaped and fixed but the middle plates M2
and M3 can be moved in and out, as indicated
by arrows, to change the x dimension of the
throat.

One side of the apparatus is connected to a
large reservoir of wetting fluid the level of
which can be changed by adding or removing
liquid with a syringe. The liquid level is read
from a fixed scale. The upper plate has two
large vents drilled to connect the pores with
the atmosphere (Fig. 4A).

Initially, all spaces in the model are filled
with wetting liquid by flowing liquid from the
reservoir into the entry duct and out of the
four exit ducts. The exit ducts are to facilitate
clearing the model of trapped air at the begin-
ning of an experiment. Subsequently, valves
on the ducts are closed and they have no fur-
ther part in the experiment.

The starting reference position is with the
liquid level in the reservoir at the same ele-
vation as the middie of the middle plate (Fig.
4C). At this stage, menisci of large radius are
associated with the two vents which connect
the pores to the atmosphere. Liquid is removed
slowly from the reservoir with a syringe and,
as wetting fluid pressure in the model de-
creases, the pores fill with air (nonwetting
fluid) and menisci enter both ends of the throat
from the adjacent pores. At a consistent near-
central position in the throat, but before co-
alescence of the menisci, the elevation of liquid
in the reservoir is recorded as a height mea-

sured from the reference level (A = height for .
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piston-type drainage in throat). By increasing
the pressure of the liquid, the menisci with-
draw and the height is again measured (/i
= height for piston-type imbibition in throat).
Pressure on the liquid is again decreased until
the two menisci meet and coalesce. The throat

-is then air-filled except for thin wetting films

and wetting fluid in the grooves and along the
corners.

Wetting phase pressure is increased slowly
by adding liquid with a syringe until snap-off
occurs in the throat. The distance from the
reference level (h; = height for snap-off in
throat) is recorded. The procedure was re-
peated over 20 times and average values de-
termined. Since the densities of both fluids are
known, as well as the nonwetting phase pres-
sure (atmospheric), the distances A4, /1, and
hy can be transformed to equivalent capil-
lary pressures which are, respectively, Py, P,
and Py.

From Egs. [1] and [2], an effective diameter
(d.) for a meniscus is obtained

2
="
F(f)()—c + ;)

We were able to verify this relationship for
liquid displacing air since the dimensions of
the throat (x and y), the surface tension (),
contact angle (6g = 0), and capillary pressure
were all independently measured. For fluid
pairs with nonzero contact angles, we mea-
sured drainage and imbibition capillary pres-
sure and used Eq. [1] with 6 or 6, and Eq.
[5]to calculate receding and advancing contact
angles within the throat. These angles were also
calculated independently from capillary rise
and fall experiments in cylindrical glass tubes
of known bore and determinations by the two
methods corresponded closely (Table I). Con-
tact angle hysteresis is small presumably be-
cause the glass surfaces are relatively smooth.

Nonzero contact angles were obtained on
glass by coating the surface with silicone (Table
I). The glass was cleaned in hot sodium hy-
droxide solution, rinsed thoroughly with dis-

(5]
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TABLE 1

Contact Angles, Fluid Properties, and Capillary Pressures
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Contact angles
From
From measured
capill; capi -
"'r;:y PYE:SI::Z Interfacial Deﬂ?“y Capillary heads (cm) Critical
wbe  inmodel  (gurface) displacing aspect  Effective
tension, ¥  phase, p Drainage, Imbibition, Snap-off, ratio, radii, r,
Fluid pairs and solid 6 64 B O (mN/m) (g/em®) o I Fig Pu/Py  PufPu (cm)
1. Air-water with
KMnO, on
clean glass 0 0 0 O 717 09981 445 4.45 3.00 0.67 149 0.0331
2. Air-tetradecane
on glass coated
with silicone 32 34 29 32 258 0.7602 1.90 1.85 1.15 062 1.61 0.0318
3. Air-pyridine on
glass coated :
with silicone 48 54 52 60 374 09819 1.48 1.22 0.70 0.57 175 0.0321
4. Air-pyridine
plus water on
glass coated
with silicone 62 77 62 73 537  0.9891 1.60 1.02 -1.30¢ -127 —  0.0321
5. Air-water on
glass coated
with silicone 65 87 68 87 719 0.9976 1.70 0.20 -2.60° —130 — 0.0329
6. Air-water with
KMnO, on
clean glass 0 0 0 0 704 09998 6.70 6.70 4.30 064 156 0.0215

Note. Systems 1 to 5 were used in the experiments with throats of rectangular cross section and System 6 in a
capillary tube of circular section. Surface tensions were measured by the drop-weight technique and capillary rise and

densities with a PAAR DMA 45 density meter.

2 Capillary pressures in the throat for an experiment in which the capillary pressures in throat and pore are not in
equilibrium due to restricted supply of wetting phase to the pore.

tilled water and allowed to dry in the air. A
siliconizing agent (SurfaSil-Pierce Chemical
Co., Il.) was brushed onto the dry surface with
clean tissue for 5 min and then washed-off with
distilled water, drained, and allowed to air dry.

B. Results

The ratio of snap-off capillary pressure (Py)
to the capillary pressure for piston-type motion
of a convex interface in the throat (Py), is
equivalent to the reciprocal of critical aspect
ratio. For a single pore-throat pair, any ratio
larger than critical means that snap-off occurs
in the throat at a higher capillary pressure than

nwp can withdraw from the pore. Figure 5 il-
lustrates Py/P, as a function of advancing
contact angle from the data presented in Table
L For 8, = 0, the critical aspect ratio is ~ 1.5
and increases to ~1.75 for 6, = 55° (Table
I). Thus, in the range of contact angles from
0° to 60°, critical aspect ratio is relatively in-
sensitive to contact angle.

Measurements of Py /P, versus , for angles
larger than, as well as somewhat smaller than
70° (8), indicate a unique point at ~70° where
the capillary pressure ratio for snap-off changes.
from positive to negative. Thus, the critical
aspect ratio for snap-off appears to become
infinite at ~70° and snap-off is not possible
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under quasistatic conditions of imbibition
(Fig. 6).

The experiments described above for 04
< 70° were performed under quasistatic con-
ditions in which wetting phase pressure was
constant within the pore-throat region. How-
ever, it was observed that snap-off occurred
for contact angles greater than 70°, measured
in the displacing phase, when wetting phase
pressure was increased rapidly such that the
wetting phase pressure in the throat was larger
than both the nonwetting phase pressure in
the throat and the wetting phase pressure in
the pore. Unequal wetting phase pressures
within the model are possible momentarily
because the ducts supplying wetting phase to
the throat are larger than those supplying wet-
ting phase to the pore (Fig. 4A). The capillary
pressure which is measured is that inside the
throat.

HI. EXPERIMENTS WITH THROATS OF
CIRCULAR CROSS SECTION

A. Experimental Methods

The experimental apparatus consists of a
piece of cylindrical capillary tubing of 0.215
mm internal radius which is open at both ends
and breached by a fine saw-cut which connects
the capillary bore to a surrounding sleeve (Fig.

FI1G. 5. Ratio of snap-off capillary pressure in a throat
(Pq) to capillary pressure for advance of convex interface
in the same throat (P,,) as a function of advancing contact
angle. The right- and left-hand axes are both Py /Py, shown
at different scales. Experimental data for systems sum-
marized in Table I,
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F1G. 6. Data from Fig. 5 expressed in terms of aspect
ratio (pore-to-throat effective diameter ratio).

7). The saw-cut extends over about one-tenth
of the circumference of the tube. The sleeve
is connected to a reservoir as depicted in Fig.
4C and the experiment is conducted much as
in the case of the rectangular throat model.
The tube and sleeve are saturated with wet-
ting liquid and the zero reference scale in the
reservoir is leveled with the center of the cap-
illary bore. Pressure is lowered by removing
water from the reservoir with a syringe and
air (nonwetting phase) enters both ends of the
capillary tube. The distance between the res-
ervoir water level and the zero mark is re-
corded during drainage (Ag). Similar mea-
surements are made for imbibition (/) by
adding water to the reservoir until the level is
such that interfaces begin to withdraw from
the tube. The wetting phase pressure is again
lowered until the interfaces are allowed to co-
alesce at the saw mark. The system is allowed

CAPILLARY
TUBE

F1G. 7. Experimental apparatus for throat of circular
cross section.



WETTABILITY AND SNAP-OFF

to equilibrate and the wetting phase pressure
is increased until a wetting phase collar adja-
cent to the saw cut becomes unstable and snap-
off occurs. The water level is recorded (/) and
the experiment can be repeated after draining
wetting fluid from the tube and allowing time
for equilibration. The distances hq, A1, and
hy can be converted to capillary pressure Py,
P, and Py, as previously, and these are re-
corded in Table I. The equivalent reciprocal
critical aspect ratios (Py/P,) and critical aspect
ratios are shown in Figs. 5 and 6, respectively.

B. Results

For 64 = 0, Py/P, equals 0.64 and the re-
ciprocal gives the equivalent critical aspect ra-
tio of 1.56. The corresponding value for the
throat of rectangular cross section was 1.49.
Thus, these cross-sectional shapes do not have
much effect on snap-off capillary pressure un-
der quasistatic conditions of displacement.

1V. DISCUSSION

Fluid interfaces are either convex or selloi-
dal (saddle-shaped) (Fig. 2). For the former,
the two principal radii of curvature are on the
same side of the interface and for the latter on
opposite sides. Interfaces during snap-off are
selloidal and, in some respects, resemble liquid
bridges. Plateau (10) showed that all stable lig-
uid bridges are surfaces of constant mean cur-
vature but that not all surfaces of constant
mean curvature are stable. For example, a cyl-
inder of length-to-diameter ratio greater than
the constant pi, between fixed circular end
plates, will break up (10, 11).

However, in a tube with thin liquid films
separating a nonwetting fluid from the solid
walls, a fluid cylinder can be stable at length-
to-diameter ratios greater than pi. Molecular
interactions in the thin films, referred to as
disjoining pressures (), serve to stabilize the
interface. Stable fluid interfaces have constant
mean curvature except within the thin film
region where disjoining pressures are large (7,
12~14). The force-balance across a static in-
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terface between two fluids is described by the
Laplace equation

in—Pw=Pc=2H'Y,_ [6]
where 2H is the curvature of the fluid—fluid

interface. Equation [6] for cylindrical sym-
metry is

P, = % do/V1 + @r/dzpydr, (7]

where r is the interface radius and z is distance
measured along tube axis from the interface
(Fig. 8A).

For the boundary conditions

r =R, dr/dz = tan 6,
r=0,dr/dz = o,

where R is the radius of the tube and 8 the
contact angle. Integration of Eq. [7] for the
given boundary conditions yields

at z=A

at z=0,

RP,
— =cos f 8]
2y
which is the Young-Laplace equation.
The contact angle 6 here is the angle be-
tween the solid surface and a tangent line from

A© A
T Z
R r, R
. I L
i, 0 g

N

r
[}
t
1
|
T
0 —
r
o 4
—
OZ——

N

A 0
C

FiG. 8. Convex interfaces: (A) with a contact angle; (B)
with thin film. Selloidal interfaces: (C) with a contact angle;
(D) with thin film.
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the region of constant interface curvature un-
distorted by the local disjoining pressure. The
effects of the disjoining pressure are recognized
in the augmented Young-Laplace equation
(Eq. [91) which is valid uniformly from thin-
film to bulk layer,

P, = 2Hy + =(h). [9]

Here x(/) is the disjoining pressure which var-
ies with thin film thickness (). The additivity
of disjoining pressure in Eq. [9] is a hypothesis
introduced by Derjaguin (12) and reviewed in
detail by Mohanty et al. (13). It emphasizes
that the pressure drops and curvatures across
the thin film and across the interface between
bulk liquids are not the same. As pointed out
by Melrose (14), the net repulsive force in a
stable thin film (equivalent to disjoining pres-
sure w(/)) is equivalent to the difference be-
tween the capillary pressures across an inter-
face for bulk fluids and a thin film interface.
For cylindrical symmetry Eq. [9] is written

P, = (% dir/V1 + (dr/dz)z)/dr)

+x(R—r), [10]

where w(R — r) is the disjoining pressure for
a film thickness (#) which is equivalent to (R

— r) (Fig. 8B).
For the boundary conditions
r=r,dr/dz=0, at z=w
r=0,drldz =00, at z=0.

Integration of Eq. [10] for the given bound-
ary conditions gives
RP, 1 (7
e — ~ Pdr.
» R J; re(R — rdr.  [11]

The ratio P./2vy is a curvature and we shall
refer to

B [1_kn

2vf R 2y

as a normalized curvature.
From Eqgs. [8] and [11] we derive a relation
between contact angle and disjoining pressure,
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L
cosf =1 +—f re(R — ndr, [12]
Ry Jo

where 0 is the contact angle. This shows that
contact angle is a function of disjoining pres-
sure and film thickness. Since film thickness
is a function of P, it follows that contact angle
is a function of P..

The thickness of thin films is much exag-
gerated in Figs. 1, 3, and 8. No measurements
of thin film thickness were made in this study
but such films can be thought of as in the
range ~ 10% to 10* A and for a review of data
on the dependence of disjoining pressure
on film thickness the reader is referred to
Mohanty (7).

We were able to observe that apparent con-
tact angle (®) for a selloidal interface increased
and bridge length increased (distance from
bridge center to contact point A, Fig. 8C) as
capillary pressure decreased but were unable
to make accurate measurements of & in the
apparatus used. Corrections from apparent to
true contact angles for convex fluid interfaces
can be made easily in cylindrical tubes but
this is not the case for selloidal interfaces whose
surface shape is complex and not known., We
do not know of published experimental mea-
surements of contact angles within selloidal
bridges as a function of capillary pressure.

In the case of contact angle hysteresis (84
# fr), an interface in a capillary tube of uni-
form radius can be in equilibrium over a range
of pressures and the two angles define the lim-
its of equilibrium of the interface (Fig. 2). The
simple form of the Young-Laplace equation
is insufficient to explain the relationships of
pressure and interface curvature within this
range of pressures.

We will now show that at snap-off, the lig-
uid-fluid angles at the three-phase line where
a selloidal interface (elements of positive and
negative curvature) contacts solid are larger
than contact angles for convex interfaces (ele-
ments of positive curvature only).

With the following boundary and symmetry
conditions
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r= R, dr/dz = tan P,
r=ry,dr/dz =0,

at z=4
at z=0,

where 7, is the radius of the bridge at its nar-
rowest point and P is the angle of a tangent
line from the constant curvature interface, at
the contact line, to the wall of the tube (Fig.
8C). The point A, seen in section (Fig. 8C), is
the apparent contact point where the fluid in-
terface intersects the cylinder walls,

Applying these boundary conditions and
integrating Eq. [7] vields

PCR r02 o
1= {2} |+ 2= cos @.
ol (B ]+ R

If we integrate Eq. [10], the augmented
Young-Laplace equation, for the boundary
conditions (Fig. 8D)

r=r,dridz =0,
r=ry, drldz =0,

[13]

at z=
at z=20

we get, for a selloidal interface:
2-G1+3
2y R R

=1+ -l—f'rw(R —ndr. [14]
R’Y ro

Equations [13] and [14] give the relationship
between P and the disjoining pressure, for the
case of a liquid bridge in equilibrium in a cy-
lindrical tube, as

1 ("
cos®=1+ ——f re(R — Ndr.  [15]
R‘Y ro

Equation [12] gives the relationship between
contact angle and disjoining pressure for a
convex interface and Eq. [15] provides the
equivalent relationship for a selloidal interface.
Since disjoining pressure #(R — r) is a sen-
sitive function of film thickness (R — r), i.e.,
Mohanty (7) cites disjoining pressure propor-
tional to 1/(R — r)" where n is of order 3, the
contribution to the integral of the lower limit
in Eq. [12] is negligible except in the case of
very small tube diameters. Since disjoining
pressure decreases abruptly as thin-film thick-
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ness increases, the contribution to the integral
at the lower limit in Eq. [15] is also negligible
except for the case where the liquid-fluid in-
terface is cylindrical and remains within the
thin-film region where disjoining pressure is
relatively large. Equations [12] and [15] be-
come identical in those cases where the con-
tribution to integrals from the lower boundary
conditions are zero. Thus, except for the cases
where throats or pores are extremely small or
where the bridge form is close to being a cyl-
inder, the contact angles for both convex and
selloidal interfaces (Fig. 2) in a cylindrical tube
of constant bore are given, to a good approx-
imation, by Eq. [12]. In view of this we take
the three critical contact angles (64, 0gr, 0s) as
lying on a common curve, given by Eq. [12].
Normally they will not be of the same value!

Equations [8], [11], [13], and [14] are force-
balance equations. An interface will be in
equilibrium if both sides of the equations are
equal. However, not all interfaces which satisfy
the force-balance equation are stable. Stability
requires that the potential energy be a local
minimum with respect to all admissible shape
fluctuations. The admissible fluctuations are
those which satisfy the constraints on volume
and the boundary conditions. If the second
variation in energy i$ negative for any admis-
sible perturbation, then the interface is unsta-
ble (7).

Energy is a function of surface area (S) at
constant volume (V). In order to obtain V.and
S we must first find the equation of the inter-
face implied by Eq. [7]. For the boundary
condition, r = R, dr/dz = tan 8, at z = A (Fig.
8C), we have

drjdz = [:4(r/R)2 / {2 cos 0

+ (PCR/Y)[(]—'{)2 - 1]}2 -~ 1.]1/2 (16]

Integration of Eq. [16], for a chosen P;, R, v,
tor = R, z = A (where (dr/dz),-4 = tan 8)
gives the profile r = f(2) for the surface. The
profiles of the interfaces are then known and
can be used to calculate ¥ and S.
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Erle et al. (11) have in fact calculated V and
S for essentially the same problem, the stability
for liquid bridges between spheres. Their
equation for the profile of the bridge (Eq. [11]
of Ref. (11)) is readily seen to be identical to
our Eq. [16] on setting: ¢ = 90 — 6, R, = R/
sin ¢ = R/cos 8, J = —P./vy, Yo =cos 4, ¥
= —dr/dz. Rsis the sphere radius in Erle et al.
(11). They provided a map of bridge solutions
with ¢ as ordinate and the mean, ie., nor-
malized, curvature of the bridge as abscissa.
Etle et al. used subsets of solutions whose ele-
ments all have the same volume and other
subsets whose elements all have the same sep-
aration to locate solutions for selected volumes
and selected separations and found that there
could be two solutions, one solution or no so-
lutions, depending on the particular selection
of volume and separation. They considered
the separations of bridges along a curve of
constant volume and found that there was one
solution on this curve which has greater sep-
aration than any other solution. They called
this solution of maximum separation, located
at the point of tangency of the constant volume
curve with the curve of constant separation,
Xmax. By considering all constant volume and
constant separation curves they defined a “lo-
cus of tangency” which, they conjectured,
marks the boundary between a stable field and
an unstable field on the map. Points falling on
this locus represent conditions which give sin-
gle solutions of Eq. [11] of Erle ef al. or our
Eq. [16]. Their conjecture was substantiated
by their experimental results. In Fig. 9 we
present the result of Erle er al. (cf. Ref. (11),
Fig. 4) when applied to a bridge within a cy-
lindrical tube and for our notation. The solid
line in Fig. 9 is the locus fs and is the boundary
between stable (upper) and unstable (lower)
domains.

We have measured the snap-off capillary
pressure P for several fluid pairs and wetta-
bilities in the tubes of uniform cross section,
Table I and Figs. 5 and 6. With these mea-
surements and the results of Erle er al., as given
in Fig. (9), we can obtain the relation between
0, and the contact angle fs at snap-off. That
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FIG. 9. Critical contact angle at snap-off (fs) as a function
of normalized capillary pressure for bridges within a cy-
lindrical tube is derived from Erle et al. (11) for liquid
bridges between spheres.

is, in Table I we give 0, and Py for each fluid
pair and from Fig. 9 we can obtain 65 corre-
sponding to this same value of capillary pres-
sure (Py). These values of 65 and 8, for cor-
responding fluid pairs are plotted in Fig. 10
(the upper curve and the left-hand ordinate).
Now (see Sect. IT and Table I) we have also
experimentally determined corresponding 04
and 0y values (these are given in the lower
curve and right-hand ordinate in Fig. 10). Us-
ing this relation between 0, and fr and the
relation between P, and 6, we can obtain the
relation between Py and fr. As a result, we
now have all three corresponding pairs fg and
Py, 04 and Py, and 65 and Py. For a given
wettability, the three angles and pressures will
fall on a common curve given by Egs. [12]
and [15]. In Fig. 11 we have displayed these
three pairs for three fluid pairs with different
wettabilities. The broken line going through
fs, 04, and Oy for a given fluid pair is taken to
represent the functional relation between # and
P, already given in Eq. [12] or its extension
Eq. [15]. The basis for this assertion is that
Eqgs. [12] and [15] connect capillary pressures
and angles which are in balance. Indeed, the
points on Fig. 11 are not only in balance but
also represent a stable balance.

The capillary pressures at which a convex
interface advances and retreats in a tube of
constant bore commonly are observed to be
different (hysteresis) and different from the
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F1G. 10. Critical advancing (8,) and receding (fr) contact
angles determined experimentally for smooth glass of ap-
paratus. The relation between 65 and 8, for bridges within
a cylindrical tube is derived by transformation of the result
of Erle et al. (11) for liquid bridges between spheres and
applying experimentally measured capillary pressures at
snap-off.

capillary pressure of snap-off for the same
fluids in the same tube (Table I). Mohanty et
al. (5, 7, 13) assumed that contact angle is
constant for a given system and that the con-
tact angle for a selloidal interface was the same
as for a convex interface. This led to the result
that as a nonwetting phase bridge narrows (Fig.
2) capillary pressure increases which is the re-
verse of what is observed experimentally. It is
unfortunate that applications of the Young-
Laplace equation (Eq. [1]) frequently assume
that contact angle is constant for specified
fluids and solids and is independent of capil-
lary pressure or interface type. In fact, both
capillary pressure and interface type (convex
or selloidal) can affect contact angles.

The extension of our results to other situ-
ations should be undertaken only with care
for both the geometry of the boundaries (e.g.,
a diverging tube) and the nature of the bound-
aries of the bridge (wetting or nonwetting) will
affect the analysis. Critical aspect ratio for
snap-off in throats of circular or rectangular
cross section may be a function of throat
length. Our experimental results are limiting
values for “long throats” whose cross sections
are uniform and whose length is two or more
times greater than the effective diameter (d.).
This is the common condition in consolidated
porous media such as reservoir rocks where
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the prevailing geometry of throats is sheet-like.
However, another common throat type is that
typical of unconsolidated media where, say,
particles are of approximately spherical form.
If throat size is defined as the dimension of
minimum area of cross section between ad-
jacent particles, throats are effectively very
short and the contact points of selloidal fluid
interfaces with the spherical solid surfaces may
lie away from such minimum cross sections.
Critical aspect ratio for throats of this type will
be larger than for those reported here for long
throats.

Further, although our analysis has at-
tempted to incorporate a disjoining pressure
we have not included the potential role of sur-
face roughness (14-16).

V. CONCLUSIONS

Experiments under quasistatic conditions
reported here, for throats of constant rectan-
gular cross section and constant circular cross
section, show that the aspect ratio (pore-to-
throat effective diameter ratio) necessary for
snap-off in throats is ~ 1.5 for advancing con-
tact angles (f,) equal to zero and increases only
slightly to 1.75 for 6, equal to 55°. Above
~70°, snap-off in throats does not occur in
systems with pressure equilibrium between
pores and throats.

Three critical contact angles are recognized
for two types of interface: advancing (6,) and
receding (fr) angles for convex interfaces and

FIG. 11. Critical contact angles (64, 0r, 0s) given as a
function of normalized capillary pressure based on infor-
mation from Figs. 5, 6, 9, and 10 and Egs. [12] and [15].
The solid line is the same curve as on Fig. 9.
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angles measured for selloidal interfaces at the
moment of instability when snap-off occurs
(#s). Capillary pressure, disjoining pressure,
thin-film thickness and contact angles are in-
terrelated phenomena and, for a given fluid
pair and solid, 6, fir, and 6s may be defined
at different capillary pressures and are not
equal but are points falling on a common
curve defined by Eq. [12]. As 8, increases from
0° to 70° we estimate that g increases from
30° to 77°. The difference between 05 and 0,
decreases with increase in 6, . Hence the widely
used Young-Laplace equation with a constant
contact angle must be applied with caution
since contact angle is clearly a function of cap-
illary pressure as well as of interface type.

For convex interfaces, where radii of cur-
vature all lie on the same side of the interface,
the constraints of the Laplace equation on
shape are much more severe than for selloidal
interfaces where radii of curvature lie on op-
posite sides of the interface and a much wider
range of stable curvatures are possible. Cap-
illary pressure is related to curvature and dis-
joining pressure to capillary pressure. Both
and & are related to disjoining pressure.
Therefore, the wide range of stable selloidal
shapes manifests itself in a wide range of pos-
sible values of ® for stable bridges. This is con-
trary to previous treatments where it was as-
sumed that ® is equal to 4.

A duct of uniform rectangular cross section
can be assigned an effective diameter (d.) using
Eq. [5] and, with respect to 84, fr, and g, the
behavior is the same as that of a uniform tube
of circular section and diameter d,. Thus, the
results can be applied to throats or pores of
uniform cross section but differing shape.

This paper has concerned the conditions for
snap-off in a single pore-throat pair. In a sub-
sequent paper (8) we consider the topologic
aspects of snap-off in relation to disconnection
and entrapment of nonwetting phase in several
interconnected pores. This work provides the
basis for computer modeling of 2-phase fluid
displacement processes in porous media of
specified geometry and topology.
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