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Abstract

A review of the work carried out during the last two decades by a group in Rouen, on Eulerian and Lagrangian approaches for
predicting the behaviour of discrete particles in turbulent flows, is presented. The opportunity of this review is taken to direct the
reader to a much larger literature and to point out unsolved problem899 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The study of multiphase flows is a very vast domain of

because chemical and biological attacks may rely on the
use of aerosols and droplets [2].
Therefore, the chemical and mechanical engineer can

research of utmost practical interest because the number ofhardly avoid coping with the turbulent dispersion mechan-

potential applications is almost infinite. Forgetting about
slug flows, annular flows, and the big realm of transitions

ism of mass transfer. The researcher will be confronted with
a difficult topic in which some fundamental problems are

and combinations between these regimes [1], we focus on still unsolved. For example, we would like to know in closed
the topic to be discussed in this paper, namely the case whenform or to predict the relation between Eulerian and Lagran-
discrete particles are transported by flows. Usually, this case gian spectral densities, and also the relation between asso-
may be subdivided into three subclasses: suspensions,ciated scales. Knowledge or prediction of Lagrangian

bubbly flows and droplet flows. Although some specific

correlation tensors would be particularly welcome. The

features are attached to each of the subclasses, they willabsence of any rigorous solution to such problems will be

be considered here in a unified perspective. Furthermore,
we assume that flows are turbulent. The basic issue to

troublesome.
In the simplest case, we have to deal with a one-way

address is therefore to understand and predict the dispersionproblem: given a turbulent flow, to predict the dispersion

of particles induced by continuous turbulent motion.
During the last century, much effort has been devoted by
researchers and engineers to the study of turbuliéfosion
starting with the celebrated pioneer observation by
Reynolds that turbulent motion is much more efficient

behaviour of transported discrete particles. However, par-
ticles are not passive contaminants. The mere presence of a
particle locally modifies the turbulence since, inside the
particle, there is no flow field, i.e. no eddies. This kind of
local modification is expected to be negligible if the particle

than molecular motion, by orders of magnitude. The word diameter is much smaller than the Kolmogoroff scale (note
diffusion is used here when quantities to be dispersed do not that this statement implies a sufficient condition). Up to
react to inertial effects and cannot drift under buoyancy in now, we have always neglected such local turbulence modi-
isothermal flows. They may possess a scalar or vectorial, fications, even when the sufficient condition is not satisfied,
more generally tensorial, character. Examples include apparently without any damage. This problem must,
marked fluid particles, chemical species, heat, momentum, however, be considered an open one. However, when the
velocity curl, and velocity correlations. Conversely, for particle mass loading ratio is increased, global turbulence
discrete particles which react to inertia and to other various modifications may be induced. For example, shear stresses
effects produced by the fact that they are aliens with respect may be reduced. Introducing particles to it decreases the

to the carrier fluid, we use the wodispersion When the
diameterd of the particles tends to zero, dispersion tends to
diffusion. This, however, requires neglecting molecular
diffusion as is usual in turbulent flows. One of the conse-
guences of molecular diffusion for fluid particles is that their
entity is not preserved in contrast with the case of discrete
particles, leading to micro-mixing effects. Therefore, the

concept of dispersion appears to be more general than that

of diffusion.

expansion of a turbulent jet. Generally, the existence of a
relative motion between particles and the carrier fluid leads
to an extra dissipation of the turbulence energy. We are then
faced with a two-way coupling problem: turbulence modifies
particle behaviour which, in return, modifies the turbulence.
The return may be viewed as the consequence of a micro-
turbulence produced by extra gradients around the particle.
More difficult problems arise in the case of additional heat
and mass transfers between particles and fluid (evaporation),

Industrial applications of turbulent dispersion are miscel- possibly with simultaneous occurrence of chemical reac-
laneous and concern the design and control of various multi- tions and radiative transfer (combustion). Again, these
phase processes such as droplet combustion in furnacesjssues may be addressed in a one-way or a two-way coupling
diesel engines, droplet cooling, cyclone separation, and formulation. Furthermore, if the particle number-density is
pneumatic transport. Some processes are directly connectedsufficiently large, we may have to account for particle—
with energy conversion problems (chemical reactors like particle interactions. This is a four-way coupling problem
fluidised beds, spray and coal combustion). Bubbly flows which, at the present time, should not be considered as
are extensively studied in nuclear reactor engineering. completely solved, although significant progress has been
Pollution transport and dispersal in geophysical flows is made, in particular concerning the influence of collisions
another issue of interest, including military purposes between particles.
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To handle such a large variety of phenomena, two than only one. Furthermore, to some extent, these approaches
theoretical approaches are at our disposal, namely the are complementary in many respects. For instance, any
Eulerian and the Lagrangian approaches, with many variants. progress achieved in one approach may help make progress
In both cases, however, the underlying physics is essentially in the other. Examples of such inter-relations between the
the same, but the Eulerian approach conceptually elaboratesEulerian and the Lagrangian approaches have recently proved
much on it, while the Lagrangian approach remains close to to be of great interest for the study of particle collision [5].
it. As a consequence, the most complex versions of the The paper is organised as follows. Section 2 discusses
Eulerian approach take the status of models, while the turbulence predictions. This is required because, whatever
Lagrangian approach essentially leads to simulations. the chosen approach (Eulerian or Lagrangian), prior knowl-

More specifically, the underlying physics is as follows. edge of the turbulence field in which particles will move is
We must consider a large number of particulate trajectories required. Section 3 discusses the particle equation of motion
that we may call trajectory realisations and, by averaging which is necessary to build trajectories, with some speci-
over these realisations, we deduce the quantities we want toficity, depending on the considered approach. Section 4 is
know such as particle velocities and particle velocity fluc- devoted to the Eulerian approach. Section 5 and Section 6
tuations, or number—densities versus space and time. concern the Lagrangian approach, Section 5 for the fluid

However, in the Eulerian approach such as that discussed particle trajectories and Section 6 for the discrete particle
in this paper, trajectory constructions and subsequent aver- trajectories. All these sections only concern the one-way
aging are not explicitly carried out at a computational level. coupling case. The two-way coupling problem is discussed
Instead these operations are implicitly achieved at a concep- in Section 7. Section 8 discusses the case when additional
tual level, leading to the introduction of a dispersion tensor. heat and mass transfers, not considered in the previous
Therefore, the discrete character of the underlying process is sections, occur, with the typical example of vaporisation
washed out to provide us with a theory involving a con- of droplets, both for one-way and two-way couplings.
tinuum associated with the particles. The dispersion tensor Section 9 is devoted to the four-way coupling problem.
is introduced in an equation of transport for mean number— Section 10 is the conclusion.
densities (or probabilities of presence) to be solved. The Inaddition, the bulk of the paper is written as a guideline,
conceptual part of the work being carried out by the brain avoiding mathematical expressions. Technicalities are
(not by a computer), Eulerian codes are fast-running. The better reported in Appendices.
price paid for this computational efficiency is that assump-
tions must be introduced to succeed in the formulation of the
dispersion tensor, i.e., the range of applications of the Euler- 2. Knowledge of the turbulence field
ian approach is limited to cases when the concept of the
dispersion tensor makes sense, resulting in a loss of general- Any turbulence modelling or simulation will inevitably
ity. Other authors have, however, provided extensions produce inaccuracies which will partly spoil the results on
outside of such limited cases, with an intensive modelling particle behaviour. Therefore, in order to test particle
effort. In particular, they appear to be well adapted for the predictions without such a spoiling effect, it is highly recom-
study of densely laden two-phase flows, as we shall mended to rely on experimental data for the turbulence field
comment later. when they are available with enough accuracy. A typical

Conversely, in the Lagrangian approach, trajectory case for which this situation is encountered is grid turbu-
realisations are explicitly simulated by the computer lence. However, a full code for practical applications, with a
which also carries out subsequent required averaging. two-way coupling, typically proceeds via the following
Therefore, the range of applications is dramatically steps:
increased, including those cases when the concept of disper-
sion in the Fick sense is no more acceptable. The price paid
is more time-consuming runs.

Previously, the price was thought to be high by many 3
users (or potential users). Nowadays, due to the dramatic
progress in the quality and speed of computers, the situation
has changed. In particular, all computations we carried out  Any approach to the description of the turbulence field
with the Lagrangian approach can be reasonably performed may then be used for the first step as far as it provides us
on workstations. with the required quantities with enough accuracy. Methods

Other comments on the relative advantages and disadvan-such as direct numerical simulation (DNS) or kinematic
tages of both approaches are available from Refs. [3, 4]. The simulation (KS) provide unique opportunities to study
guestion of which of these approaches is preferable is not specific effects like particle trapping in eddies [6—9] but
solved and, in fact, it is likely that this question does not are limited to small Reynolds number flows (DNS) or do
make sense. The problem addressed is extremely complex,not incorporate all of the physics involved in the Navier—
and it is certainly better to possess two lines of attack, rather Stokes equations (KS). Large eddy simulation (LES) allows

1. Turbulence predictions.

2. Particulate predictions (Eulerian approach) or simula-
tions (Lagrangian approach).

Iterations involving the two previous steps when two-
way coupling is significant (Lagrangian approach).



136

one to handle complex flows [10—12] but the best quality/
price ratio is, up to now, obtained by using a complete
stochastic modelling on which we shall focus in this paper.
Thus, in practice, we rely on &{&) model supplemented
with Rodi algebraic relations (ASM, algebraic stress model)

G. Gouesbet, A. Berlemont / Progress in Energy and Combustion Science 25 (1999) 133-159

the use of Ry is rather simple if the turbulence is

assumed to be statistically stationary, an assumption
which is therefore made throughout this paper. The devel-
opment of Eulerian and Lagrangian approaches for statis-
tically unsteady flows must be considered as an open

for a more accurate prediction of Reynolds stresses. Details subject of research, difficult enough to provide work to

of this approach are available from [13—17], in the frame-
work of our work, from which the prior literature may be

many researchers for many years.
Also, Ry has a particularly clear meaning for homoge-

accessed. In this section, we also restrict ourselves to one-neous turbulence. However, restricting ourselves to such
way coupling so that the equations for these models are by turbulence would be an unacceptable limitation. This diffi-
now quite classical. Later, for two-way coupling, they will  culty is bypassed by using a trick which, although not
have to be supplemented by many extra-terms to account for perfect, will prove to be effective. This trick consists of
the influence of the particles on the turbulence, leading to using what we may call a tangent homogeneous field, i.e.
much more complex variants. Basic features are then a homogeneous field which, in one sense, is tangent to the
recalled below. actual nonhomogeneous field predicted by the previous
For the k—<) model, we use an improved code originally ~ stochastic modelling. In other words, if the turbulence is
based on the Teach-T from the Imperial College of Science not homogeneous, the dispersive behaviour at any point is
and Technology [18]. Governing equations are the continu- assumed to depend on the local properties of the turbulence
ity equation, the momentum equation, transport equations at that point. Therefore, we may use a homogeneous field
for turbulence energi and its dissipatior, closure being tangent at that point, having the properties of the nonhomo-
obtained by using a last relation expressing eddy viscosity. geneous field at that point. For instance, assume that the

Outputs are mean velocitid$;, turbulence energy, dissi-
patione and the productio® of turbulence energy through
the interaction between the mean and fluctuating fields.

In a second stepk{e) outputs are fed to second-order
Rodi algebraic relations [19] to determine the Reynolds

tensor components. These relations take the form of a linear

Lagrangian macroscale, reads asrt (k). Then, at a
point X5, 7. may be evaluated by usinkX;) and &(Xg)
and we may think of the dispersive behaviour as taking
place in a homogeneous field, tangenkgathavingk(X) =
k(%p) and e(X) = &(Xg), hencer, = 7 (X)-

Since statistical steadiness may be viewed as homogen-

system of equations (Cramer system) in which the Reynolds eity in time, instead of homogeneity in space, itis likely that

tensor components are the indeterminates. Although origin-

the case of unsteady flows could similarly be investigated by

ally written with Cartesian tensors by Rodi, they have been using the concept of a homogeneous field, tangent with

later rewritten with general tensors under a form invariant

with respect to co-ordinate system transformations, and

specified for the case of axisymmetric flows [13, 17, 20].

respect to the time evolution.
Another difficulty is that the determination of the func-
tional shape of the Lagrangian velocity correlation coeffi-

We insist here on the fact that the use of general tensor cientRy is an unsolved problem. We therefore have to rely

calculus in this context is not only a smart sophistication
but, conversely, we found that it provides the only practical
and efficient way to obtain Rodi relations in arbitrary co-
ordinate systems. Algorithms for the resolution of the
obtained Cramer system are discussed in Ref. [21].

At this stage, the information gained on the structure of
the turbulence field is not sufficient for the prediction and

simulation of the behaviour of transported discrete particles.

Extra knowledge requires in particular:

1. The functional shape of the Lagrangian velocity correla-
tion coefficientRy_.

2. The evaluation of scales, such as the Lagrangian macro-

scaler, involved inRy_, or Eulerian spatial macroscales.

on an assumption, with possibilities discussed in Appendix
A. A classical one assumes an exponential decrease with a
characteristic time equal to the Lagrangian time macroscale.
Such an assumption however contradicts Lin’s results (see
Ref. [22]) stating that, for homogeneous turbulence, there is
no finite macroscale associated with the Lagrangian accel-
eration correlation coefficient. We thus demand in our
approach that the coefficieR_ exhibits at least one nega-
tive loop (Appendix B). To account for these remarks, our
proposal is to use the exp—cos Frenkiel [23] correlation
which involves a loop parameten associated with the
occurrence and the importance of negative loops. With
m= 0, the classical exponential decrease form is recovered.
The best value afhas not been determined theoretically up

Note here that, for convenience, these quantities are to now but, from our experience, we recommend the value

discussed in a one-dimensional (1D)-framework. More

m= 1. Note that we have shown that there is an upper bound

generally, tensors should be used and, in particular, we for mto avoid negative values of particle dispersion coef-

would have to deal with a tens&_;. We shall reintroduce
such a tensorial character later.
Such knowledge is required for both the Eulerian and

ficients, namelym ~ 3.6. An interesting feature is that the
existence of negative loops implies that dispersion may be
more efficient than diffusion, even for dense particles in

Lagrangian approaches, but it is of particular relevance to homogeneous turbulence [24].

the Lagrangian approach. Conceptually, the definition and

Finally, for the evaluation of scales, the reader should
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refer to Ref. [16] and to references quoted in the sections on troublesome because they cannot be introduced in the stan-
the Lagrangian approach. dard theory of dispersion (Section 4), at least not in a simple
way. Criteria are, however, given for neglecting these terms,
allowing us to recover the Tchen equation, which is the one
we use in the Eulerian approach.

Buevich [33] simultaneously criticises again the Tchen

The discussion of the equation of motion of discrete par- equation, explicitly stating that the Tchen procedure was
ticles encompasses a long story and also a complex oneintuitive, and the Corrsin and Lumley equation leading to
because it has been controversial. In this section, one of results that he qualifies as being strange. For example,
our aims is to provide a summary of this controversy. Buevich discusses a simple case, that of a steady particle

A good starting point is the so-called BBO equation motion in a fluid whose velocity is constant with respect to

3. Equation of motion of discrete particles

arising from the works of Basset (1888), Boussinesq
(1903) and Oseen (1927), see Refs. [25—-29].

For primary access to it, we would recommend Basset
(1888) (Refs. [25, 26]) whose work can easily be revisited,
leading to the conclusion that the equation is safe. BBO
concerns the case of a spherical, solid particle moving verti-

time and also with respect to the space co-ordinate along the
trajectory of the particle moving in a constant direction.
Furthermore, particle and fluid densities are assumed to be
equal. The Corrsin and Lumley equation implies that the
relative velocity between particle and fluid may take on
arbitrary values. The underlying reason for such a physically

cally in a fluid at rest under gravity, with velocity zero at incorrect result would lie in an incorrect transformation of
time 0. The restriction to a solid particle is important to write  the BBO equation from a co-ordinate system attached to the
shear stresses on the surface of the particle but, to somefluid to the laboratory co-ordinate system. Relying on a
extent, not essential in so far as, in practice, bubbles or formulation from Oldroyd and Sedov, Buevich then demon-
droplets may have their surface contaminated and then strates that the artificial introduction by Tchen of an extra
behave as solid particles (see later comments). Also, as apressure force disappears and obtains a new equation.
consequence of the assumptions, the particle is non-rotating. However, according to Maxey and Riley [34], the
Obviously, no particle/particle interaction is involved in the  Buevich equation is also incorrect. Again, the statement is
process since the particle is unique, and the motion is slow demonstrated by considering a simple case leading to results
enough so that no micro-turbulence is produced. The which cannot be accepted on physical grounds. Thereafter,
assumptions imply that we are working in a linear approx- they propose a new equation which is a generalisation of a
imation of the Navier—Stokes equation. It is then found that previously established Riley equation [35].

the force exerted upon the particle contains a drag term, the Maxey and Riley’s equation accounts for the influence of
so-called Stokes drag previously described by Stokes [30], velocity profile curvatures. When this influence is neglected,
an added mass term extensively discussed by Boussinesq, ahe Riley equation is recovered (Appendix C). We also
so-called history term (or Basset term), and possibly a mention the Gatignol [36] equation which is similar to the
buoyancy term. Maxey and Riley equation.

Tchen [31] attacked the problem of generalising the BBO In the Eulerian approach, we recall that the equation of
equation to the case when the fluid is no longer at rest. The motion does not appear explicitly but is implicitly intro-
demonstration is carried out in two steps. First, we consider duced in the dispersion term of the particle transport equa-
the case of a particle moving with a velocity,(— Vy) in a tion by using a standard theory of dispersion (STDisp,
fluid at rest. This actually adds no physics but simply is a Section 4). We use the Tchen equation although it is incor-
change of notation in which the particle velocity is assigned rect. In practice, introduced errors have been found to be
the term ¥/, — V;). Next, the mechanical system (particte small enough to be irrelevant. For instance, when both
fluid) is endowed with a time-dependent velodiyt), lead- Eulerian and Lagrangian approaches are used, they lead to
ing to the case of a particle with veloci¥ moving in a fluid nearly identical results. The use of another linear equation is
with velocity V;. Due to the fluid acceleration, Tchen states possible but requires a modification of some involved math-
that it becomes necessary to introduce an extra pressureematical expressions without, however, altering the struc-
gradient term. Integrating the corresponding normal stressesture of the STDisp. For nonlinear equations, we believe that
on the surface of the sphere produces an extra force which modifications for the STDisp are not feasible due to math-

did not appear in the original BBO equation, leading to the
so-called Tchen equation (Appendix C). However, the
Tchen procedure partly relies on intuition, giving rise to a
long controversy.

Having criticised the Tchen equation, Corrsin and
Lumley [32] have proposed a new equation which appears
to be nonlinear with respect to velocities and involves a
second-order fluid velocity derivative with respect to spatial

ematical difficulties associated with nonlinearities but we
have never seriously attempted to solve this issue.

In the Lagrangian approach, there is no difficulty in
implementing any equation of motion because such a
change of equation only requires modifying a few program
statements. We may then easily handle more complicated
equations than Riley’s. This is actually required in many
situations because Riley’s equation is limited to the case

co-ordinates. In the Eulerian approach, these terms are when particulate Reynolds numbers are small enough. For
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the converse case, we may tentatively add lift forces to the
modified Riley equation. We point out that such a procedure
is, however, not entirely safe. First, for big particulate
Reynolds numbers, creeping flow assumption around the
particle is no longer valid, i.e. the problem to be solved is
no longer linear. Therefore, the principle of superposition of

large particulate Reynolds numbers, a modified Riley equa-
tion is used (Appendix C). The modifications introduce
empirical correcting factor€p, Ca, Cy for the drag term,
added mass term and the Basset term, respectivelyCFhe
factor is given by Clift et al. [37]. FOE€, andCy, we refer to
Odar and Hamilton [38]. For fluid discrete particles

(droplets, bubbles), internal recirculation associated with a
modification of the boundary condition at the surface of the
particle may arise, leading to an extra modification of the
drag term. However, in practice, pollutants accumulating at
the particle surface may restore the validity of the solid
boundary condition. Then, fluid discrete particles behave

solutions is not valid and we must not expect that adding lift
expressions to the modified Riley equation provides us with
the correct answer. Next, assumptions underlying the work
of Rubinow and Keller [41] and Saffman [43] are not satis-
fied. In particular, these works assume steadiness (which is
never instantaneously satisfied in turbulent flows). They

as solid particles do [37]. provide us with a lift force which is the rotational equivalent
Although originally designed for non turbulent con- of the translational Stokes drag force when there is no rota-
ditions, the Tchen and modified Riley equations are used tion of the particle. As far as we know, the problem of lift
for turbulent flows, the first for the Eulerian approach, the forces exerted on rotating particles in unsteady flows is an
second for the Lagrangian approach. We then assume thatunsolved issue. Very likely, the unsteady case would add
they are instantaneously valid. However, to establish them, new lift forces. For example, we expect the occurrence of a
it was necessary to detail limit conditions at an infinite rotational history integral which would correspond to the
distance from the sphere. These limit conditions conflict Basset history integral of the translational problem.
with the space- and time-dependent character of turbulent Finally, in turbulent flows, we note that the particulate
flows, i.e. they are, in principle, never satisfied. If we Reynolds number should be given a statistical meaning.
consider a Kolmogoroff eddy (length scalg) as being Even if the average relative velocity between a particle
the smallest relevant domain of space, then we may expectand the fluid is zero (null value of the average particulate
that limit conditions at an infinite distance of the sphere Reynolds number), the instantaneous value of the particulate
make sense when the particle diamalds much smaller Reynolds number can only be zero at discrete times. This
thanmy. In these circumstances, equations of motion valid issue is discussed in Ref. [47].
for non turbulent flows could remain valid for turbulent
flows. Again, the conditiord < my is thought as being a
sufficient condition. In practice, it did not appear to be 4. Eulerian approach
necessary because we did not observe significant and
systematic discrepancies between predictions/simulations We assume monodispersed particles. The polydispersed
and experiments when the condition was not satisfied. case would be trivially considered by splitting the range of
However, no clear limit can be stated for the particle diameters in a number of subclasses, assuming that each
diameter: particles do not respond to all the fluid fluctuations subclass behaves independently of the others, as discussed
and thus the particle diameter must be smaller than the scalein Ref. [48]. Also, in this section, we essentially concentrate
to which the solid particle will quickly respond to [39]. Let  on a simple version of the Eulerian approach, such as that
us mention that an extensive discussion on the relevant used in the so-called codes DISCO-1 and DISCO-2, post-
turbulent and particle scales has been proposed by Stokesponing a brief discussion of more complex versions to the
[40]. The issue must nevertheless be considered open, andend of the section.
interest in specific studies is warranted. The essential idea in the Eulerian approach is to handle
In some cases, it might also be necessary to add lift forces particulate trajectories at a conceptual level, so that they
to the equation of motion of particles. The reader is referred eventually do not appear explicitly any more. Thus, in the
to Clift et al. [37] Rubinow and Keller [41], Julien et al. [42],  Eulerian approach, a continuous scalar field represents par-
Saffman [43] and Bretherton [44]. We point out that Saff- ticles. The scalar quantity may be an averaged local particle
man result is erroneous by a factor af,Zas later corrected number—density, or a probability of presence defined over a
by Saffman himself in an erratum [45]. large number of realisations of the laden turbulent flow. The
In order to estimate in specific cases whether or not lift scalar field is determined by writing and solving a particle
forces may be neglected, we suggest reliance on the compar-transport equation. As usual, this transport equation
ison between lift drift velocity (evaluated by writing a involves a dispersion term representing the effect of turbu-
balance between lift drift forces and drag forces opposing lence on patrticles.
them) and particle dispersion velocity. If the lift drift vel- The core of the problem thus appears to be the determina-
ocity is much smaller than the dispersion velocity, then lift tion of a dispersion coefficient (more generally of a disper-
forces may presumably be neglected. For instance, in Arna- sion tensor) for this dispersion term. For such a
son’s experiments [46], we estimated lift velocity and determination, we ideally should not rely on empirical
dispersion velocity to be 1 and 50 cm/s, respectively. In correlations which are always more or less risky to use
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and also add nothing to the understanding, although someis also steady. However, for discrete particles, this is not
earlier attempts used such an ad hoc approach. Instead, wealways the case due, for instance, to inertia. Therefore, the
shall rely on the construction of a standard theory of disper- statistical future of particle motion depends on initial con-
sion (in short STDisp) which, although involving limiting  ditions at timet = 0. If we intend to generalise the Batchelor
assumptions, provides us with a firm theoretical framework. formulation to the case of dispersion, we must assume that
This STDisp is extensively discussed in Refs. [47-51]. The the statistical characterisation of discrete particle motion at a
word standard here refers to the fact that the amount of point is steady. In particular, it must be the same at time
modelling is very small and, in well defined cases relying t = 0 than at any time after. This is the so-called stationary
on a set of sufficient assumptions, there is even no modelling assumption [50].
at all, thus justifying the use of the word ‘theory’ which is If the stationary assumption is not satisfied, the definition
ipso-facto redundant to the use of the word ‘standard’. of a tensor (or a coefficient) of dispersion does not make any
The STDisp relies on a standard theory of diffusion sense. The spreading behaviour of a cloud of particles does
(STDiff) developed by Batchelor [52] and generalising not only reflect the Fickian dispersive influence of turbu-
previous works by Taylor [53, 54], Kampde Feiet [55] lence but also contains information on the initial conditions
and Frenkiel [23], among others. Batchelor assumes a non- at the injection point (initial particle velocity and also initial
isotropic, homogeneous, stationary turbulence. Molecular fluctuations of particle velocity). Due to the existence of a
effects are neglected. particulate relaxation time, initial conditions require time to
At initial time t = 0 in Batchelor's formulation, we be forgotten. In extreme cases, measured dispersion coef-
consider a volumé/ of marked fluid and assume that the ficients would have nothing to do with turbulence character-
marking quantity is uniformly distributed within the istics but would rather characterise the injection process.
volume. The analysis of the problem leads to the conclusion Checking of the validity of the stationary assumption
that subsequent modifications in the centre locatiovi afd requires the comparison of two time scales: the particle
mean concentration diffusion do not depend on the shape of relaxation time, telling us how fast initial conditions are
the volumeV. Marked fluid particle diffusion with respectto  forgotten; and the transit time in the turbulence field, telling
the mean trajectory of the cloud centre is fully determined by us how much time is given to the particles for such a loss of
the statistical behaviour of a single fluid particle. Assuming memory. This assumption is not required in the Lagrangian
that the displacements in the various directions of space are approach.

characterised by Gaussian probability density functions, one
then finds that the diffusion quantity evolves according to
the Fick law expressed by using a diffusion tensor.

The representation of diffusion processes with the aid of
the Fick law is indeed classical for long diffusion times,
analogous with molecular diffusion [22]. From experimental
data, one finds that the probability density functions of mean

When the transit time is much longer than the particle
relaxation time, the stationary assumption is satisfied and
the STDiff may be generalised to a STDisp. Mathematical
expressions of the STDiff remain valid for the STDisp with
the proviso that quantities concerning fluid particles must be
replaced by quantities concerning discrete particles. In parti-
cular, the dispersion tensor is now expressed in terms of the

displacements are indeed Gaussian when the turbulence isLagrangian velocity correlation tensor of discrete particles

homogeneous without any mean shear, for long diffusion
times but also for short diffusion times. This also theoreti-
cally results from simple expressions relating mean dis-

or, through the Fourier transform, in terms of the corre-
sponding Lagrangian spectral tensor.
We again assume that we know the fluid Lagrangian

placements and velocity fluctuation variances, velocity spectral tensor (see Section 2). From the Tchen equation
fluctuations being normally distributed [22]. However, the of motion, one shows that the discrete particle Lagrangian
assumption of mean displacement normality is not necess- spectral tensor is equal to the fluid Lagrangian spectral
arily justified for intermediary diffusion times. Therefore, tensor multiplied byn2 The so-called Tchen amplitude
Batchelor points out that the Fick law owns a phenomeno- ratio  only depends on fluid (not turbulence) and particle
logical character rather than a fundamental one. properties. It may be physically understood as resulting
The Fick law diffusion tensor is expressed in a simple way from a particle filtering effect, turbulence frequencies
in terms of a displacement tensor which may be expressed in being imperfectly transmitted to particle motion. At this
terms: (i) of a Lagrangian correlation tensor; or (i) of a stage, dispersion coefficients may be computed and intro-
Lagrangian spectral tensor related to the Lagrangian corre- duced in a particle transport equation. The STDisp is
lation tensor by a Fourier transform. Therefore, knowing the completed.
Lagrangian correlation tensor, the time-dependent diffusion ~ The computation of dispersion coefficients requires time-
tensor may be obtained. Then the transport equation may beconsuming numerical integrations. However, when the
integrated. At this stage, the STDiff formulation is Basset term is neglected, integration may be analytically
completed. performed leading to simple algebraic relations [50].
Batchelor formulation assumes spatial and temporal Circumstances under which the Basset term may be
homogeneity of turbulence. Therefore, in steady turbulence, neglected, and/or procedures to check whether this is
statistical characterisation of fluid particle motion at a point possible, are discussed in Ref. [56]. Ref [47] expresses the
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Eulerian formulation in terms of a fundamental ratio of two leads to high dispersion efficiency. In the second case, we
time scales: the particle relaxation time and the Lagrangian still haveN men, but they are not gentlemen. Thus, once a
macroscale of turbulence. Ref. [47] also examines under direction of walking is chosen, it is not preserved. In
which conditions the Stokes drag term involved in the extreme cases, some of the men will fall down but, in any
Tchen equation remains valid for turbulent flows. case, even if they preserve their speed (a scalar), they will

Although the STDisp is, in principle, designed for homo- not preserve their velocity (a vector). Here, a loss of
geneous turbulence, nonhomogeneous turbulence may be inmemory leads to low dispersion efficiency. To some extent,
practice considered, at least approximately, by: this is the essence of the CTE where the enhanced effect of
collisions with eddies is replaced by the deleterious effect of
alcohol.

The above discussed Eulerian approach has been imple-
mented in codes generically called DISCO (for DISpersion
: - L . i COmputing). Results and validations are provided in Refs.
carried out with an expression involving the dissipation [13-15, 60, 61] which are specifically devoted to the Euler-

¢ of turbulence energy: Is obtained from the turbulence . )
model as a space-dependent variable. Therefore, the ian approach. Other results are discussed in Ref. [3] and

macroscaler, also becomes a space-dependent variable m_cidentally provided in references conce_rning the Lagran-
in contrast with its uniform character in the case of 92" approgch for the_sake O.f comparisons (see quoted
STDisp in homogeneous flows. In other words, the refl\e/lr:rgcegnlgrgl]?zf(l)gz\;vrllng Sergg(érllz)s: may be designed, then
dispersion at one point is locally controlled by a fictitious ore g -U pp > May gned,
turbulent field which is tangent to the actual field, i.e. relying on modelling. Some assumptions of the STDisp may

what we previously called a tangent homogeneous field. be removed with a more intense conceptu_al eﬁort. This
enables us to go beyond the range of applications of the

We now come to the discussion of a limitation of the STDisp which, even extended to nonhomogeneous flows
STDisp which is produced by Tchen equation assumptions. and corrected for CTE, remains limited due to underlying
The use of this equation requires assuming that a discrete assumptions. For instance, the STDisp transport equation
particle must permanently remain in the same fluid particle. involves mean particulate nhumber—densities but does not
One states that no overshooting is allowed [22]. Even in the account for number—density fluctuations which, by analogy
most favourable case when fluid and particle densities are with the Reynolds stresses, must certainly play a role in a
equal, this assumption cannot be perfectly justified because refined description. Such generalisations for the STDisp also
of the loss of individuality of any fluid particle which is  lead to specific difficulties in a closure problem generated by
stretched, deformed and eventually destroyed by molecular the presence of particles, in particular in the description of
diffusion. interfacial transfers between the two phases. A consequence

1. adding a convection term to the transport equation

2. introducing spatial derivatives of the dispersion tensor

3. computing quantities in a local way. For example,
evaluation of the Lagrangian time macroscale is

But furthermore, in most cases of practical interest, there
is a drift between discrete particles and fluid particles due,
for instance, to the influence of volume forces like gravity.
Therefore, overshooting is the rule. The trajectories of one

is the introduction of new modelling constants, a somehow
unpleasant feature. Obviously, checking such more complex
Eulerian approaches by intensive experiments becomes
essential. For details, the reader is referred to Refs. [62—

discrete particle and one fluid particle coinciding at time  64]. In any case, the STDisp should be recovered from
diverge when time goes on to the future or is reversed to the these generalised approaches as a limit case, providing a
past. This is the so-called crossing-trajectory effect (CTE) test of validity and consistency. We should also mention
[57-59]. Owing to this effect, particles cross eddies, leading that significant progress, somehow analogous to the Euler-
to an enhanced loss of memory. One then concludes thatian approach, has been accomplished by relying on an
dispersion efficiency is reduced in agreement with experi- analogy with the kinetic theory of gases, but many develop-

ments. In the Eulerian approach, CTE is taken into account ments are still necessary [65, 66].

by introducing a multiplicative semi-empirical correcting
factor to the dispersion coefficient of the STDisp. This factor
contains a new consta@}; [15]. Bear in mind, however, that
the Cg-value given in Ref. [15] is erroneous. The published

value should be divided by 2 (all other results are unchanged).

Here we would like to provide a striking image of the fact
that a loss of memory is associated with a reduction of the
dispersion efficiency. In the first case, assuxgentlemen
grouped together inside a circle in a desert ant=a, they
all start walking in random directions. By definition, a
gentleman only drinks water. Therefore, once a direction
of walking is chosen, it is preserved. After one hour, the
gentlemen will be dispersed much. Here, a high memory

Generalised Eulerian approaches, generically called
Eulerian models, then become akin to so-called two-fluid
models [1] and, conversely, a two-fluid model may be
viewed as a Eulerian model. Such two-fluid models appear
well suited to the study of dense multiphase flows, for
instance for the understanding and prediction of fluidised
beds.

However, we believe that these models lead to consider-
able difficulties in accounting for complex phenomena such
as vaporisation and combustion, particle/wall interactions,
coalescence and break-up, big particulate Reynolds number
cases, two-way coupling and particle/particle interactions
(four-way coupling). Although interest in the development
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of Eulerian models for such more complex phenomena is
warranted, we here have a strong motivation for the devel-
opment of another approach, namely the Lagrangian
approach that we are now going to study.

5. Lagrangian approach for fluid particle trajectories
5.1. Generalities

We provide in this subsection some general information
aiming to introduce classification of the different Lagran-
gian approaches which have been developed and used
during about the last two decades. Whatever the Lagrangian
method used, the main problem in turbulent flows, is deter-
mining the fluid instantaneous velocity field at the discrete
particle location, all along the trajectory of the tracked
discrete particle. Obviously, this problem is crucial because,
owing to various effects such as inertia and gravity, discrete
particle trajectories and fluid particle trajectories do not
coincide. However, fluid particle trajectories may be viewed
as reference trajectories and, in any case, we have to predict
them. The equation for such a prediction is, in principle,
very simple due to the fact that a fluid particle (or a discrete
particle exhibiting special properties such as being
nonbuoyant and/or having a vanishing diameter) instanta-
neously follows the surrounding velocity field. Therefore,
we have:

Xi(t + (St) = Xi(t) + U|6t

in which x(t) is the location of the fluid particle at tinteU;

is the instantaneous fluid velocity adtl an increment of
time, small enough so that; is essentially constant during
6t. The instantaneous velocity; is equal to the mean vel-
ocity which is known (for instance from turbulence model
predictions) plus a fluctuatiory, which is unknown.
However, we know the variances of each component; of
(again from the turbulence model predictions) and we may
assume, for simplicity, that; satisfies a Gaussian prob-
ability density function. This is not enough to toss a value
of the fluctuatiory; since it is compulsory to also satisfy the
Lagrangian velocity correlation coefficie®, discussed
previously (Section 2 and Appendices A and B). Indeed,
we have commented on the strong relationship existing
betweenRy (more or less memory) and the dispersion
(diffusion) efficiency (Section 4). We may then introduce
a classification of the Lagrangian approaches depending on
how this issue is handled. This classification starts from the
simplest approach to the more sophisticated one, intro-
ducing an order which, not surprisingly, coincides with
the chronological order.

1. degree 0 There, forces acting on discrete particles are
expressed only in terms of mean values. In other words,
the velocity fluctuations; are taken as equal to 0 mean-
ing that the relevance oR, is not even considered.
Obviously, the subsequent problem to determine the

relationship between fluid particle trajectories and
discrete particle trajectories does not make sense in
such an approach. It may be viewed as a ballistic
approach in which the influence of the turbulent field
on the discrete particles is not taken into account. This
crude approach may be successful in some cases, for
instance for large and dense particles travelling in a
turbulent flow like bullets. However, this approach is,
to some extent, outside of the scope of this paper since
the stochastic ingredient required to generate dispersion
phenomena is lacking. This is why we symbolically
assign a degree 0 to it.

2. degree 1There, fluid velocity fluctuations are generated

by a stochastic process in which velocity is maintained
constant during constant time intervals equal to the
Lagrangian time macroscatg. This is the so-called
eddy lifetime approach which has been, and still is,
very popular [67—71]. The correlation coefficidRt is

not explicitly considered in this approach but, clearly,
some memory effect is introduced in the stochastic
process. In fact, it may be analytically demonstrated
that the chosen stochastic process generates a correlation
coefficientRy_, which linearly decreases from 1 at a delay
equal to 0 down to O at a delay equal tg 2This is the
shape A;) of Appendix A. Although this shape is crude,
the eddy lifetime approach may provide reasonable
results. As we shall soon see, this must be partially due
to compensating effects in the evaluation of scales.

. degree 2This approach is similar to the previous one but

the times in which velocity fluctuations are kept constant
are no more constant. Instead, these times are randomly
chosen and satisfy a Poisson distribution based on the
time macroscale . This approach may then be called a
modified eddy lifetime approach, or a random eddy life-
time approach. Again the correlation coefficid®t is

not explicitly considered but it may be analytically
demonstrated that the present process generates a
decreasing exponential shapeRyf. This is shapeAy)

of Appendix A, i.e. Frenkiel shape witm = 0. This
approach is conceptually more attractive than the
previous one since an exponential decreasdrpfis
more realistic than a linear decrease. For details, see
Refs. [72-74].

4. degree 3Degree 0 is not relevant to dispersion simula-

tions, as previously mentioned. At degrees 1 and 2, a
stochastic process is a priori chosen, generating a pos-
teriori a Lagrangian correlation coefficient which cannot
be controlled. In degree 3, we account for the fact Ryat

is actually a predominant quantity, at least conceptually,
and takes it as an input. More importantly, the procedure
is designed in such a way that aRy -shape may be a
priori chosen and introduced in the code. The stochastic
process, in its details (but not in its whole scheme) is then
slaved to the chosen correlation. We may then call this
approach the correlation slaved approach. In particular, it
allows one to easily test the influence of the shape of the
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correlation coefficient on the particle diffusion (disper-
sion) phenomenon. However, in practice, as previously
mentioned, we favour the exp—cos Frenkiel shape with
m = 1. With m = 0, degree 2 is then automatically
recovered as a special case and we may check that
predictions from degree 3 witm = 0 agree with predic-
tions from degree 2.

5.2. The slaving process

The slaving process satisfies the following properties:

1. The probability density function of the velocity fluctua-
tions is assumed to be normal. This assumption may, in
principle, be relaxed, allowing possibly to test the influ-
ence of pdfs on diffusion (or dispersion). For predictions
in turbulent flows, the relaxation of this assumption
would require knowledge of the actual pdf. The accuracy
with which this pdf should be known depends on the
sensitivity of particle behaviour to it. Up to now, this
issue has not been studied but interest in such a study
is warranted.

. The stochastic process must reproduce one point correla-
tion of velocity fluctuations, known from the turbulence
model (or from experiments).

. Finally, this stochastic process must also correctly repro-
duce the fluid particle Lagrangian correlation function of
velocities along the trajectory, according to the chosen
shape ofRy .

The chosen Lagrangian correlation function is rewritten
under the form of a matrix A (the correlation matrix) which
is symmetric and definite positive. Matrix components are
velocity correlations at timei$t andjdt, in which 6t is the
time step for trajectory simulations. From matrix A, we may
deduce uniquely another matrix B by invoking a so-called
Cholesky factorisation. The aim is to generate a vettor
whose components are velocity fluctuations along the trajec-
tory, at time steps regularly separated by the increrdgnt
and complying with the chosen Lagrangian correlation. A
vectorY with uncorrelated, centred, unit variance compo-
nents is first randomly generated. One then shows that
U = BY (see Appendix D for details).

This process involves many operations so that the reader
may wonder whether it would not be too time-consuming.
Actually, due to the fact that the correlation history is well
reproduced, time steps in the slaving process may be much
larger than in eddy lifetime approaches, so that runs are
essentially not more time-consuming.

Originally designed for 1D-dispersion, the procedure has
later been generalised to 2D- and 3D-cases. Details may be
found in Refs. [3, 75-81]. In these references, we also
provide validations relying on comparisons between the
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contain results and validations concerning the case of
discrete particles that we are now going to discuss.

Also, Appendix E provides an extra discussion, with
emphasis on scales and the influence of inaccuracies when
evaluating these scales.

6. Lagrangian approach for discrete particle trajectories

The simulation of the trajectory of a discrete particle
relies on integrating the equation of motion of the particle.
Very often, the following simplifications may be introduced:

1. Basset term is neglected. The interest in this simplifica-
tion when it is allowed is that the Basset term is an
history integral which is time-consuming to evaluate.
Conditions allowing one to neglect the Basset term are
discussed in Ref. [56].

When turbulence intensities are small enough, temporal
derivatives of velocity fluctuations may be neglected
with respect to mean velocity derivatives.

2.

Now, the simulation of a discrete particle trajectory is a
far more complicated task than for fluid particles. The main
problem is that, to integrate the equation of motion from
timet to time ¢ + o&t), we must know the fluid velocity
fluctuation at the location of the discrete particle. However,
velocity fluctuations along the discrete particle trajectory are
correlated, but they are not correlated via the fluid particle
Lagrangian correlation function that is assumed to be
known. They are correlated via a discrete particle Lagran-
gian correlation function that is unknown. Therefore, the
simulation technique described in the previous section
cannot be used along the discrete particle trajectory.

In the slaving process approach, this problem is handled
by simultaneously launching a fluid particle and a discrete
particle, which coincide at the initial time of the trajectory
construction. The fluid particle trajectory will serve to drive
the discrete particle trajectory. This fluid particle trajectory
is simulated by using the technique presented in Section 5.
At each time step, one then knows the velocity fluctuation of
the fluid at the fluid particle location. In order to determine
the required fluid velocity fluctuation at the particle loca-
tion, we use Eulerian transfer of velocity fluctuations from
the fluid particle location to the discrete particle location, i.e.
fluid velocity fluctuations at the discrete particle location are
determined by a random process satisfying a Eulerian
spatial correlation between trajectories. At this stage,
knowledge of spatial Eulerian scales is therefore required
(Section 2). The mathematical formulation of the Eulerian
transfer again relies on the introduction of a correlation
matrix and of a Cholesky factorisation as in the previous
section.

However, the driving fluid particle can only play its role

Lagrangian approach (computer program PALAS: PArticle when the distance between trajectories is smaller than an
LAgrangian Simulation) and the Eulerian approach, theor- Eulerian spatial macroscale. Otherwise, trajectories become
etical results, experimental data. The quoted references alsouncorrelated. Therefore, the distance between trajectories is
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compared with the Eulerian macroscale at each time step. dissipation [7, 10], large eddy simulations to account for
When it becomes too large, a new driving fluid particle is preferential concentration [9] and theoretical studies [85, 86].
launched from the discrete particle location while tracking Gore and Crowe [87] defined a criterion which is based on
of the old one is given up (see Appendix F for details). the ratio of the particle diametek, and the integral length
The above procedure allows the simulation of discrete scale of the flowg. They found that turbulence is attenuated
particle trajectories constrained to satisfy essential Lagran- for small values ofdy/Lg (<0.1) and increased for large
gian and Eulerian correlations appearing in any turbulence values ¢0.1). Nevertheless, the relevant parameters
field. When the discrete particle drifts with respect to the which are involved in the two-way coupling are not
turbulence field, it travels through eddies leading to an restricted to the ratiol/L. If the particle diameter is larger
enhanced loss of memory, so that (as we have seen) thethan the Kolmogorov scale, the particle will affect the
dispersion efficiency is decreased (crossing trajectory energy distribution of the surrounding flow. The particle
effects). Reynolds numberRg, = d,|V,-U|/v) is linked to the struc-
Our present procedure for discrete particle trajectories ture of the flow around the particle. For large, particles
naturally simulates the CTE without introducing any new are generating turbulent wakes which will modify the turbu-
constant. More generally, Lagrangian simulations discussed lence of the carrier fluid. An important parameter is the
in Sections 5 and 6 do not introduce new constants. It is the

particle relaxation time(, = (p, + p+/2)d/18w), which

basic reason why they have the status of a simulation, not of leads to the Stokes numb&r= 7,/7; when it is compared

a model. Any involved constant is associated with the turbu-
lence field, not with the particle behaviour.

We must however remark that the Eulerian transfer
process is not conceptually perfect. Effectively, A8 be
the correlation between two velocity fluctuations along the
fluid particle trajectory, an8C the correlation between two
velocity fluctuations,B being taken on the fluid particle
trajectory andC on the discrete particle trajectory, then
AC = AB BC. The consequence of this mathematical fact
may be illustrated as follows. We assume that we simulta-
neously track two fluid particles, one driving and the other
driven. The fluid particle Lagrangian correlation function
along the driving trajectory is correctly simulated because
it is an input to the Cholesky factorisation. However, after
Eulerian transfer, it will not be perfectly recovered along the
driven fluid particle trajectory. More sophisticated proce-
dures in the same kind of spirit might be imagined to over-
come this problem. However, in practice, the effort has not
been found to be necessary.

Numerous comparisons between simulations and exper-

iments are provided in Refs. [3, 75-81]. Refs. [80, 81] discuss
a case of 3D-particle dispersion with CTE in which ferro-

to the fluid integral time scale;. As quoted by Sato [88] for
Stokes number of the order of unity, a mean slip velocity
between the two phases is observed and thus it leads to
momentum transfer from the particle to the fluid. This trans-
fer increases with an increase in the loading ratio. Direct
numerical simulations [7, 10] have shown the complexity of
the problem, which should not be considered as completely
solved at the present time, although significant progress has
been achieved.

The most commonly used turbulence model remains the
so-called k—¢) model. To introduce the two-way coupling
in the simulations, the equations of the turbulence model are
then modified by adding source terms in the balance equa-
tions for momentum, turbulence energy and dissipation. For
momentum and turbulence energy, it is not necessary to
introduce any new constant. Corresponding source terms
can be accurately computed from the record of particle
energy and momentum at the entrance and at the exit of
finite difference cells [89]. Conversely, a new constant is
required to model the particle source term in the dissipation
equation. Therefore, the simulation becomes a model. The
obtained governing equations for the prediction of the turbu-

fluid droplets are submitted to a nonhomogeneous magnetic lence field then generalise the-¢) ones. They will later be
field. From the results presented in these papers, we given in a more general context (Appendix H).

conclude that the Lagrangian approach is satisfactory.

7. Two-way coupling

When the mass-loading ratio of particles increases, it

The structure of the code PALAS is then also modified to
account for the two-way coupling. In a first step of the run,
the nonladen turbulence field is predicted by using the
original governing equations of thé&-{s) model (supple-
mented by ASM ones), and a sufficient amount of particle
trajectories is simulated.

becomes necessary to take into account the influence of From these simulations, source terms are evaluated and
particles on the turbulence. The problem has been exten- introduced in the modified turbulence model. A new set of
sively studied in the past and is still a main research topic trajectories is later simulated in the new turbulence field,
in the two-phase flow community. Due to the complexity of and so on. The number of iterations between the turbulence
the involved mechanisms, both experimental studies and and the particulate modules to obtain convergence of the
numerical attempts have been developed. Among them, let process is typically 3. However, in dense or strongly
us mention experiments in particle laden jets [82—84], direct coupled two-phase flows, possibly with phase change or
numerical simulations that are mostly devoted to the influ- chemical reaction, the convergence can be quite difficult
ence of particles on the fluid turbulence energy and its to reach [90].
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Validations by comparisons with experimental data have under study. This broadening has a strong influence on the
been found satisfactory [79, 91], more particularly in spatial distribution of droplets, since the dispersion
particle laden jets. efficiency depends on the diameter of particles. Hence, in

the case of spray combustion, the structure of the flame will
depend much on the diameter pdf broadening induced by
8. Heat and mass transfers turbulent fluctuations.

The Lagrangian approach is very suitable to handle 8.2. Two-way coupling
complex phenomena. Here, we discuss the case when ad-
ditional heat and mass transfers occur between the discrete N many situations, the mass loading particle/fluid ratio is
particles and the surrounding fluid, with the typical example 100 large to allow one to be satisfied with the one-way
of droplet vaporisation. We have then also to track heat and @PProach discussed in the previous subsection. We then

mass transfers along the discrete particle trajectories. We Nave to use a two-way coupling scheme, describing the
start with a description of vaporisation models. modification of the turbulence field by the particles, simi-

larly to that discussed in Section 7. In particular, the struc-
ture of the code again implements iterations between
turbulence predictions and particulate predictions. Besides
One of the main assumptions in vaporisation models is Momentum and energy exchanges between the continuous
the so-called ‘corrected spherical symmetry’ assumption, and the @screte phases (involved in Section 7), we now also
which means that spherical symmetry is assumed for heat Nave to implement other exchanges produced by the vapor-
and mass transfers between the droplets and the surroundingSation [99]. The vapour, which is given by droplets to the

fluid, and that convection effects are taken into account by fUid, is @ source of mass and, furthermore, vaporisation
introducing correlation laws [92, 93]. induces modifications in momentum and energy exchanges.

8.1. Droplet vaporisation models

A more complete list of assumptions is as follows: The most difficult work in implementing such a two-way
coupling consists of adequately rewriting the governing
1. spherical symmetry equations for turbulence predictions. Details are provided
2. quasi-steady gas film around the droplet in Appendix H.
3. uniform physical properties of the surrounding fluid
4. uniform pressure around the droplet )
5. liquid/vapour thermal equilibrium on the droplet surface. 9- Four-way coupling

To take advantage of the assumption of thermal equi- 9.1. Generalities
librium on the surface of the droplets, the droplet temperature
(particularly on this surface) must be determined. This may  Let us start from a two-way coupling case, in its full
rely on the so-called ‘infinite conductivity model’ in which  generality, i.e. including phase exchanges between the parti-
the temperature inside the droplet is assumed to be uniform, cles and the carrier fluid. Now, assume that the number—
or on the ‘conduction limit model’ in which the conduction  density of particles is so big that particles will interact,
temperature equation is solved inside the droplet, or more either in an indirect way through hydrodynamic forces on
completely, on the ‘circulation model'’ where internal a particle induced by the presence of the other particles, or
circulation can also be involved [94-97]. See details in directly, such as by collisions or coalescence. We are then
Appendix G. faced with a full four-way coupling problem in full general-

These models include more or less sophisticated simula- ity, to be discussed, in this paper, in the framework of
tions of the vaporising droplet behaviour but do not provide Lagrangian approaches.
any information on the influence of turbulence on the The terminology ‘four-way’ comes from the fact that, if a
particle behaviour. Such an influence may be predicted by particle A influences a particle B, then, reciprocally, particle
implementing these models in an one-way Lagrangian B must influence particle A, by action and reaction. The
approach where, besides tracking the dynamical behaviour terminology ‘hydrodynamical’ arises from the literature
of the droplets, we also track simultaneously their vaporis- but does not mean that the carrier fluid is necessarily in a
ing behaviour. For instance, simulations have been carried liquid state.
out for methyl alcohol droplets in grid turbulence [98]. A classification of particle laden flows in terms of the
Particular attention has been paid to the respective influence importance of inter-particle collisions is based on the ratio
of fluctuating temperatures, fluctuating vapour mass frac- of the particle relaxation time, and the characteristic time
tions and fluctuating velocities on mean diameters and of collisions.[100]. In the framework of the kinetic theory,
diameter distributions. An important result is that the turbu- for a statistically homogeneous distribution of dynamically
lence produces a broadening of the probability density func- identical particless. depends on the particle volume frac-
tion of diameters, which cannot be neglected, particularly tion «, the particle diameter and the particle kinetic energy
when significant temperature fluctuations occur in the flow k, (7, = [24/\/7—ra/dp\/2k,T>]*l). The dilute regime is
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defined forry/7. < 1 and the dense regime is foyr. > 1.

For dense two-phase flow the averaged time between two

collisions is smaller than the particle relaxation time, so that
the particles do not have time to recover their own behaviour
between two collisions. In dilute two-phase flow, the fluid
influence is the dominant effect, since the time between two
collisions is large enough for the particle motion to be
mainly controlled by the fluid.

The four-way coupling problem in its full generality is
still unsolved, but, in recent years, was the object of much
effort. This problem can be viewed as representing the
present frontier of two-phase flows with discrete particles.

145

9.2. Hydrodynamic interactions

In the N-trajectory Lagrangian approach,particles are
simultaneously tracked and we evaluate hydrodynamic
interactions and/or collisions between particle pairs, at
each time-step along particle trajectories, so that the motion
of a single particle is correlated with the motion of the other
surrounding particles. Of course, a given particle is more
influenced by those particles which are close to it, rather
than by particles which are far away from it. This is why
the N-trajectory approach may be realistic in practice,
although, in an actual flow, the numibgis actually infinite

Different approaches have been recently and are currently from the point of view of computer capabilities.

being studied [5], leading to very encouraging results and, in

Hydrodynamic interactions are deduced from the sedi-

some cases, to definite ones, namely (i) the use of a direct mentation theory relying on the use of a mobility matrix.

numerical simulation of both the fluid flow and of the
embedded particles, giving insights on underlying physical
phenomena [101, 102]; (ii) an Eulerian approach in which
collisions between particles are described by using a kinetic
theory approach [102]; (iii) a Lagrangian simulation based
on a single particle tracking [103, 104]; and (iv) a Lagran-
gian simulation based on several particle trajectories [105,
1086].

For small enough particle Reynolds numbers, the mobility
matrix allows one to express the instantaneous velocities of
interacting particles versus their distance, diameters, vel-
ocity differences, and also fluid properties. The inverse
matrix, known as the resistance matrix, may then be used
to define a set of differential equations for particle displace-
ments (see Appendix | for details). When compared with

one-way equations of motion (such as Riley [35] or

Let us focus on Lagrangian approaches and assume Maxey and Rlley [34] Ones), the main difference then arises

that we only consider particle collisions. Also assume
that probabilities for collision events can be evaluated.
Then it is possible to simulate single particle trajectories.
Along each trajectory realisation, a random process may
be used to decide when a collision occurs and, tossing
the characteristics of the particle partner in the collision,
to describe this collision. Here, we may view a discrete
particle as surrounded by a cloud of probability acting on
this particle. By analogy with the double solution in-

terpretation in quantum mechanics where a microparticle
is accompanied by a probability wave, we shall call this

in the drag term which now involves the hydrodynamic
coupling between particles. We then obtain a set of equa-
tions whose cardinality is equal to the number of interacting
particles to be solved (Appendix J).

9.3. Applications

The above formalism may be used to describe the
behaviour ofN sedimenting particles in a fluid at rest and,
actually, was originally designed for such applications. See
Refs. [107-111] for examples. It can also be implemented in

approach the double solution approach. This is approach a Lagrangian approach in whid particles are simulta-

(iii) above.

Approach (iv) is the most natural one to account not only
for collisions but also for hydrodynamic interactions
between particles. Here\ particles are simultaneously

neously followed in a turbulence field. It is then found
that the influence of hydrodynamic interactions becomes
small when the turbulence intensity increases, say beyond
1%, smaller in particular than the influence of collisions. An

launched and hydrodynamic forces may be evaluated at inverse behaviour is observed for collision effects, depend-

each time step, allowing one to provide a Lagrangian simu-
lation of the simultaneous trajectories for a cloud of

particles. This is the approach to which the rest of this
paper is devoted.

Obviously, there is a drastic limitation in it, namely the
fact thatN cannot be too big. We however forecast that
realisations oveN-particle trajectories may help to define
probabilities of events so that this approach could allow the
development of refined double solution approaches
(although this last statement is still more or less intuitive).
We shall return to this issue on several occasions.

Also, at the present time, the usual two-way coupling is
not yet considered so that the four-way coupling problem is
considered in a restricted framework that we may call a
degenerated four-way coupling problem.

ing on the investigated velocity direction with respect to
particle alignment (increase of fluctuating velocities in parti-
cle centre direction, decrease in perpendicular direction). No
influence on particle behaviour for 50 randomly distributed
particles has been observed in isotropic turbulence. For non-
isotropic flows, an effect of return to isotropy of the fluctu-
ating motion of the particles is observed. The significance of
this effect is strongly dependent on particle turbulent disper-
sion and particle relaxation time. The influence of collisions
is decreased by increasing turbulence intensity (the more the
particles are rapidly dispersed, the more the influence of
collision is reduced), and increased by increasing particle
relaxation time. The simultaneous tracking dfparticles,
however, allows one to evaluate collision probabilities
which could, in the next step, be included in a double
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solution approach. This leads us to the frontier of our present may be a bit speculative. However, currently intense efforts
knowledge, to the point where our ideas would become too are being devoted to this issue and forthcoming results will

speculative for such a paper.

10. Conclusion

In this paper, Eulerian and Lagrangian approaches to
predict and/or simulate the dispersion behaviour of discrete
particles in turbulent flows have been presented and
discussed. From numerous validations carried out by
comparing theoretical results and experimental data, we
conclude that both approaches are suitable for the purpose.

The main focus, however, concerned the Lagrangian
approach which is well suited to the simulation of complex
phenomena, avoiding a significant increase of model
constants. Examples of such complex phenomena may be
found in two-way coupling situations when the turbulence
acts on the transported particles which, in return, react on
the turbulence and modify its properties when the mass-
loading ratio is large enough. The two-way coupling
problem has also been considered when additional heat

and mass transfers take place between the particles andRi(m) =1-

the carrier fluid, such as in the case of vaporising droplets.
In the presence of evaporation (one-way or two-way), it is
found that a monodispersed cloud of droplets becomes a
polydispersed cloud with skewed diameter probability
density function. Since dispersion phenomena depend on

certainly help to clarify it. In any case, starting from a well-
established knowledge, we felt it necessary to project
ourselves to the future.
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Appendix A. Functional shape of the Lagrangian
velocity correlation coefficient Ry

The simplest available shape is the linear decrease
according to:

T

21'|_ (Al)

decreasing from 1 at = 0 down to 0 atr = 27_. Next, we
have the classical exponential decrease:

R (1) = exp(—7/7.) (A2)

the diameter, we also obtain a space-dependent diameterand the Frenkiel [23] family:

probability density function in which the smallest droplets
typically tend to disperse faster towards the edges of the
flow. A next step would be to consider the case of combus-
tion, leading to enhanced complexity produced by the occur-
rence of chemical reactions and of radiative transfer.

Besides this line of research leading from isothermal
dispersion to combustion problems, current efforts are
devoted to the so-called four-way problem in which par-
ticle—particle interactions take place, under the form of
hydrodynamical interactions and/or collisions. In the
Lagrangian approach, instead of successively launching
particles in the flow, the basic idea relies on a simultaneous
launching allowing, conceptually, an easy handling of par-
ticle—particle interactions. In this form, the problem is very
challenging. More Eulerian correlations must be taken into
account, leading to a random process of greater complexity.
Also, simultaneous launching of particles leads to a
dramatic increase of storage requirements such as the
numberN of particles to be simultaneously tracked cannot
be very large. Although limited in its range of applications,
this approach can, however, provide relevant information. It
may help to design a double solution approach in which only
one particle would be tracked, being nevertheless
surrounded by a cloud of probability such as defining the
probability of collision. Such an approach might also be
used for coalescence or break-up.

Some of our assertions concerning the four-way problem

—mr

(m? + 1)

-T

T Dn (A3)

Ry (1) = ex;{ ]cos{ ]
in which mis the loop parameter, giving back the exponen-
tial decrease fom = 0.

Finally, we mention Sawford’s [112] expression reading
as:

R (1) = ﬁ[exq*@ﬂﬂ_) - \/@eXF(T/TL)]

(A4)

in which:

1 -1
TL:TL(1+ ﬁ) (A5)
1635 Re,
= 15 (A6)
a2

Re, = e (A7)
ap = 0.13R&54 (A8)

Here, the Reynolds numbd®e is based on a Taylor
turbulent scale, a velocity fluctuation scaj@, and on the
kinematic viscosityv. Cy is taken as the Kolmogoroff
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constant or as a solution of the relation:
n_2Ra G

o  Co 15 2%

in which 7, is the Kolmogoroff time scale. Let us mention
that this correlation is fairly insensitive to the exact value of

Co.
Egs. (A1)—(A3) do not satisfy the requirement:

dRy (1) _
dr |7:0 =0

(A9)

(A10)

but Eq. (A3) exhibits negative loops (fon # 0) as we
require to satisfy as closely as possible relation Eq. (A14)
in Appendix B. The fact that Eq. (A3) does not satisfy
Eqg. (A10) is not very troublesome. Indeed, Fourier trans-
forming, it appears that the fluid Lagrangian spectrum is
badly estimated for high frequencies which have little influ-
ence on particulate dispersion, which is controlled by rather
big eddies.

Sawford’s expression satisfies Eq. (A10) so that it may be
possibly preferred. It has, however, not been extensively
used in the historical development of the topic discussed
in this paper. However, in practice, uncertainties in the
shape ofRy may be compensated by uncertainties in the
evaluation of scales [104], so that the interest in an investi-
gation of Sawford’s expression is not warranted.

Appendix B. On the shape ofRy_ (t)

Let us consider a one-dimensional turbulent motion in a
homogeneous stationary turbulence [22]. L@} anda(t) be
the fluid fluctuating Lagrangian velocity and the fluid fluc-
tuating Lagrangian acceleration, respectively. Then, we
have:

t
v(t) = v(0) = J a(t’) dt’ (A11)
0
Defining the acceleration correlation coefficient as:
Hat + 7
An=20TD (A12)
a
we find:
t
RO _ e A (7) dr (A13)
dt 0
But the limit of % fort — oo is zero, leading to:

Jm A(ndr=0 (A149)
0

i.e. there is no acceleration integral time scale. This implies

that A, (1) possesses at least one negative loop. But we also

have from Eq. (A13):

2
At = cste e ®

he (A15)
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and, therefore, the second derivativeRpf must also exhibit
at least one negative loop. This condition is not satisfied by
the correlations Eq. (Al) and Eg. (A2) of Appendix A. It
may, however, be better satisfiedi{ itself possesses one
negative loop, hence our demand leading to the use of
Frenkiel's expression.

Note, however, that negative loops may be absent from
Ry and hence Eq. (A15) will be satisfied. Indeed, using Eq.
(A14) and Eg. (A15), we find:

00 00 2
J A (D) dr = cstej dRy. (7) dr= cstemk, (A16)
0 o d7 dr

Thus, when the first derivative of the correlation function
is 0 att = 0 and fort — oo (as it should), the non-existence of
an acceleration integral time scale is automatically satisfied.
Such is the case for the Sawford correlation, but not for the
linearly and exponentially decreasing shapes. Frenkiel's
family provides a (partial) remedy to this situation because,
in this caseR/y () att = 0 is proportional to 1f* + 1).

Appendix C. Equations of motion
This appendix provides equations of motion which are

relevant to the topic of this paper. For the Eulerian approach,
we use the Tchen equation [29] reading as:

av todv 1
E‘F&V“chima(t T) dr
_ du v, L 2s—D)
—aU+ba+cjiwa(t 7) dr 25+1g
(A17)
in which:
d J J
— = — 4+ V. —
a  at Vi a; (A18)
18v
= = Al
a (s+ 1/2)d? (A19)
3
b= 2(s+ 1/2) (A20)
_9um"?
€= st 12d (A21)
and:
) (A22)
pt

The temporal derivative is evaluated along the discrete
particle trajectory. Alsod is the diameter of the particle
while p, and p; are the density of the particle material and
of the surrounding fluid, respectively, andU are the vel-
ocity vector of the particle and of the fluid respectively, and
g is the gravity vector. The extra force resulting from the
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extra pressure gradient term reads as:

ad®  du

Fpress: 6 Pt ra (A23)

and is incorporated in the teriwdU/dt of Eq. (A17). This
term is the one which has mainly been discussed in the
controversy concerning the Tchen equation.

For the Lagrangian approach, we use a modified Riley
equation [35] reading as:

wd® dv md?
P o _?PfCD(V - UV - U|
md _ dv-U)  ad®
- prCAT + T(pp - Pf)g
md® DU md o A
6 Dt 4 Mg
t d(V - U) —1/2
X Jl M t—17 dr
(A24)
in which:
Co= ﬁ(1 +0.15R€*”") Re, = 200 (A25)
Re,
Cp=105- o.ooee(Aé + 0.12) (A26)
2 3
Cy=286— 3.12/(AC + 1) (A27)
_ Iv-up
Ac= —q—u) Ac=60 (A28)
a7
with the particulate Reynolds number reading as:
Re = u (A29)
14
and
D 4 J
— = 4+ U=
Dt at ' ox (A30)

that means the extra pressure gradient term is now evaluted Finally, if Ry

along the fluid motion.

If Rg < 1, then the Riley equation is recovered. Modifi-
cations introduced to account for large particulate Reynolds
numbers are available from equations in Clift et al. [37] and
Odar and Hamilton [38].

Appendix D. The slaving process for fluid particles

For the sake of simplicity, the procedure is explained in a
1D-formulation.

Let u(nét) be the fluid fluctuating velocity at timen§t).
Our aim is then to determine a vector of correlated random
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variables:
U = (u(0), u(dt), u(26t)..., udidt),...) (A31)

the correlation between the componentsbfhaving to
agree withRy .

We then define a correlation matry with elementsy;,
reading as:

u(0y
u(0yu(t) u(8t)?
u(O)u(28t) u(dtu(28t) u(26t)?

A= (A32)

This matrix is positive definite and symmetric. It is, in
fact, convenient to use a reduced maRjwith elements;;,
according to:

u(i dtyu(j ét)
A U2 8th/ U2(jot)

so that, instead dfl (Eq. A31), we now have to determine a
vectorU* reading as:

U* = (u"(0), u"(8t), u*(26t), ..., u“(isdt),...)

lj = m = (A33)

(A34)

Starting from a vectorY (y;)) of noncorrelated random
numbers with a Gaussian distribution (such tiyat=0
and yiy; = §;), and assuming a matricial linear relation
betweerR andY, we then search for a matrB* satisfying:

u*=B"Y (A35)

SinceA (and therR) is positive definite and symmetric, we
may invoke the so-called Cholesky factorization telling us
that:

R=BB" (A36)

in whichB* T is the transpose @&*. Knowing the correlation
matrix R, Eq. (A36) allows one to determiri@ and then, by
Eq. (A35), we obtairlJ*.

Of course, as time goes on, the size of the correlation
matrix could grow without any limit. This is actually
avoided by limiting the size of the correlation matrix, for
example by assuming that correlations are 0 when the time
delayr exceeds 5 times the Lagrangian time macroseale
is chosen to have a Frenkiel [23] shape, let
us mention that the elementsof Rread as:

o] A o] i)

(m2 + 1)T|_
Appendix E. On scales

—li —ilat
(n12+l)1'|_

(A37)

For fluid particle trajectories, the Lagrangian time macro-
scaler. must be evaluated. We may consider the ideal case
of homogeneous and isotropic turbulence to exemplify
problems associated with this evaluation (for more real
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Fig. Al. Different shapes for the Lagrangian velocity correlation coeffidrgnt

cases, see the literature, in particular Ref. [16] in whicks Frenkiel correlation witm = 1 agrees very well with the

extended to a tensorial time;). experimental results, while the Sawford expression leads to
Then, following Tennekes and Lumley [113], the eddy smaller values, and the exponential decrease correlation still

viscosity »; may be estimated by: with smaller values. The relative difference between

s 38 extreme values is about 20%. Here, such comparisons
e (A38) between differenR; -shapes make sense because the scales
in which uy is the fluid Lagrangian velocity fluctuation. ~ have been evaluated from the experiments and directly

Relying on the k—¢) closure equation, we also have: introduced in the predictions. These scales are the time
5 macroscaler, (involved in Ry ) and Eulerian scales used to
vr = Cuk— (A39) account for crossing trajectory effects (Section 6).
€ A less favourable situation is when scales have to be
in whichc, = 0.09. We then have: evaluated by modelling expressions, such as Eq. (A40) for

7.. The =10% of relative difference between extreme
(A40) values in Fig. A2 can then be generated by 0% change
in the value ofr,. See also Ref. [116] for further details on

Unfortunately, the above constant 0.2 actually depends on this issue. This discussion exemplifies the importance of a
the authors. From experiments and simulations, it should be precise enough knowledge of the turbulence field, including
somewhere between 0.2 and 0.6, as extensively discussed irthe prediction of scales. Direct numerical simulations [10]
Ref. [114]. or large eddy simulations [11] may help to improve such

Therefore, it is important to discuss the influence of an scale predictions, by possibly providing more accurate
uncertainty in the value of_ on the diffusion phenomenon.  expressions of scale evaluations.

We start with Fig. Al explicitly showing different shapes
for Ry, namely according to the Frenkiel expression (for
m = 0, and form = 1) and to the Sawford expression. Appendix F. The slaving process for discrete particles
Here, we have considered a homogeneous, isotropic, and
steady turbulence, with a rms fluctuating velocity corre- We simultaneously track a fluid particle (with trajectory
sponding tou? equal to 0.017 fis?> and a Lagrangian built as in Appendix D) and a discrete particle (with trajec-
time macroscale equal tg = 91 ms. Under such circum-  tory built from the equation of motion), starting from the
stances, the Frenkiel expression with = 0 and the same point at some initial tintg. The fluid velocity fluctua-
Sawford expression lead to similar results (excepted if tion at location P of the particle is determined by transfer-
we zoom in on small time delays). ring the fluid velocity fluctuation at location F of the fluid

Now, anticipating a bit on the Lagrangian approach for particle to P, by using Eulerian correlations (Fig. A3). The
discrete particles, Fig. A2 presents mean square displace-fluid particle is surrounded by a spherical domain of radius
mentsy? of discrete particles, versus time, again for different Lp, in which Ly is a correlation length scale. When the
Ri -shapes. The turbulence is a grid turbulence with char- discrete particle leaves the correlation domain surrounding
acteristics of the flow studied by Snyder and Lumley [115], the fluid particle, both trajectories become uncorrelated and
previously discussed in Ref. [104]. The discrete particles are the discrete particle trajectory can no longer be driven by the
pollen particles and the results of the experiments by Snyder pilot fluid particle trajectory. Then a new pilot fluid particle
and Lumley are also reported in the figure. We see that the trajectory is used, starting at the location of the discrete

Kk 2
7 ~014~ ~027L
& &
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Fig. A2. Influence ofRy -shapes on dispersion, and comparisons with experiments.

particle (Fig. A3). This procedure simulates the effect of

crossing trajectories. In a simpler version, we may also
change the fluid particle at each time step, but this scheme
requires much smaller time steps for the construction of fluid
particle trajectories and thus longer computing time.

The transfer from the fluid particle location F to the
discrete particle location P also uses a correlation matrix
and a Cholesky factorisation. The correlation matrix is
now a spatial correlation matrix involving Eulerian correla-
tions, reading as (in the case of a 2D-formulation):

LELE  BF
up (F)ux(F) us(F) (A4D)
uPuP wLEWPE)  uP)

wPLP) LEWLEP) WLPEUP) WP

If we use again a Frenkiel shape for Eulerian correlations,
we then have:

U(F)U(P) =/ UA(F)y UA(P)

X exp

—=r co nr
[ (M + DLg ] S{ (n? + DLg ]

u(Fy (P) = u(F)y(F)

[ —r

| (n2 + 1)LEI] ]CO{

Discrete particle

nr

X ex —_
: (n* + D)Lg

]

(A42)

Fluid particle

Fig. A3. The pilot fluid particle trajectories and the driven discrete
particle trajectory.

When scales have to be evaluated they are expressed as
follows:

L =G, Tm/ﬁ andLgj = Cj7j/[uiyy(F)|

where the constants; andC; are fixed to 1 when no infor-
mation can be used from experimental data.

(A43)

Appendix G. Vaporisation models

With the assumptions of corrected spherical symmetry,
the non-dimensional vapour mass flow rateeads as [88]:

MCap
7DA

2

A
Le;

In1+ By) =

(A44)

in which Le, is the Lewis number anBy, the Spalding mass
transfer number, reading as:

A
Le = (A45)
' CyapD1
Yf — Yf"
By= — -~ A46
M 1-v: (A46)

Also, mis the vapour mass flow rat€,, is the specific
heat of the vapoum is the droplet diameten, is the ther-
mal conductivity of the fluidp is the fluid densityD; is the
diffusion coefficient of the vapour, ang andY;® are vapour
mass fractions on the droplet surface and far from the
droplet, respectively.

It is then found that the equation of evolution of the
droplet diameter reads as:

d 24
dt P DCvap

wherep, is the liquid droplet density.

In the infinite conductivity model, it is possible to
explicitly provide a rather simple equation of evolution of
the temperaturel® of the surface of the droplet. This

(A47)
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equation reads as:

ars 6 A L

- = (T° = THNu— A (A48)
dt D? PIC [ Cvap ]

whereC, is the specific heat of the liquid;” is the fluid

temperaturel is the latent heat of vaporisation, ah is
the Nusselt number defined by:

_ A _ %
TexpA2) -1 MTP-TS
D
whereq, is the heat flow rate on the droplet surface.
In order to account for the influence of convection on
droplet vaporisation, correlation laws are used both for

(A49)

heat and mass transfer modifications under the film theory .

assumption. Following Faeth [117], the Nusselt nunider
is then expressed as:

0.55R€;*Pr'?®

172
( 14 1.232 )

Reppr4/3

(A50)
where By is the Spalding heat transfer numb®&sg, is the
particle Reynolds number ari®t is the Prandtl number. A
similar relation is written for the Sherwood number, but with
the Prandtl number replaced by the Schmidt number.
Several other correlations are available for the Nusselt and
Sherwood numbers which have been compared in Ref.
[118].

An important issue in droplet vaporization rate is the
knowledge of the physical properties in the gaseous film
around the droplet. Following Hubbard et al. [119], the
averaging ‘1/3 rule’ should be used, namely physical prop-
erties of the fluid in the gaseous film around the particle have
to be approximated at a reference state ‘2/3 of the droplet
surface+ 1/3 of the fluid far from the droplet’. That leads to
change of the drag coefficie@, of the equation of motion
of the particle because the kinematic viscositiyvolved in
the particle Reynolds number must now be evaluated in the

Nu= Nu'In(1 + By) andNu" = 2 +

aforementioned reference state. From our experience, the

behaviour of droplets is very sensitive to the physical prop-
erties around the droplet, i.e. to the definition of the refer-
ence state.

Appendix H. Turbulence governing equations for two-
way coupling

Equations are written for a stationary, incompressible
flow under conservative forms, in order to include source
terms (mass, momentum, energy). We have to deal with
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The continuity equation reads as:

Jd =
—(pU)) = A51
x, (pUj) = Sy ( )
in which S, is the mass source term produced by the vapor-
isation process.

The momentum equation reads as:

_ Jd[= 2 1% ;
ﬁ_)(J(pU Up = E[P*” §Pk]_ (9X||: (w+ P«T)—]
dU; ¢9U
+ (PL‘HLI«T)((?)(J + x )"‘ S

(A52)

in which Iiis the mean pressure ang; the turbulent
viscosity. S, is the momentum source term, which is the
sum of two contributions according to:

S =Su+S

The first contribution results from the interaction between
the two phases, without any phase change, and depends on
the interaction forces between the fluid and the particles. It
reads as:

Su = n(—mo(

in which n is the mean number of particles per unit volume,
m, is the particle masy/; is the particle velocityg; is gravity
and < > indicates mean values over all the particle
trajectory realisations.

The second contributioBy, is the gas momentum flux
ejected by the particle during its vaporisation. Assuming
that the vapour is discharged into the fluid with a mean
velocity nearly equal to the droplet velocity, we get:

Sny = S V)

depending on the mass souigg
The mean temperature equation reads as:
J

sl 8%

whereT is the mean temperaturg, is the enthalpy source
term,Cris the fluid specific heat capacityr andPry are the
molecular and turbulent Prandtl numbers, respectively. The
enthalpy source term is the sum of two contributions:

Si=Su* S
The first contribution represents the heat captured by the
droplet for its heating and for vaporising a massf liquid

(A53)

dv;

%)

at (A54)

(A55)

[
Pry

73
U — + —
Pr

¥ (pU T) ) +§,/Co (A56)

(A57)

mean flow equations (continuity, momentum, temperature, per unit time, while the second contribution represents the
vapour mass fraction) and with turbulent quantity equations heat which is released by the droplet into the fluid as the
(turbulence energy, dissipation, scalar fluctuation transport) result of mass transfer accompanying the change from the
[95, 114]. liquid state (at temperaturd®) to the gaseous state (at
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temperaturel ). These contributions read as:

SmH = n<mQ/ap(Ts - Tref)> (A58)

Son = n(—4mriag) (A59)

The equation of transport of the mean vapour mass frac-
Y

tion reads as:
MT
+ —
&5

whereScandSg are the molecular Schmidt number and the
turbulent Schmidt number, respectively.

For the two-way turbulence energy equation, we first
apply the Reynolds decomposition to the momentum equa-
tion, yielding:

1%

— J
&ﬁmﬁ:5xé (A6O)

)+

2pu+ U+ T -+ i) — U
J
ap' a(z au{() g .
=- - | Zp K|+ ous +S, (A6
o \3T ) o
in which:
C 1w
Sj:Z(ﬂx} O,,Xi) (AB2)

is the fluctuating part of the strain tensor.
Multiplying Eq. (A61) byu;,’, summing on subscriptand
averaging, we obtain:

d | — 1 —— R —
E[pU,—kJr Epu]fu{u{ — 2uuisf + p’uj]
= —pUiUiS; — 2usjsj M
+ Ul (I
M (20 M) L
X 37 9% I 27 o, X
—  duy
- pUiuiWk (”I)
(AB3)

Part | corresponds to the usual turbulence energy equation Sy = Spy U

of the k—<) model (Section 2). Part Il is a two-way term
produced by the fluctuations of the momentum source term.
From Eq. (A53), we see that this term contains a contribu-

tion, which does not involve any phase change (correspond-

ing to the two-way coupling in Section 7) and a contribution

depending on the phase change. Part lll is only generated by
phase changes and we are now going to elaborate more on it.

Using Eqg. (A51) and neglecting fluctuations of the fluid
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density we get:

(9_Uk = i (A64)
Xy p
/
% = % (AB5)
2 p
so that part Ill may be rewritten as:
= 1— ———— 2w ,3d5,
any = —k§, - Eui’u{S’m VI égpu{ ™
1—
+ —p'Sh (A66)
p

The term (1) depends on the mean mass source term,
while the other terms depend on correlations involving fluc-
tuations of this mean mass source term. In the framework of
a Lagrangian approach, terms (2) and (3) can be directly
evaluated without any assumptions and therefore do not
require any modelling [114]. Modelling is in principle
required for terms (4) and (5). No solution has been estab-
lished to model term (4); in practice, however, it appears
reasonable to neglect the correlation between velocity fluc-
tuations and spatial derivatives of mass source term fluctua-
tions. Also, it appears reasonable to neglect the correlation
between pressure fluctuations and mass source term fluctua-
tions [term (5)], in analogy with the correlatigru; which is
exactly 0 in homogeneous and isotropic turbulence [22].

Eq. (A64) may then be rewritten as:

a9 pr ok
S =G — Cppe + & (A68)
ag; U | do;
G=ul| &=+ 2|20 A69
MTI:‘;'XI' <9Xi](9xj (A69)

is the one-way usual turbulence energy production t&m.
is the two-way extra source term involving two contribu-
tions:

S = S+ Sw

The first contributior, depends on the particle mass load-
ing (without any phase change) while the second contribu-
tion Sy« is due to the vaporisation process. They read as:

(A70)

(A71)

Sk = St — kS — 3 WIS, — O, U7S;
1 (A72)

1.- - - _
= Spyuf + EUiUiSn - EUiUiSn

Next, the extra dissipation due to the particles is assumed
to be proportional to the extra energy production. Thus, we
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P . J —
Continuity equatlon:&puj =5,
j
b
Transport equation:— pU b= I 9P + S
ax; % 0 %
oy S, (turbulence model) Sy = So + Sno (extra source terms)
J 2 J 2 [ — av;
. — P+ k- —Zu— + = — =1 0

UI (7X, ( 3 ) (?Xj SJ, SpU‘ (Spn rrb[ dt gl])

Sy = NS Vi)
K G— Cppe + & Sk = Spu, Ui

— 1 - 1
Sk = Snu Ui + EUiUiS'n - EUiUiSm
& 82

& CIEG_CZPIJ’_SF S _CFSKS(
CoT S SH=—nLm+ Q)

Snn = KMGCan(Ts — To))
y Sh S = )
— 0 90 E—> _
02 Cory — —Cpp- 02 +Sy Sy = S’ 0+ 005, + 003,

% o K
obtain a source terr§,, for the dissipatiore reading as: shall be more concise. It is found that:
e _ /2
S = Cea Sk (AT3) i(pL‘Jj 07) = i(ﬂ)( 9 ) +Sy (AT7)
7% AP AN

in which e/k is the inverse of a characteristic time required
for dimensional reasons, arft}; is a new constant. In the
presence of vaporisation, we similarly obtain a new extra-
source S, which is modelled as in Eq. (A73) witlg
replaced byS,«. The equation for the rate of dissipation
then reads as:

d - d de
—(pUje :—(—)< )+S (A74)
o 00e) =50 (0 o
in which:
& 82
Sg = C]_EG - Czp? + Sg (A75)
with the extra source term:
&
S. = Caai (S + Se) (AT6)

Let us finally consider the transport equation for a scalar
fluctuation, designateé. The modelling approach is similar

in which o4 is a constant close to 1 as is usual in such
modelling.
Furthermore, we have:

96 96 E—>5
Sy =Cpur—— —— — Cpp_ 07+ Sy (AT8)
9% 9% k
in which the extra source term reads as:
Sy =S,0' — 7S, — 0°S, — 200'S,
=S,/0' + 005, — 065, (A79)

This appendix provides an overview of the way to obtain
governing equations for the two-way coupling case, in
thepresence of phase exchanges. Checking these equations
would require much work for the reader, i.e. our presenta-
tion is rather complete but too concise for a precise under-
standing of all the details. A more complete explanation
would take too much time, spoiling the balance between
the different parts involved in this paper. Further details

to that for the previously discussed quantities so that we may, however, be found in Refs. [95, 114].
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However, we believe that it is convenient to the reader to 2r
- - s= (A86)
provide below a table giving a summary of the structure of a, + ag
the two-way governing equations.
Deleting all extra terms associated with heat and mass , _ a, (A7)
transfer exchanges, we then recover the simpler two-way = ag

coupling case discussed in Section 7. Deleting all extra ) ) )
terms, we recover the classical one-way governing equa- 1he interaction force relation Eq. (A80) then can be

tions of Section 2. rewritten as:
|_f ) A(l)( 1 A(l)(z)
= | T3t Bk [ @1  A@Q@ ]
Appendix . Description of hydrodynamic interactions F@2 A A
We assume that particles are solid and spherical, that the % V(D) — UXxD) (A8S)
particle Reynolds number is small compared with 1 and, \7p(2) — U(%Q2)
also, we neglect the effect of particle rotations.
Following Jeffrey and Onishi [120,121], particle hydro- At thism)(sbt)age, we are left with the evaluation of the func-
dynamic forces then read as: tions X* and YA . These resistance functions have

. - been determined by Jeffrey and Onishi [121], leading to
F(1) ADD  ADD IV (1) — UX(D) functions which are different fok andY, and depend on
E2) - “[ AQD A2 ] V.2 — UxQ2) A80) whether the particles are close or_grea_tly separated. They are
p expressed as polynomial expansions in terms of powess of
(Eqg. A86) andx (Eq. A87).

in which If(a) is the force exerted by particle on the ! \
For instance, in the case of separated spheres, we have:

surrounding fluid, which can also be expressed as:

ADD

Fla)= _J' ofds (A81) XA (s M) = l;)f;_,k(,\)(l 4y g (AB9)

whereS, designates the surface of the spherés the stress ) -2 ok ok
tensor, andi the unit vector perpendicular to the surface, X (8 A) = Y zfzkﬂ()\)(l + ) s (A90)
pointing outward. Alsou is the fluid viscosity A®) are k=0

the elements of the resistance mathé(a) is the transla- in which:

tion velocity of particlex andU(X(a)) is the fluid velocity at

location X(@). Furthermore, each elemedt®® of the fo=1 (A9D)
resistance matrix is actually a second-order tensor referring (=3 AQ2
to particlesa and 3. 1= (A92)

The resistance matrix is symmetric:

_(_ﬂ)(B) — _(_ﬂ)(B) (A82)

' A fo = 161 + 108\ + 281\°% + 648" + 144)° (A93)

and the exchange between two spheres with @dinda,
must not change the hydrodynamical forces:

Explicit expressions for the resistance functions may be

D — A _
AT, &, 3) = ATCT, 2, &) (A83) rather easily obtained by means of symbolic computations,
We may then write: for instance by using the formal calculus software Maple.
To provide the reader with explicit expressions, let us
?J.““B)(F) — AP (Meg + AP (5 — 6.6) (A84) consider the case of two identical (same nature, same radius)

particles, witha, = ag, i.e. A = 1. In the separated sphere
where@ = /r is the unit vector between the sphere centres approximation, we then obtain:

(oriented froma to B) and X*”” and YA are scalar A 9 , 93, 1197 ,

functions depending on the sphere radii and on the distance X™ =1+ 7S + 16° + &2 S + ... (A94)
between their centres, called resistance functions.
We then make\ dimensionless (but without changing the AV 3 19 _, 387
notationA, for convenience), according to: X0 =-58— 58 "~ s +.. (A95)
2 8 32
., ADB
A( )(B) - @000 (A85) YA(l)(l) _ 1 + 35_2 + 4;653_4 + 147455—6 + (A96)

3m(a, + ag) 16 256 4096
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A 3 59 5 2259 4 Yoo =Yg =1 (A106)
=—-8S— —S°— ——g°+ ..
4% 64° T 1024° (A9
and, in the case of the close sphere approximation, we have: 3 ., 1 4
= = _—-S "+ =S Al10
e L 19 In( 1 ) Yo = Yoo = 2 (A107
 41-4s2 40 \1-4s2
3, 1), 1 .3 mY@ = M@ =1 (A108)
1_12”(1—45*2)”(1—45*2) 2
17 , 127 _, 4057 m3@ = m@ =0 (A109)
+ = ——s = ——5 "+ .. A98 12 1
10 560 2240 (A98)
(while higher-order approximations would involve
XA _ 1 1 9 n( s+ 2) unknown terms).
291-4s 2) 40 \s—2 In this approximation, the mobility matrix is well defined.
It is also positive definite and symmetric, so that we can
s+2 1 o ) . .
- — |In - 403 obtain its inverse, the resistance matrix, by using a Cholesky
112 1- 43 factorisation.
+ 151 5 8077 5
280 5600
(A99) Appendix J. Equation of motion with hydrodynamic
interactions
ADD 1
Y = —=In(s— 2) + 0.9951846+ ... (A100
6 As an example, let us consider the case of sedimenting
” 1 particles in a fluid at rest, in the Stokes regime. Then no fluid
AVE g|n(s— 2) — 0.271199+ ... (A101) velocity is involved in the equation of motion of particles.

By studying these expressions, we found that 2.5
provides a good criterion as the frontier between the two
limiting regimes of separated and close sphere approxima-
tions.

For three spheres (and more than three spheres), the situa-
tion appears to be much more complex than in the case of

two particles, due to difficulties encountered in the analyti-
cal construction of the resistance matrix. However, under
reasonable assumptions and following Durlofsky et al.
[122], it remains possible to define a mobility matrix,
which leads to a resistance matrix by inversion.

Following Durlofsky et al. [122], we then have a mobility
matrix which reads as:

For an isolated single particle, the equation of motion reads
as:

de 31
P ot deCDVp‘Vp| +(pp — P1)T (A110

With hydrodynamic interactions it is generalised to:

av
Pe gt

(A111)

S S ACOVFi + (5 — )T
in which F| possesses the same dimension as a velocity and
incorporates the action on the tracked particle of another
particle in its vicinity.

In the case of two spheres, we then obtain a system of two
coupled equations reading as:

mo@  { (DB e
mB@ (BB 1B (AL02 d \7p(a) 3 p [ ADD  ADE@ ]
mP@ (DB 1N dt \7p( B) 4d Pp APD  ARO)

CD(a)Vp(a) ‘Vp(a)‘ P =
in which the elements are second-order tensors given by: X . - +(1--—)9

Co(BVp(B) V(B Po
m(jﬂ)(ﬁ)(f) = Xop(M)e.g + Yap()(S; — &.§) (A103) (A112)

In a so-called fourth-order approximation, Durlofsky et al.
established that:

When the distance between the two spheres is greater than
a length scalé; (taken as equal to 50 times the larger parti-

X0 = xg’ﬁ =1 (A104) cle diameter), then interactions are negligible and the matrix
Areduces to unity. The system (A112) may be integrated by
m I using a fourth-order Runge—Kutta scheme.
Xap = Xpa = 55 S (A105) More generally, fom interacting particles, we have to
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