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Abstract

The hydraulic properties of soil are represented by the relationship between the volumetric water content 6 and the soil
capillary pressure i and the relationship between the hydraulic conductivity X and 4. A method to estimate the hydraulic
properties for each horizontal layer of a soil profile was developed by combining the instantaneous profile method to
compute K(i) values and Mualem’s model to derive the K—i relationship from the soil water retention characteristic. With
this method, three parameters that are contained both in the 6— and K- models are optimized by an iterative procedure
using transient capillary pressure profiles during water redistribution. Two hypothetical soil columns were used to test the
parameter estimation procedure, and it was shown that the proposed method can be applied to soil profiles which have

homogeneous or heterogeneous hydraulic properties with depth.
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1. Introduction

Modeling unsaturated water flow in soils requires
knowledge of the hydraulic properties of the soils.
The hydraulic properties of unsaturated soil are rep-
resented by the relationship between the volumetric
water content 6 and the soil capillary pressure ¢
(the water retention characteristic) and the relation-
ship between the unsaturated hydraulic conductivity
K and ¢. The conventional steady state methods to
determine these properties are laborious and time
consuming. Hence many soil scientists and hydrolo-
gists have proposed various kinds of methods to
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determine the 6-y relationship and/or the K-
relationship by analyzing transient data associated
with unsaturated soil water flow.

Watson (1966) proposed the instantaneous profile
method to determine the K-y relationship from
transient data obtained by drainage experiments in an
initially saturated sand column. Vachaud (1967) and
Rogers and Klute (1971) applied the instantaneous
profile method to laboratory experiments and Rose et
al. (1965) used it to determine the K— relationship
of soils in situ. The instantaneous profile method can
provide K- relationships quicker than the steady
state methods. However, it is still laborious because
it requires measurements of transient profiles of both
water content and capillary pressure (Watson, 1966;
Rogers and Klute, 1971), or measurements of tran-
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sient profiles of either water content or capillary
pressure and the 6—¢ relationship of each soil layer
(Rose et al., 1965; Vachaud, 1967).

Many mathematical expressions that employ a
small number of parameters have been proposed to
describe the 6—i and K- relationships. With these
60—y and K—¢ models, the problem of determining
the hydraulic properties of soil becomes a problem
of estimating values of initially unknown parameters.
Libardi et al. (1980) and Jones and Wagenet (1984)
proposed some simplified methods to estimate the
parameters of the K—i/ model from transient soil
water content profiles. In their studies, the hydraulic
conductivity was assumed to be expressed by an
exponential function of soil water content. Ahuja et
al. (1980, 1988) assumed piecemeal power functions
for the K- model and piecemeal linear and loga-
rithmic functions for the -y model, and proposed a
simplified method to determine the parameters of
these models from transient capillary pressure pro-
files. These simplified methods produced good re-
sults for some soils in situ. However, special func-
tional forms of the -y and K-y models seem
acceptable only for specific media. Using the evapo-
ration method proposed by Wind (1968), Tamari et
al. (1993) and Wendroth et al. (1993) determined the
parameters of the 6—i model suggested by van
Genuchten (1980). Changes of total water content
and capillary pressures at some depths of soil columns
during evaporation were used to estimate the param-
eters of the 6—¢ model, while the K- relation-
ships were determined using the instantaneous pro-
file methodology. The evaporation method is appli-
cable only to small soil samples which have uniform
hydraulic properties with depth.

In recent years, the inverse method to determine
the soil hydraulic properties proposed by Zachmann
et al. (1981) has received interest. In the inverse
method, the unsaturated soil water flow equation is
solved numerically using the estimated initial param-
eter values of the 86—y and K—¢ models. Solution
of the flow equation is repeated with improved pa-
rameter estimates until the computed results are iden-
tical to the measured cumulative out flow or water
content profiles or capillary pressure profiles. Kool
et al. (1985) and Parker et al. (1985) applied the
inverse method to one-step out flow data and ob-
tained good results. Russo (1988) and Russo et al.

(1991) examined the problem of model selection
associated with parameter estimation procedures
based on the inverse method. They considered three
different widely used models for soil hydraulic prop-
erties: the van Genuchten (1980) and Brooks and
Corey (1964) models, and a combination of K-
model of Gardner (1958) and the 6—i model of
Russo (1988). Using the -y model, which can
express hysteretic phenomena, Kool and Parker
(1988) estimated the hydraulic properties of soil
from one-dimensional, transient infiltration and re-
distribution events. Dane and Hruska (1983) applied
the inverse method to field data. They determined in
situ hydraulic properties from water content profiles
during drainage measured in a field lysimeter. In all
these studies soil uniformity was assumed, which is
unrealistic for undisturbed field soils.

Another problem related to the inverse method is
solution uniqueness. Toorman et al. (1992) numeri-
cally evaluated solution uniqueness using response
surfaces and concluded that cumulative one-step out
flow data should be combined with capillary pres-
sure data in order to improve the sensitivity of
parameter estimation. Similar results were also ob-
tained from laboratory experiments (e.g. van Dam et
al., 1992; Eching and Hopmans, 1993). In the in-
verse method, initial and boundary conditions are
required to solve the flow equation numerically. It is
very difficult to assume these conditions appropri-
ately for in situ experiments. In particular, the
boundary condition at the bottom of the soil profile
is not generally known.

Ross (1993) and Ross and Parlange (1994) re-
cently suggested an inverse method for estimating
soil hydraulic properties from a water content profile
after a known drainage time from near saturated
condition. This method was applied to soil profiles
which have heterogeneous hydraulic properties with
depth, and good results were obtained. However,
relatively simple functional forms should be assumed
for the 6—¢ and K—¢ models in this method. These
hydraulic models do not have sufficient flexibility.

This study proposes a method to estimate the
hydraulic properties of soil from transient soil capil-
lary pressure profiles during water redistribution.
The method is developed by combining the instanta-
neous profile method to compute the K- relation-
ship and the Mualem (1976a) model to derive the
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K- relationship from soil water retention charac-
teristic. In this method, the 60— relationship is
expressed by the water retention model developed by
Kosugi (1994) from the van Genuchten (1980) model.
This mode] exhibits great flexibility for determining
retention curves of various soils. An iterative proce-
dure is used for parameter optimization. With this
method, the 60—y and K-y relationships are esti-
mated simultaneously for each horizontal layer of a
soil profile. The method requires measurements of
transient soil capillary pressure profiles during
drainage, while no boundary condition at the bottom
of the soil profile is necessary. In this study, the
method is tested using numerically generated data
sets for two hypothetical soil columns, one of which
has uniform hydraulic properties with depth and one
of which has heterogeneous hydraulic properties with
depth.

2. Theory

2.1. Method to compute K (\fr) values from transient
capillary pressure profiles

The one-dimensional, vertical flow equation for
soil water (the Richards’ equation) can be written as

c(w %=£{K(¢)(j—‘f+1)} (1)

where C(¢)=d6/dy is the water capacity func-
tion, K(¢) is the hydraulic conductivity at a certain
capillary pressure ¢, ¢ is time, and z is the vertical
distance taken positive upward. With the soil divided
into layers (elements) along the z-axis as shown in
Fig. 1, the finite difference form of Eq. (1) for an
interior node (i =2 to n— 1) is

Ei—l + Ei wit+At — (/jit
Az
2 At

_Ei—l( i_‘/’i—1 +1)

Az
(2)

where Az and Ar are the distances between the
vertical nodes and the time steps, respectively, and ¢
is the node capillary pressure when =1+ At/2
Ge. P=y¢g42=(y'+y'*4)/2). C, and K,
correspond to the element water capacity and the
element hydraulic conductivity, respectively, when
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Fig. 1. Elements and nodes for computing K(¢) values from
transient capillary pressure profiles.

Y=, + ¥, ,)/2. For the node at the soil surface,
the finite difference form of Eq. (1) is

E_ t+Ar gt
AZ n-~1 %n d’n
2 At
= —11—1?,,_1(—~—¢I"_llj"—1 +1) (3)
Az

where g is the water flux supplied at the soil surface
when t=1t+ At/2.

When the 8- relationship of each soil layer in
Fig. 1 is known a priori, the K(¢) values of each
soil layer are computed by Eq. (2) or Eq. (3) from
measured changes of ¢, (i=1,2, - -+, n) with time
during drainage (that is, ¢ = 0). The value of K, _,
of each time step is obtained from Eq. (3) using the
value of C,_,, which is derived by differentiating
the 6-¢ relationship of the (n — Dth soil layer. The
K,_, value of each time step is then derived by
substituting the K,_, value of the same time step
into Eq. (2) with i =n — 1 using the -y relation-
ships of the (n — Dth and (n — 2)th layers. Repeat-
ing this procedure in the lower layers one by one
(i=n—2102), the K(¢) value of each soil layer of
each time step is obtained. It should be noted that the
flux at the bottom of the soil profile is not needed in
the K(y) determination, because K , is obtained
from Eq. (2) with i =2 by using the measured #,,
Y, and ¢, values.

2.2. Functional K- relationship derived from soil
water retention model

A soil water retention model described by the
following function performs fairly well for retention
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data sets of various soils (Kosugi, 1994; Kosugi and
Fukushima, 1994):

e 1/ -my ™

.~ Yo

Se={1+m

S.=1 ¢y=4y,

where ., ¥, and m are estimated parameters and

the effective saturation S, is defined as

S 0— 86, s
e 65 _ 01- ( )

where 6, and 6, are the saturated and residual water
contents, respectively. Here, 6, is defined as the
water content at which ¢ is infinitely small and K
is assumed to be zero. However, this condition is
only met when 6, =0. Therefore, 6. is commonly
regarded as an empirical parameter. Three parame-
ters 4, i, and m have physical meanings for the
6—y curve. The parameter ¢, is the bubbling pres-
sure (or the air entry value of ) and ¢, is the
capillary pressure at the inflection point on the -y
curve. The parameter m (0 < m < 1) is dimension-
less and related to the width of the soil pore size
distribution. The value of S, at the inflection point is
derived by substituting ¢ = ¢, into Eq. (4):

S(¥o) =(1+m)" (6)
Consequently, m determines the value of S(¢,).
Considering that m can only take on values between
0and 1, S,(¢,) has a restriction of 0.5 < S.(¢,) < 1.
It should be noted that Eq. (4) is identical to the
retention model proposed by van Genuchten (1980)
when ¢, is equal to 0.

The Mualem (1976a) model for predicting the
unsaturated hydraulic conductivity from soil water
retention curve is written in the form

ds ds, \*
o [ o (7
$(S) [ w(S,)
where K, is the saturated hydraulic conductivity.
Substituting Eq. (4) into Eq. (7) and integrating
yields the functional relationship between K and .
In this study, the unsaturated soil hydraulic prop-
erties are assumed to be described by Egs. (4) and
(7). Thus, the problem of how to determine the 6—i
and K- relationships is converted into the problem
of how to determine the values of the six parameters,
0. 6., . ,, m and K.

K(S.) =K.S.”?

2.3. Parameter estimation procedure

Combining the method to compute K(is) values
from transient capillary pressure profiles (Eqs. (2)
and (3)) and the soil hydraulic models expressed by
Egs. (4) and (7), the 6—¢ and K—i relationships of
each soil layer are determined simultaneously by the
following method. With this method, the three pa-
rameters ¢, ,, and m that are contained both in
the 6-i model expressed by Eq. (4) and the K-t
model expressed by Egs. (4) and (7) can be opti-
mized for each soil layer. Parameters 6, and 6, in
the - model and X in the K-y model have to
be determined independently. In practice, 6, and K|
can be measured relatively easily, and 6, should be
guessed from measurement of water content at a low
capillary pressure.

The parameter estimation procedure begins at the
surface soil layer (the (n — 1)th layer in Fig. 1) and
is repeated in each lower layer one by one. An
iterative procedure for estimating the parameters of
the (i — Dth soil layer (i=n, n—1, ---, 2) is
summarized in Fig. 2.

1. One starts with an initial guess for the three
parameters .p, Yor, and my of the objective
(i — Dth layer. Here, ¢z, Yor, and my represent
the parameters of the retention model expressed
by Eq. (4). The subscripts R stand for the parame-

/Input i1 (), 45(0), Y100,
v

Input 6-1p and K-y
relationships of the ())th layer
[

!Gum kR, YOR, MR in Eq@
B —

Compute K(1) values by
Eq. (2) or (3)
]

Optimize cM, 1o, mu by fitting
Egs. (4) and (7) to K(v)) values

[6utput YcM, YoM, myu |

Fig. 2. Iterative procedure for estimating the hydraulic properties
of the (i — Dth soil layer.
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ters that are used to solve the Richards’ equation.

The guess may not be so difficult because, as

mentioned before, i, Y, and m all have physi-

cal significance. This is one of the reasons the
retention model expressed by Eq. (4) is used in
this study.

2. The K(4) value of the (i — th soil layer is
computed by Eq. (2) using the profile of ¢ at
each time step, the 60—y and K- relationships
of the upper (i)th soil layer, and the 8-y rela-
tionship of the objective (i — Dth layer expressed
by Eq. (4) using the initial parameter set (¢,
Yor> mg). In the case of the surface (n— Dth
layer, the K(i) value is computed by Eq. (3)
using g =0 instead of using the K- relation-
ship of the upper soil layer.

3. The computed K(i) values by Eq. (2) or Eq. (3)
are then compared with the functional K-y rela-
tionship generated by Egs. (4) and (7). Using a
non-linear least squares optimization procedure
based on Marquardt’s maximum neighborhood
method (Marquardt, 1963), ¢, Yoy, and my
are optimized to fit the functional K- relation-
ship to the computed K(i) values. Here, i1,,,
You» and my, represent the fitted parameters in
Egs. (4) and (7). The subscripts M stand for the
parameters that are used in Mualem’s model.

4. When g, Yor, and my are guessed correctly,
Y Wom» and my; are equal to g, Y, and
myg, respectively. Conversely, the initially guessed
parameter set (§z, Yo, mg) can be assumed to
be incorrect when g # Yy OF Yop # PYyy OF
mg #+ my,. In this case, the fitted parameter set
(dar» Wom» My) is used as a new parameter set
(g, WYor» mg) to compute the K(y) values by
Eq. (2) or Eq. (3).

This procedure is repeated until the agreement
between the parameter sets (¢, Yoz, my) and
(> Yom» my) is satisfactory. After the iterative
procedure is finished for the (i — 1)th soil layer, the
parameters i, ¢, and m of the (i — 2)th layer are
estimated using the determined 6-y and K- rela-
tionships of the (i — 1)th layer.

3. Numerically simulated experiments
3.1. Hypothetical soil columns

In order to examine the parameter estimation
procedure, two hypothetical soil columns were stud-

I
(em) Tensiometer
Z=0 o

Water table —
< oo
-150 Y_Jyp=0

Water table —

Fig. 3. Schematic of simulated soil profile with location of
tensiometers and imposed boundary conditions, showing the num-
bering system of soil layers and capillary pressures. The hydraulic
properties of soil below the 1st layer are the same as those of the
uniform soil column (material A in Table 1).

ied. Each column was 70 cm in depth and divided
into seven layers (the 7th, 6th, ---, 1st layers from
the soil surface) with eight equally spaced nodes, as
shown in Fig. 3. One soil column had uniform
hydraulic properties with depth (the uniform soil
column) and the other had heterogeneous hydraulic
properties with depth (the stratified soil column).
All soil layers of the uniform soil column (material
A) had the same hydraulic properties expressed by
Eqs. (4) and (7) using the parameters summarized in
Table 1. These parameters were derived from mea-
sured hydraulic properties of Plainfield sand (Black
et al., 1969) (Mualem’s soil index 4147; Mualem,
1976b). The values of K, and 6, were taken from
Mualem’s catalog. Parameters 6., ¢, ¢, and m

Table 1
Assumed hydraulic parameters in Egs. (4) and (7) for materials A
and B

Material K, % 6 ¢ ¥ m S,
(ems™ ) (cm) (cm) ()

A 0.00312 0307 0.057 —14.1 —22.7 0.517 0.806

B 0.01000 0.307 0.057 —10.1 —12.7 0.417 0.865

Values of S.(y,) were derived by substituting m into Eq. (6).
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0.35
0.30
0.25
0.20
0.15
-1 0.10
1 0.05

1 ] —_ i 1 0.00

log [K] (K in cm/sec)

[} Measured for Plainfield sand

Used in simulation (material A)
————— - Used in simulation (material B)
Fig. 4. (a) 8-y curves and (b) K—¢ curves used in numerically

simulated experiments. Circles indicate measured 8(¢s) and K(i)
values for Plainfield sand (Black et al., 1969).

were generated by fitting Eqs. (4) and (7) to the
measured 6—y and K-y curves using a non-linear
least square optimization procedure based on the
RETC code developed by van Genuchten et al.
(1991). A numerical integration program based on
Clenshaw—Curtis type integration formula was used
to derive the functional K-y relationship from Egs.
(4) and (7). Fig. 4(a) and (b) show measured and
fitted 6—¢ and K- curves, respectively. One can
see that Eqgs. (4) and (7) produced acceptable fits.

Five of the soil layers of the stratified soil column
had the same hydraulic properties as every layer of
the uniform soil column (material A), while i, i,
m, and K, of the 6th and 4th layers were different
(material B in Table 1). Considering the greater i,
and ¢, values, the K, value of material B was
assumed to be about three times greater than that of
material A. The smaller m value of material B
resulted in a greater S.(¢,) value. The 6—¢ and
K- curves of material B are shown with dotted
lines in Fig. 4(a) and (b), respectively.

3.2. Simulating drainage experiment

Assuming the experimental apparatus shown in
Fig. 3, drainage processes from the two hypothetical

soil columns were simulated to provide transient
capillary pressure profiles which were subsequently
used for the parameter estimation procedure. Eq. (1)
was solved using capillary pressure as a dependent
variable and a Crank—Nicholson finite difference
scheme with equally spaced nodes (element lengths
were 2 cm) and a variable time step (between 5 and
60 s).

For drainage simulations, a constant water table
condition (=0 cm) was imposed at 80 cm below
the soil surface. The hydraulic properties of soil
below the 1st layer were the same as those of the
uniform soil column (material A in Table 1). The
initial condition was hydraulic equilibrium under a
constant rainfall of 50 mm h™' (g= —-14x10"?
cm s~ '). The uniform soil column was simulated for
30 h under a zero-flux condition (g =0 cm s~') at
the soil surface, while the stratified soil column was
simulated for 60 h. Cumulative errors in the mass
balance at the end of calculations were 0.28 and
0.31% for the uniform and stratified soil columns,
respectively. The numerical simulations provided the
changes of capillary pressure heads (¢, ¥, - - -,
¢,) at eight depths (0, 10, ---, 70 cm below the
soil surface) during drainage, which were subse-
quently used for the parameter estimation procedure.
Fig. 5(a) and (b) show the changes of capillary
pressure heads for 0 <¢<30 h computed for the
uniform and stratified soil columns, respectively.
The changes of 5, Y, ¥, and g of the stratified
soil column were more gradual than those of the
uniform column because of the smaller K values of
the 4th and 6th soil layers of the stratified column.
The value of pressure head at the soil surface (i) of
the uniform soil column at the end of calculation
(+=130h) was —76.2 cm, while ¢ of the stratified
soil column at the end of calculation (¢ = 60 h) was
=777 cm.

In drainage processes in field, the shallow water
table condition (80 c¢cm below the surface) and the
equilibrium initial condition are generally unrealistic.
Another numerical experiment was made for the
stratified soil column under a constant water table
condition (=0 cm) at 150 cm below the soil
surface (Fig. 3). The soil column was firstly drained
for 24 h from the equilibrium condition under a
constant rainfall of 1 mm h™'. Then a condition of
constant rainfall of 20 mm h™! (¢= —-5.6x107*
cm s~ ') was imposed for 1.7 h to simulate an



K. Kosugi, Y. Nakayama / Agricultural and Forest Meteorology 84 (1997} 37-50 43

1 (cm)

¥ (cm)

Time (hr)
Yg 13 Y " 17
¥ Y5 Y3 o P

Fig. 5. Simulated transient capillary pressure profiles for (a) the
uniform soil column and (b) the stratified soil column under
equilibrium initial condition and shallow water table condition (80
cm below soil surface).

infiltration process. Using this non-equilibrium con-
dition as the initial condition (i.e. ¢ = 0), the second
drainage process was simulated for 48 h under a
zero-flux condition at the soil surface. Fig. 6 shows
the computed changes of capillary pressure heads

constant rainfalf ¢ =0

of 20 mm/hr drainage
-10 T T T T T
-30
§ 0
=
-70
_90 1 1 1 1 1 1 1 N
0 6 12 18 24 30 36 42 48
Time (hr)
U3 s Yo "o 17}
U7} Ps Y3 oo Pl

Fig. 6. Simulated transient capillary pressure profiles for the
stratified soil column under non-equilibrium initial condition and
deep water table condition (150 cm below soil surface).

during the second drainage process, which were
subsequently used for the parameter estimation pro-
cedure. Values of g, ¢, ¢, and 5 were between
—30 and —20 cm at the beginning of drainage
(#=0h), while ¢, ¢,, and ¢, had not increased at
all during the same time. The value of i; at the end
of calculation (¢ = 48 h) was —82.0 cm.

4. Results and discussion
4.1. Uniform soil column

Parameter estimation runs were carried out for the
uniform soil column using the simulated change of
capillary pressure heads shown in Fig. 5(a). The
value of Az in Egs. (2) and (3) was 10 cm and the
minimal value of At was 1 min. Eqgs. (2) and (3) did
not provide a reasonable K value when the change
of capillary pressure from ¢ to ¢+ Ar was too small.
Hence, automatically varying time steps were em-
ployed to satisfy the constraint that the change of
capillary pressure head at the ({)th node from ¢ to
t+ At must be greater than 0.5 cm. The iterative
optimization procedure was continued until the rela-
tive change in each parameter became < 1%. The
values of 6,, 6,, and K of every soil layer were kept
constant at their true values shown in Table 1.

Fig. 7(a) and (b) show the updating processes of
the 60—y and K-y curves, respectively, of the 7th
soil layer using the initial parameter values of ¢ =
—10 cm, Yoz = —15 cm, and my = 0.8. Simulated
Yy and ¢, values in Fig. 5(a) were used for the
parameter estimation. The number of iterations nec-
essary to reach convergence was 11. Values of K{(y)
computed by using the instantaneous profile method
(Eq. (3)) with the initial parameter set (presented by
squares in Fig. 7(b)) were much smaller than the
actual K(i) values. The optimized parameter set of
(Wg» Wom» myy) for these K(if) values was (—14.2,
—20.6, 0.674). The second iteration produced K(i)
values which were closer to the actual values (pre-
sented by triangles), and the optimized parameter set
was (~20.8, —26.0, 0.548). After the 11th iteration,
the estimated 6—¢ and K-y curves were fairly
similar to the actual curves. Final parameter values
were (—16.5, —24.8, 0.514), which were about the
same as the actual parameter values. Specifically, the
estimated curves had slightly greater # and K values
than the actual curves.
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loglK] (K in cm/sec)
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---o-—- after 1st iteration
----#--—  after 2nd iteration
—o— after convergence (11th iteration)
Actual (used in simulation)

Fig. 7. Updating processes of (a) § -4 curve and (b) K - ¢ curve
for the 7th layer of the uniform soil column. Squares, triangles,
and circles represent K (i) values computed by using the instan-
taneous profile method (Eq. (3)) in the 1st, 2nd, and 11th itera-
tions, respectively.

In order to analyze the effect of initial parameter
values on the solution convergence, 20 different
initial parameter sets of (.5, Wor, mp) Were chosen
for the parameter estimation procedure for the 7th

soil layer. Initial ¢ value was 0, —10, —30, or
—50 cm. With an initial ¢z value smaller than
—71 cm, all K(y) values computed by Eq. (3) were
zero. This was because C, in Eq. (3) was equal to
zero when ¢ > ir;. Therefore, the initial ¢ value
for the surface layer must be greater than the small-
est observed capillary pressure value. Initialy, val-
ues were from —35 to — 100 cm which were chosen
to satisfy the constraint that ¢, < ¢z. Initial my
value was either 0.2 or 0.8. Table 2 shows the
average values and the standard deviations of pre-
dicted parameters in the 20 cases. One can see
predicted parameters are similar to actual parameters
and the standard deviations are small. This indicates
that initial parameter estimates do not influence the
results of the parameter estimation procedure. Specif-
ically, standard deviations of parameter ¢, and m
are relatively larger than that of i, considering the
absolute value of each parameter. However, the dif-
ferences between the maximal and minimal predicted
parameter values were 1.0 cm and 0.009 for . and
m, respectively, which were not significant.
Parameter estimation runs were carried out for the
6th soil layer using the same initial parameter sets as
those used for the 7th layer. Here, the 8- and K-y
relationships of the 7th layer were expressed by Egs.
(4) and (7) using the average values of the predicted
parameters in Table 2. Again, good agreement be-

Average values and standard deviations of the final parameters of each soil layer predicted using 20 different initial parameter sets

Table 2

Layer Material ¥, (em)

Uniform soil column

7th A ~16.1(3.1E~1)
6th A —148(5.1E-3)
Sth A -14.6 (1.5E - 3)
4th A —142(1.8E-3)
3rd A —13.7(1.4E - 3)
2nd A -13.0(2E-3)
1st A —-13.0(13E-2)
Stratified soil column

7th A ~13.1Q0E-1)
6th B —11.2(1.8E - 2)
5th A -129(.1E-13)
4th B —10.0 (1.9E — 3)
3rd A —13.7(23E - 3)
2nd A —11.5(3.0E —3)
Ist A 0.0 (4.1E — 6)

o (cm) m

—248(39E -2) 0.518 (3.1E-3)
—233(42E-3) 0.514 (6.8E — 5)
-23.0(1.1E—~3) 0.511 2.2E - 5)
~229(1.1E-3) 0.516 (1.7E — 5)
—22.8(8.0E—4) 0.528 (4.7E — 5)
~229(2.8E-3) 0.561 (1.6E — 4)
-218(33E-1) 0.264 (4.0E - 2)
~243(27TE—2) 0.542 (1.9E — 3)
~134(1.1E—2) 0.398 (1.5E ~ 4)
—-224(33E-13) 0.522 (5.5E — 35)
~133(53E—4) 0.445 (3.9E — 5)
-220(1.4E-3) 0.503 (8.3E — 5)
~232(2.0E-3) 0.592 (1.6E ~ 4)
—258(1.8E—1) 0.830 (1.7E — 3)

Numbers in parentheses represent the standard deviations.
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Fig. 8. Predicted (a) 86—t and (b) K- curves of the surface
layer of the uniform soil column using a simulated tensiometer
distance (Az) of 20 and 30 cm. Circles on the K-y curves
indicate K() values computed by using the instantaneous profile
method (Eq. (3)) in the final iteration.

tween predicted and actual parameter sets was ob-
tained in all cases. The standard deviation of every
parameter for 6th laver was much smaller than that
for the 7th layer (Table 2). The average values of
predicted parameters were used for the parameter
estimation runs for the Sth soil layer. The parameter
estimation procedure was applied to the lower layers
one by one in this way. Table 2 indicates that the
predicted parameters were similar to the actual pa-
rameters in all layers except the Ist layer. The
predicted m value of the 1st layer was about a half
of the actual value. This is because the experimental
data spanned a narrow range of capillary pressures
for the lowest soil layer, as shown in Fig. 5(a).

The distance between the tensiometers (i.e. the
finite difference step Az in Egs. (2) and (3)) can
affect the parameter estimation. Fig. 8 shows the
results of parameter estimation runs for the surface
layer of the uniform soil column using Az values of
20 cm and 30 cm instead of 10 cm. Simulated
and , values in Fig. 5(a) were used for the parame-
ter estimation in the case of Az =20 cm, and ¢
and ¢ values were used in the case of Az =30 cm.
The initial parameter values of ¢ = —10 cm,
= —15 cm, and my = 0.8 were used for both esti-
mation runs. In both runs, predicted 6— curves had

larger 6 values than the actual curve and predicted
K-y curves had larger K values than the actual
curve. In comparison with the case of 4z=10 cm
shown in Fig. 7, it is clear that as Az becomes larger
the difference between the predicted and actual val-
ues becomes larger. As a result, the shorter distance
between tensiometers (10 cm) was required for accu-
rate parameter estimations.

4.2. Stratified soil column

Parameter estimation runs were carried out for
every layer of the stratified soil column using the
simulated change of capillary pressure heads shown
in Fig. 5(b) and the same initial parameter sets as
those used for the uniform soil column. The details
of the estimation procedure were as described in the
preceding section.

The average values and the standard deviations of
the predicted parameters of each soil layer are sum-
marized in Table 2. The predicted parameters were
similar to the actual parameters in all layers above
the 2nd layer. The predicted m value of the 2nd
layer was about 0.07 greater than the actual value. In
the 1st layer, m was predicted to be about 0.3 greater
than the actual value and ¢, was predicted to be
zero. Standard deviations of the predicted parameters
of each soil layer were small. This indicates the
parameter estimation procedure did not depend on
the initial parameter values.

Fig. 9 shows the predicted and actual 6—¢ and
K- curves of each soil layer using initial parameter
values of 5 = —10 cm, Yz = —15 cm, and my
= (0.8. The figure clearly shows that the parameter
estimation procedure succeeded in reproducing hy-
draulic properties of the soil layers above the 2nd
layer. This result indicates that the procedure can be
successfully applied to soil profiles which have het-
erogeneous hydraulic properties with depth. In case
of the 2nd layer, K(/) values computed by using
the instantaneous profile method (Eq. (2)) span nar-
row ranges of . The predicted 6—y and K-
curves produce good agreements with the actual
curves in the range of ¢> —30 cm where K(i)
values computed by Eq. (2) span. The predicted 60—
and K- curves have smaller § and K values,
respectively, than the actual curves when ¢ < —30
cm. This indicates that the parameter estimation
procedure does not work well when experimental
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data span narrow ranges of capillary pressure. In the
case of the 1st layer, the experimental data spanned
narrower ranges of ¢ than in the case of the 2nd
layer (see Fig. 5(b)) and the parameter estimation
procedure produced the poorer result.

The time interval between the tensiometer read-
ings can also affect the results of the parameter
estimation procedure. Fig. 10(a) and (b) show results
of parameter estimation runs using the minimal At
values of 12 min and 24 min, respectively, instead of
1 min. Values of iz = —10 cm, y;z = — 15 cm,
and mp = 0.8 were used as the initial parameter set
for each estimation run. As the minimal Az value
becomes large, number of K() values near satura-
tion computed by Eq. (2) or Eq. (3) decreases. This
is because the changes of capillary pressures with

0 (K in cm/sec) log[K]

0.3

2nd 7 - 02

................. ~ 0.1}

1 1 1 | -
-100 -80 -60 -40 -20 0 -100 -80 -60 -40 -20 O
¥ (cm) 1 cm)

o Computed by Eq. (2) or (3)
Predicted

................. Actual (used in simulation)

Fig. 9. Predicted and actual 6 -4 and K- curves of each layer
of the stratified soil column. Circles on the K- curves indicate
K(i) values computed by using the instantaneous profile method
(Eq. (2) or Eq. (3)) in the final iteration.
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Fig. 10. Predicted 6 -4 and K- curves of the 7th and 6th
layers of the stratified soil column using minimal Ar values of (a)
12 and (b) 24 min. Circles on the K- curves are as defined in
Fig. 9.

time were rapid near saturation as shown in Fig.
5(b). With the restrictions of At> 12 min, the pa-
rameter estimation procedure produced good results
both for the 7th and 6th layers (Fig. 10(a)). Noted
that the parameter estimation procedure succeeded in
reproducing hydraulic properties of other layers
above the 2nd layer which are not shown in the
figure. With the restriction of Ar > 24 minutes, pre-
dicted -y and K- curves still showed acceptable
fits to the actual curves (Fig. 10(b)). Specifically, the
predicted 6~y and K-y curves of the 7th layer had
smaller 6 and K values, respectively, near satura-
tion. The predicted 60—y curve of the 6th layer had
greater 6 values than the actual curve. Noted that the
parameter estimation procedure produced similar re-
sults both for the 5th and 4th layers. As a result, the
proposed method worked well using larger time in-
tervals (12 and 24 min) between the tensiometer
readings. However, the shorter time interval (1 or 12
min) was required for more accurate estimations.

4.3. Sensitivity to experimental error

To investigate the sensitivity of the parameter
estimation procedure to the experimental error, a
normally distributed measurement error term was
added to the simulated capillary pressures for the
stratified soil column shown in Fig. 5(b). Fig. 11
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Fig. 11. Predicted 8-y and K- curves of each layer of the
stratified soil column when standard deviation of normally dis-
tributed measurement error is 0.25 cm. Circles on the K-
curves are as defined in Fig. 9.

shows results of the parameter estimation runs using
initial parameter values of Yz = —10 cm, Y =
—15 cm, and mg = 0.8 when the error standard
deviation was taken to be 0.25 cm. Values of K(yr)

Table 3

computed by Eq. (2) or Eq. (3) were scattered along
the actual K- curves. Predicted 8-y and K-y
curves of each layer produced acceptable fits with
the actual curves. In comparison with the results
when there was no experimental error (Fig. 9), the
predictions were slightly poorer, especially near satu-
ration of the 6th layer and in the range of ¢ < —40
cm of the 5th layer.

Results of parameter estimation runs carried out
using the same initial parameter sets (20 cases) as
those used for the uniform soil column are summa-
rized in Table 3. Average values of the predicted
parameters of the 7th and 4th layers were similar to
the actual values. Values of m predicted for the 6th
and 5th layers were about 0.1 smaller than the actual
values, and the i, value of the 6th layer was
predicted to be about 5 cm smaller than the actual
value. The small values of standard deviations of the
predicted parameters indicate the parameter estima-
tion procedure did not depend on the initial parame-
ter values for these layers. The parameter estimation
procedure did not work well for the 3rd, 2nd, and 1st
layers where the experimental data spanned rela-
tively narrow ranges of capillary pressure.

The parameter estimation runs were also carried
out for the 7th soil layer taking the error standard
deviations to be 0.5 and 1.0 cm. Fig. 12 shows the
results using initial parameter values of Yz = —10
cm, Yor = —15 ¢m, and my = 0.8. When the error
standard deviation was 0.5 cm (Fig. 12(a)), the pre-
dicted 6—¢ and K- curves had greater @ and K
values, respectively, than the actual curves. When
the error standard deviation was 1.0 cm (Fig. 12(b)),
computed K(i) values by Eq. (3) were scattered in
a wide range and the predicted 6—¢ and K-y
curves were different from the actual curves.

Average values and standard deviations of the final parameters predicted for the stratified soil column when a normally distributed

measurement error term is added to the simulated capillary pressures

Layer Material ¢, (cm) ¥, (cm) m

7th A —-146 (14E-1) —-234(B.0E-12) 0.506 (1.8E — 3)
6th B —154(14E-2) -16.1(1.1E—2) 0.321 28E—4)
5th A ~16.4(9.3E —3) —21.4(1.9E—3) 0432 (22E—4)
4th B —~11.9Q.2E-2) —142(7.7E-13) 0418 (5.4E — 4)
3rd A —18.1(73E-3) —19.7 (3.6E — 3) 0.244 (6.9E — 4)
2nd A —154(B9E-1) —159@BSE-1) 0.050 (3.7E — 5)
Ist A —6.8 (1.0E — 0) —-157Q3E-1) 0.900 (1.2E — 6)

Numbers in parentheses represent the standard deviations. The error standard deviation is 0.25 cm.
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4.4. Estimation under non-equilibrium initial condi-
tion

The parameter estimation procedure was tested
under the non-equilibrium initial condition using the
simulated change of capillary pressure heads shown
in Fig. 6. As the ground water table was set to be 80
cm deeper than the bottom of the stratified soil
column, the effect of the constant ground water level
condition was not significant for these simulated ¢
values. The details of the estimation procedure were
as described in the preceding section.

Fig. 13 shows the predicted and actual #—i and
K- curves of each soil layer using initial parameter
values of ¢z = —10 cm, g = —15 cm, and my
= (0.8. The predicted 68—y and K-y curves of the
7th and 5th layers produced results as good as the
predicted curves shown in Fig. 9. This clearly shows
the parameter estimation procedure can be success-
fully used under non-equilibrium initial conditions.
Values of K(i) computed by Eq. (2) for the 6th
layer were plotted on the actual K- curve, and the
predicted 8-y and K—i curves produced acceptable
fits. Specifically, the predicted curves had slightly
greater # and K values near saturation. While K(y)
values computed by Eq. (2) for the 4th layer were
plotted on the actual K-y curve, the differences
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0.3
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Fig. 12. Predicted 6 —¢ and K- curves of the 7th layer of the
stratified soil column when standard deviations of normally dis-
tributed measurement error are (a) 0.5 and (b) 1.0 cm. Circles on
the K—1 curves are as defined in Fig. 8.

] (K in cm/sec) logiK]

0.3

0.2

0.1

| 1 { 1 { | | | _7
-100 -80 -60 -40 -20 0 -100 -80 -60 -40 -20 0
P (cm) P (em)
° Computed by Eq. (2) or (3)
Predicted

-------------------- Actual (used in simulation)

Fig. 13. Predicted 6—¢ and K- curves of each layer of the
stratified soil column using the change of capillary pressures
generated under non-equilibrium initial condition. Circles on the
K - curves are as defined in Fig. 9.

between the predicted and the actual 6—i and K-y
curves near saturation were great for this layer.
Though the parameter estimation procedure pro-
duced acceptable results for the 3rd and 2nd layers,
there were slight differences between the predicted
and the actual 6—y and K- curves near saturation.
Because the constant rainfall of 20 mm h™' was
continued only for 1.7 h, maximal values of capillary
pressure heads simulated in this numerical experi-
ment were smaller than those in other experiments
(see Figs. 5 and 6). It seems reasonable to say that
the lack of observed ¢ data near saturation is what
caused the differences between the predicted and the
actual —¢ and K- curves near saturation for
these layers. As a result, no equilibrium initial condi-
tion is necessary, but measurements of change of
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capillary pressures near saturation are required when
applying the parameter estimation procedure to
drainage experiments.

5. Summary and conclusions

This study proposed a method to predict the
relationship between the volumetric water content
and the capillary pressure ¢ and the relationship
between the unsaturated hydraulic conductivity K
and ¢ simultaneously for each horizontal layer of a
soil profile. The method was developed by combin-
ing the instantaneous profile method to compute the
K(y) values and the Mualem (1976a) model to
derive the K—i relationship from soil water reten-
tion characteristic. In this method, the -3 relation-
ship was assumed to be expressed by the soil water
retention model suggested by Kosugi (1994). Soil
hydraulic properties were then characterized by the
following six parameters: the saturated hydraulic
conductivity K, the saturated water content 6, the
residual water content 6,, the bubbling pressure .,
the capillary pressure at the inflection point (i) on
the 6—y curve, and the dimensionless parameter m
which determines the effective saturation at the in-
flection point. In the proposed method, the values of
Y., Yy, and m were optimized for each horizontal
soil layer by the iterative procedure from transient
soil capillary pressure profiles during drainage. The
values of K, 6, and 6, had to be determined
independently.

The method was examined for two hypothetical
soil columns, one of which had uniform hydraulic
properties with depth (the uniform soil column) and
one of which had heterogeneous hydraulic properties
with depth (the stratified soil column). Each soil
column was 70 cm in depth and divided into seven
layers of the same thickness. Data sets of transient
capillary pressure profiles were generated by numeri-
cal drainage experiments.

The results showed that the parameter estimation
procedure produced good results both for the uni-
form and stratified soil columns using the vertical
distance between capillary pressure measurements of
10 cm and the time interval between tensiometer
readings of 1 min. Twenty different initial parameter
sets were chosen to examine the solution conver-

gence, and it was shown that initial parameter esti-
mates do not influence the results of the parameter
estimation.

When the vertical distance between capillary pres-
sure measurements was 20 or 30 cm, predicted 68—y
and K-y curves for the uniform soil column had
larger @ and K values than the actual curves. With
the time interval between the tensiometer readings of
12 or 24 min, the parameter estimation procedure
produced acceptable results for the stratified soil
column. However, the shorter time interval of 1 or
12 min was required for more accurate estimations.

In order to investigate the sensitivity of the pa-
rameter estimation procedure to the experimental
error, a normally distributed measurement error term
was added to the simulated capillary pressures. When
the error standard deviation was 0.25 cm, the pre-
dicted 0—¢ and K-y curves for the stratified soil
column produced acceptable fits with the actual
curves. When the error standard deviation was 1.0
cm, the parameter estimation procedure did not work
well. Testing the parameter estimation procedure
using the change of capillary pressures generated
under less ideal conditions, it was shown that the
proposed method requires no equilibrium initial con-
dition but measurements of change of capillary pres-
sures near saturation.

In summary, we conclude that the proposed
method can be applied to soil profiles which have
heterogeneous hydraulic properties with depth as
well as to soil profiles which have uniform hydraulic
properties. The method requires measurements of
transient soil capillary pressure profiles during water
redistribution, while no boundary condition at the
bottom of the soil profile is needed. This method
should be examined in the future research using data
sets obtained by both laboratory and in situ experi-
ments.
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