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Abstract--Aerosol sampling from industrial environments (e,g. combustion engines) or natural 
environments (e.g. the troposphere) frequently involves conveying the sample to a downstream 
('sheltered') instrument via an upstream tube or duct. While the instrument may be capable of 
characterizing, say, the particle size distribution (PSD) of the aerosol actually presented to it, the 
investigator is, of course, usually more interested in the PSD of the aerosol entering the upstream 
sampling tube. Invariably, this differs from that measured because of several systematic phe- 
nomena-perhaps  the two most obvious of which are particle size-dependent losses to the tube walls 
(i.e. incomplete 'penetration') and PSD distortion due to suspended particle-particle coagulation 
when the particle concentrations are sufficiently high. We show here how recent research on the use 
of'moment methods' to predict the effects of size-dependent walls loss and/or Brownian coagulation 
in flow systems can now be brought to bear to conveniently solve this 'inverse' problem by 
numerically integrating the quasi-one-dimensional coupled moment equations in the upstream 
direction, using downstream (measured) aerosol properties in the definitions of all dimensionless 
dependent variables and parameters. Illustrative 'universal' graphs are presented here for the 
sampling of log-normally distributed 'inertialess' (Brownian) aerosols in long straight adiabatic 
ducts for both commonly encountered extremes of particle Knudsen number Knp ,> l(free molecule) 
or Knv ,~ 1 (continuum), as well as convenient rational approximations derived from the leading 
terms of a Taylor series expansion of the above-mentioned dimensionless moment equations. 
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cross-sectional area of duct 
exponent describing dependence of St m on particle volume v 
dimensionless coagulation rate parameter (fm or c) 
friction factor (dimensionless wall shear stress) 
first order coefficient in Taylor series expansion of Mk(~) 
particle diameter corresponding to v, 
Brownian diffusion coefficient for particle of volume v 
duct diameter 
function of particle volumes appropriate to moment k 
dimensionless moment shift function (equation (12)) 
entrance effect correction for streamwise averaged mass transfer coefficient 
moment index (e.g. k = 0, 1, 2 are of particular physical interest) 
Boltzmann constant; Table 2 
environment/mechanism-dependent part of the coagulation rate constant fl 
Knudsen number based on prevailing gas mean-free path and particle diameter 
total length of sampling duct (upstream of detector) 
mass of particle of volume v 
k th moment of n(v . . . .  ) =- dNp/dv 
size distribution function dNp/dv 
total particle number density ( ~- Mo) 
mass transfer Nusselt (Sherwood) number (Rosner, 1986) 
'wetted' perimeter of the duct of cross-sectional area A(z) 
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Re Reynolds number based on 4A/P and mean velocity U 
R radius (of curvature~ of centerline of a bend (e.g. elbow) in duct 

Sc particle Schmidt number (l~'p)~.~ D 
St., mass transfer Stanton aumber. Nu,~ (ReSc) (Rosner, 1986) 

t time 
rp particle stopping time m the prevailing carrier gas 
+ U~,tp,,/v dimensionless particle stopping time to 
T absolute temperature (K) 
U mean velocity of carrier gas in sampling duct 
u particle volume (dummy variable~ 

u* friction velocity (C~2) ~ : ( '  
t volume of spherical particle 

vg geometric-mean particle volume in log-normal PSD n(v . . . .  ) 
v mean particle volume. ¢/)p/Np,  of local aerosol 
x L - z; distance measured upstream from the detector 
x position vector 
- distance measured downstream from the sampling tube inlet 

Z I~ collision integral functions defined by coagulation rate law (equation (15)) 

Greek letters 

Op 
Pp 
#k 

,Ugas 
V 

~m 
O'g 

coagulation rate constant in "mass-action" law (equation (14)) 
scaled dimensionless distance upstream of the aerosol detector 
particle volume function ( - MI ) 
intrinsic density of a particle (mp/vp~ 
dimensionless k th moment of PSD (#o = 1, #t = 1) 
dynamic Newtonian viscosity of the carrier gas 
momentum diffusivity of the carrier gas, #~a~/P~as 
(ReSc)- 1 (L/dw) (in equation (40)) 
geometric standard deviation of the log-normal PSD n(v . . . .  ) (see, e.g. Rosner and Tassopoulos, 
1989) 

Subscripts and superscripts 

C pertaining to interparticle coagulation 
c coagulation 

eft effective 
k pertaining to moment k where k need not be an integer nor positive 

(k) pertaining to moment k 
g pertaining to log-normal PSD (geometric) 

gas pertaining to the carrier gas 
L evaluated at z = L (downstream location of aerosol detector) 

max maximum value 
meas measured 

p particle(s) 
o evaluated at the sampling system inlet station (z=0) 

WL pertaining to wall loss 
' first derivative with respect to 
" second derivative with respect to 

Others 

(-) normalized by the value { ) at the aerosol .detector (at z = L) 
(-) mean value (e.g. f = ~bp/Np, d= (6~/rt)1/3; ~ , .  (streamwise mean)) 

Abbreviations 

C 
coag 

fm 
GDE 
h.o.t. 
ODE 
PSD 
RHS 
WL 

continuum (Knp ,~ 1) 
pertaining to (caused by) coagulation 
free molecule (Knp ~> I ) 
general dynamic equation (population balance) 
higher order terms 
ordinary differential equation 
particle size (volume) distribution 
right hand side (of equation) 
pertaining to (caused by) particle loss to walls 

1. I N T R O D U C T I O N ,  B A C K G R O U N D  A N D  M O T I V A T I O N  

H i s t o r i c a l l y ,  t h e  n e e d  to  a c c u r a t e l y  s a m p l e  i n d u s t r i a l  a n d  n a t u r a l  a e r o s o l s  h a s  led to  m a n y  

a d v a n c e s  in  t he  sc ience  a n d  t e c h n o l o g y  o f  f ine p a r t i c u l a t e  m a t t e r  s u s p e n d e d  in  gases ,  

i n c l u d i n g  t he  i n v e n t i o n  a n d  d e v e l o p m e n t  o f  a w i d e  v a r i e t y  o f  c l eve r  i n s t r u m e n t s  as  well  as  
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ancillary theoretical developments concerning techniques for avoiding or minimizing 'bias' 
when extracting the sample and delivering it to the instrument (see, e.g. Fuchs, 1964; Davies, 
1966; Mercer, 1973; Friedlander, 1977; Hinds, 1982; Hidy, 1984; Vincent, 1989). Some 
phenomena will cause an unavoidable systematic 'distortion' in the recorded particle size 
distribution (PSD) which must be corrected for--in particular--the size-dependent loss of 
particles to the walls of an upstream sampling tube, and any suspended particle-particle 
coagulation that occurs between the inlet of the sampling tube and the (downstream) 
monitoring instrument. The present contribution provides rational, yet simple, methods to 
make such corrections, under conditions that, while deliberately idealized, are frequently 
encountered. Indeed, one of our goals is to produce a set of generalized graphs which can 
facilitate making such corrections for Brownian aerosols (in the absence of appreciable 
inertial- and sedimentation-phenomena), as well as guide the design/selection of sampling 
systems which will keep future corrections acceptably small. 

Wall deposition losses in the absence of interparticle coagulation have been the subject of 
many early investigations, especially for the case of dilute, steady, fully-developed laminar 
gas flow in straight, constant-area ducts (see, e.g. Fuchs and Sutugin, 1971). This under- 
standing, in fact, led to the development of the so-called 'diffusion battery' (see, e.g. Mercer 
and Green, 1974) for estimating PSDs based on the observed penetration characteristics of 
the aerosol as a function of particle size, duct diameter, length, and gas flow rate. At 
suspended particle concentrations high enough for non-negligible coagulation (Brownian, 
shear . . . .  ) the situation becomes rather more complicated and the computational methods 
used by earlier investigators to predict PSD distortion effects fail (i.e. assuming that the 
penetration of one particle size class is not influenced by the simultaneous presence of the 
others). Indeed, the interesting interactions between coagulation and convective-diffusion 
deposition rates now comprise an active field of research (see, e.g. Park and Rosner, 1989; 
Pratsinis and Kim, 1989; Bai and Biswas, 1990; Rosner and Tassopoulos, 1990), to which 
the present paper contributes. The present work is also an extension and application of 
techniques we have recently developed for predicting total mass deposition rates from 
polydispersed aerosol populations formed by coagulation (Rosner, 1989; Rosner and 
Tassopoulos, 1989), but without the complication of appreciable coagulation within diffu- 
sion boundary layers (see, e.g. Park and Rosner, 1989; Bai and Biswas, 1990). 

Finally, mention should be made of relevant theoretical studies whose primary purpose 
was to support/interpret fundamentally-oriented experiments on the mechanisms of or- 
ganic- and inorganic-soot production in laminar flames (see, e.g. Ulrich and Subramanian, 
1977; Ulrich and Riehl, 1982; Dobbins and Mulholland, 1984; Dobbins and Megaridis, 
1987; Frenklach and Harris, 1987; Megaridis and Dobbins, 1990; Megaridis, 1987; Zachar- 
iah and Semerjian, 1989). Indeed, our treatment below of free-molecule regime coagulation 
in aerosol sampling system is equivalent to that of Dobbins and Mulholland (1984) (rather 
than that of Lee et al., 1984), suitably augmented to include the simultaneous occurrence of 
particle size-specific convective-diffusion to the walls of the sampling tube. 

Rather than explicitly dealing with the 'direct' problem of predicting the 'evolution' of the 
penetrating (and depositing) aerosol as a function of dimensionless downstream distance 
and coagulation parameters (see, e.g. Rosner and Tassopoulos, 1990, 1991b) we show here 
(section 3.6) that by 'backwards' (upstream-) integration of the governing moment equations 
and the use of dimensionless dependent variables and parameters based on downstream 
reference quantities, we, in effect, can provide direct solutions to the canonical 'inverse' 
problem of aerosol sampling theory--i.e, correction factors which allow the investigator to 
go immediately from PSD-parameters recorded at the downstream instrument to the PSD- 
parameters that must have characterized the aerosol entering the inlet* of the sampling 

* Additional correction factors may be necessary due to peculiarities of the inlet orifice itself, and its geometric 
surroundings (see, e.g. Vincent, 1989; Mercer, 1973; Hungal and Willeke, 1990 ; Belyaeu and Levin, 1974; Zabel, 
1978; Ivie et al., 1990; Huebert et al., 1990). In considering the need for such additional factors, however, the reader 
should bear in mind that we emphasize here Brownian particles well below the 'inertial' range. In any case, if 
necessary, additional 'inlet' correction factors can be superimposed on the present predictions. 
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tube. Toward this end, in section 2 we spell out our underlying assumptions/idealizations~ 
and in section 3 we state the laws used here to predict the evolution of the three ]owes~ 
integral moments of the log normal shape aerosol PSD for (quasiq steady, [quasi...i one- 
dimensional gas flow in a straight adiabatic aerosol sampling duct. General results 
('universal' graphs and formulae) are presented in section 4, together with a smlpte 
numerical ('backward-marching') procedure for dealing with much more complex cases. 
Some implications and applications of the results of section 4 are provided and briefly 
discussed in section 5 with the help of two specific numerical air-monitoring examples 
(nearly isothermal)--one ground-based and one airborne. Section 6 offers a concise defense 
of many useful idealizing assumptions, as well as an indication of how to relax many of the 
assumptions exploited here tbr particular sampling applications which are more complex, 
such as extractive sampling from high temperature combustors (tot further demits the 
reader is referred to the references cited in section 6 and Rosner and Tassopoulos ~1990, 
1991b)). Our summary recommendations, and an indication of future relevant work are 
contained in section 7, which concludes the present paper. Extensions based, in part, on 
section 6 will be the subject of future communications from this laboratory. 

2. BASIC ASSUMPTIONS 

In keeping with our goal of deriving reasonably general results applicable to a wide 
variety of intrinsically similar, commonly encountered sampling situations we introduce the 
following explicit simplifying assumptions and idealizations. These are defended or shown 
to be relaxable in section 6. 

AI: Quasi-one dimensional steady gas flow in a straight adiabatic sampling duct with 
constant effective diameter d e f  t == 4A/P 

A2: Aerosol PSD well-represented by a single mode continuous log-normal function of 
the dense spherical particle volume v. 

A3: Axial diffusion of particles negligible compared to axial convection. 

A4: Previously calculated (or measured) fully-developed perimeter-averaged mass trans- 
fer coefficients adequately describe local convective-diffusion particle mass transport to the 
wall, and depend on a single power, b, of the particle volume valid in the high Schmidt 
number (Sc = v/Dp ~ 1) limit. 

A5: Negligible interfacial 'barrier' to incident particle capture by the wall, and negligible 
reentrainment of already deposited particles. 

A6: Brownian coagulation occurs primarily in the core of the sampling duct flow 
according to the mass-action laws of free-molecule transport (Knp >> l) or continuum 
transport (Knp.~ 1), 

As discussed in section 6, Assumptions A3, A4, and A6 can apply to either laminar or 
turbulent duct flow (perhaps more accurately to the latter than the former (because of A4, 
see sections 5.2 and 6)). Methods to include the systematic consequences of 'entry' effects, 
non-power-law deposition, transition regime particle transport and coagulation, diabatic 
walls, bends (in a 'piecewise-straight' sampling system) and non-spherical 'aggregated' solid 
particles are taken up briefly in section 6, and in greater detail in Rosner and Tassopoulos 
(1990, 1991). It should also be remarked that in the continuum limit (Knp ,~ 1) many of our 
methods/results will apply to particle suspensions in flowing liquid (hydrosals). 

3. MOMENT METHODS AND LOG-NORMAL PSDs 

Rather than dealing directly with the complete suspended particle population balance or 
'general dynamic equation' (GDE) governing the continuous size distribution function 
n(v, x, t) = dNp/dv (presumed to be measurable at the location of the downstream aerosol 
instrument) the predictions made below are based on solving a closed set of coupled 
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differential equations for the three lowest integral 'moments' of n(v . . . .  ), defined by: 

M k - f ;  vkn(v . . . .  )dr (k = 0, 1, 2). (1) 

This strategy, and its implementation for the case of steady quasi-one dimensional duct 
flow, are the subjects of sections 3.1-3.6 below. Owing to more extensive discussions 
elsewhere (see, e.g. the mass deposition-oriented work of Rosner, 1989; Rosner and 
Tassopoulos, 1989, 1990, 1991) only the most important conclusions/results are stated 
below for completeness. 

3.1. Method of moments 

The use of differential equations for the moments of n(v . . . .  ) to construct rational 
approximate solutions to the GDE (an integro-differential equation) is a subject that has 
been under intense development in the past two decades, and progress continues unabated. 
Moment methods have been especially successful in elucidating many aerosol situations 
involving coagulation (see, e.g. Cohen and Vaughn, 1971; Lee et al., 1984; Dobbins and 
Mulholland, 1984; Megaridis and Dobbins, 1989, 1990; Pratsinis and Kim, 1989; Frenklach 
and Harris, 1987,. . . ) .  Although different authors use somewhat different methods to 
achieve closure, especially when coagulation occurs near or in the 'free-molecule' regime, 
almost all authors derive/use equations for M o, M l, and M2, which are, indeed, parti- 
cularly simple (see sections 3.4 and 3.5). The first two moments also have the merit of being 
of direct physical significance, with M o = Np (the total particle number density) and 
M1 = ~bp (the total particle volume fraction). In the present case of steady quasi-one- 
dimensional flow in a sampling duct we therefore focus our attention on the coupled 
ordinary differential equations governing the Mk(Z), where k = 0, 1, 2, and z is the axial 
coordinate down the sampling tube (measured from the inlet). When use is made of the 
known laws of particle deposition (section 3.4) we encounter terms involving additional 
moments Mk, where k :~ 0, 1, 2 so that it becomes necessary to interrelate moments to 
obtain a closed set ofintegrable equations. In the present case this is accomplished using the 
log-normal PSD shape approximation, as discussed in section 3.2, and defended in section 6 
for this class of problems. 

3.2. Implications of log-normality 

It is now well known that 'coagulation-aged' populations of aerosol particles closely 
approach single-mode log-normal size distributions (i.e. Gaussian in ln(v)). Moreover, it is 
easy to demonstrate that power-law wall removal processes (see A4 and section 3.3) will not 
alter this situation. Hence, for our present purposes the single-mode log-normal approxima- 
tion is a particularly appropriate and convenient starting point. For such single-mode log- 
normal PSDs it can also be shown that all moments are necessarily interrelated as follows: 

k 2 
Mk=v~ 'Np ' exp ( (~ - ) ln2ag) ,  (2) 

where Vg is the median (geometric mean) particle volume and % is the corresponding 
geometric standard deviation of the PSD. These PSD parameters can be related to Np, qSp, 
and M2 via: 

and 

ln2 ag = In ( M ~  Np ) (3) 

v,, \ ~ )  .(M~) -'j~ (4) 



848 D. E, ROSNER a n d  M. JASSOPOULt)S 

but any other desired moment Mk(k ~ 0, 1, 2) can now be obtained in terms of either N~,~ q~r., 
and M2, or N~. v~ and o~. We wilt also have frequent need for the relation: 

~:, =i i  exp -- ~ .~' 

where ~5 ~ 4)p/Np is the mean particle volume. 
While not discussed further here, the assumption of log-normality in effect also allows us 

to escape the numerical problems often encountered in 'inverting' aerosol population 
measurements (see, e.g. Cooper and Wu, ! 990). Thus, our "upstream" integrations (section 
3.6) are perfectly straightforward, but deliberately limited to cases where the required PSD- 
parameter 'correction' factors are well within one decade of unity. 

3.3. Modeling particle size-dependent particle wal'l losses 

For steady quasi-one-dimensional (z-direction) flow in a duct of area A(z) and wetted 
perimeter P(z) the wall loss contribution can be written (see, e.g. Rosner and Tassopoulos, 
1990) 

1 d P ~' 
-A- dz (AUMk) - U" Stm(V)" vkn(v)dv, (6) 

wall loss A 

where Stm(V ) is the appropriate perimeter-mean particle volume-dependent dimensionless 
mass transfer coefficient (Stanton number = NUm/(ReSc)), Rosner (1986) at station z, and 
n (v, z) is the PSD describing the bulk (mixing-cup averaged) suspended particle-gas 
mixture at this same streamwise station. As shown and exploited in our recent work (see, e,g. 
Rosner, 1989; Rosner and Tassopoulos, 1989) in the submicron particle size range of 
primary interest here it is often possible to accurately represent the v-dependence of 
Stm(V . . . .  ) by simple power-law: 

Stm ~ Stm(,5). ( ~ )  b (7) 

where, e.g. for Sc ~ 1 turbulent convective-diffusion (see, e.g. Rosner (1986, 1990) equation 
(6.5-1 lb)) Nu m ~ Sc °'296, St m -~ Sc -°7°4 and therefore: 

0 7 0 4 ( ~ l n D ~  
b = . \ ~-v-nv/t (8) 

and, for fully-developed laminar flow Nu m = const, St m ,-- Sc- 1, so that: 

( 8 1 n D ~  (9) 

Since D ~, v -2/3 for dense spherical particles in the free-molecule regime (Knp~> 1), and 
D ,-~ v- 1/3 for dense spherical particles in the continuum limit, the exponents b used in our 
calculations below are readily obtained and summarized in Table 1. For isothermal 
convective-diffusion they are seen to fall between the extremes of -0.235 and -0.667. 
Other mechanisms of particle transport to the sampling tube wall (e.g. eddy impaction, or 
particle thermophoresis) and other types of particles (e.g. aggregates comprised of smaller 
diameter 'primary' particles) will, of course, be characterized by rather different b-values, as 
discussed elsewhere (Rosner, 1989; Rosner and Tassopoulos, 1989; Rosner, 1991). 

Taking into account this power-law behavior, and considering the particular case of 
constant area adiabatic duct flow, we find that equation (6) can be simplified to" 

{U dMk-tdz .}wall loss = - -  Ae U. Stm(~). ~-b. Mk +b, (10) 

where, in the equations below k = 0, 1, 2. In practice (see, e.g. section 3.5) we rewrite 
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Table 1. Values of the exponent b for fully-developed convective diffusion in 
straight ducts 

Flow regime 

Particle Knudsen number Laminar* Turbulentt-smooth wall 
Free-molecule (fm) - 2/3 - 0.469 
Continuum (c) - 1/3 -0.235 

* In this case Nu,,, ~ constant so that St., ~ Sc- 1. 
t Based on Sc ,> 1 transport by Brownian motion within the viscous sublayer. 
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equat ion (10) in the formally simple way: 

{ udMk ~ - P U. Stm(~). Fk. Mk ' 
dz )wall loss A 

where Fk is the dimensionless 'moment-shif t '  function* defined by: 

v-bMk+b lAk+b 
F k ~_ _ _  _ 

M k lag 

where we have introduced the dimensionless moments :  

ln , t 
Equat ions  (12) and (13) follow from the PSD-condi t ion  of  log-normali ty.  

(11) 

(12) 

(13) 

3.4. Inclusion of coagulation processes at high particle number'densities 

If the coagulat ion rate between n(v)dv part icles/volume of  volume v +__ dr~2 and n(u)du 
suspended part icles/volume of  volume u + du/2 is taken to be of  the 'mass-act ion '  form 
fl(u, v)n(u)n(v)dudv then it is known that  (in a well-mixed, transient situation): 

lfofo dt ,/¢oag. = } fk(u, v)'fl(u, v)n(v), n(u)dvdu. (14) 

Clearly f0 = - 1 and f l  = 0, and it can be shown that f2 = 2uv (see, e.g. Cohen and Vaughn  
(1971)). Fol lowing Dobbins  and Mulhol land (1984), for log-normal  distributions, once the 
rate constant  fl(u, v) is specified the r ight-hand side of equat ion (14) can always be calculated 
numerically and the results expressed in the form: 

= - N p ' Z  (vg,%), (15) \ dt  Jcoag. ~ K  2 (k) 

where the coefficient K is independent  of  particle size and number  density but dependent on 
environmental  condit ions and perhaps particle material properties. Values of K and the so- 
called collision integrals Z (k) for the free-molecule (fm) coagulat ion of hard spheres (Dob-  
bins and Mulholland,  1984) are reproduced (in our  notation) in the top rows of  Table 2. In 
the con t inuum (c) limit it is well known that (dMo/dt)coag is propor t ional  to - ( M  2 
4-MuaM_ 1/3) and (dM2/dt)coag is propor t ional  to (M 2 + M413M2/3) (see, e.g. Cohen  and 
Vaughn  (1971) or  F lagan  and Seinfeld (1988)) with the proport ional i ty  constant  (hence K- 
value) depending on the combina t ion  k a T/lAgas" When these results are recast in terms of 
equat ion (15) using equat ion (5) we obta in/use  the values of Kc and Z~ ) shown in the 
bo t tom row of Table 2. Thus, in the equat ions below we set the Brownian coagulat ion 
contr ibut ion to UdMk/dZ equal to the RHS of equat ion (15), and, for trg < 3.32, used the 

m 

* In our previous papers (Rosner, 1989; Rosner and Tassopoulos, 1989) particular attention was focused on F 1 
( = #1 + b), which was shown to be equal to the physically interesting ratio of the actual total mass deposition rate to 
the total mass deposition rate if all particles in the population had the mean volume ~. 
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Table 2. Summary of factors*t { appearing in the coagulation rate term [equation (151 i 

Coagulation regime "~ K~7 . . . .  : Z <~ 

Free-molecule*(Kn,, > ,) (4'7r) ~ ' i/6kn T) ' ' ' ~ - ,  -~p -f 4v/2v~/6'exp[-31n2%-1_16 _] 

4 k s T  - 2 l+exp ~ln % Continuum (Kn~ ~ l) 3F~,~ 

- %1 1 3 6  " ~n2t.yg 0 8 \ , '~ t , '  'exp ii ~ ,. ] 

0 462. 1 + e x p  

* Values taken from Dobbins and Mulholland (1984); see, also, Megaridis and Dobbins (1990a) for a, :- 3.32. 
I As a consequence of the assumed conservation of volume when two particles collide and coalesce Zm vanishes for 

all cases. (Recall that M 1 = tkp = particle volume fraction.) 
++ Note that, according to equation (15) only the products KZ~k) necessarily have the same dimensions (in the fm and 

c cases). However, as is clear from the entries above, the K-factors (and the corresponding Z ~k~ factors) themselves do 
not have the same dimensions in the free-molecule and continuum cases. 

§ For intermediate Knp-values (transition regime), see Rosner and Tassopoulos (1991bj and section 6.¢~ 

values of K and Z ~k) assembled in Table  2. If  necessary, this app roach  could clearly be 
extended to other  coagula t ion  mechanisms  (see, section 6, i.e. other  rate constants  
fl(u, v . . . .  ) (cf. equat ion  (14)) appropr ia t e  to the mechanism of interest (see, e.g. Mackowsk i  
et al., 1991). 

3.5. Coupled ODEs for free-molecule and continuum coagulation; steady, quasi-one-dimen- 
sional duct flow with simultaneous wall losses 

Combin ing  the results of  sections 3.1-3.4 above,  we see that,  subject to the assumpt ions  of  
section 2, in all cases the PSD m o m e n t s  Mk (k = 0, 1, 2) will satisfy the coupled ODEs:  

1 i ~  ~l/lr2 7 ( k )  udMkdz = -P'A U'Stm(v)'F*Mk + 2 . . . . .  o ~  , (16) 

where F ,  is the above-men t ioned  m o m e n t  shift funct ion appropr ia t e  to the mass  transfer 
law (section 3.3) and the appropr i a t e  values of  K(T , . . . )  and Z ~k) appear ing  in the 
coagula t ion  rate terms can be read f rom Table  2, All of  the conclusions we derive and 
state below follow f rom these coupled non-l inear  ord inary  differential equat ions  and the 
abovemen t ioned  m o m e n t  interrelations. Before proceeding it is worth  not ing that the 
coagula t ion  term (second term on RHS)  will not  appea r  in the O D E  governing M1 ( = qSp); 
i.e. Z t°) = 0. Moreover ,  if instead of  an axial posi t ion variable z measured  downs t r eam from 
the sampling duct  inlet z = 0 (with 0 < z < L) we int roduce a posi t ion variable x measured  
ups t ream f rom the aerosol  ins t rument  at z - - L  then x = L - z  and dx = - d z .  Thus,  
in t roduct ion  of such a variable (to form the cor responding  U(dMk/dX) equations)  will 
merely change the sign of all terms on the R H S  of equa t ion  (16). This sets the stage for the 
' b a c k w a r d '  in tegrat ion of equat ion  (16) to find the ups t ream dependence of  the aerosol  P S D  
m o m e n t s  based on a knowledge  (measurement)  of  their downs t r eam (instrument)  values. 

3.6. Non-dimensionalized inverse problem ODEs 

In Rosner  and Tassopou los  (1990, 1991b) we il lustrated the use of  equat ion  (16) to 
calculate the downs t r eam evolut ion of the aerosol  P S D  in terms of  inlet values and 
associated dimensionless coagula t ion  pa ramete r s  for a variety of  flow condi t ions (laminar,  
turbulent ,  free-molecule t ransport ,  con t inuum transport) .  T o  solve the ' inverse '  p rob lem of 
aerosol  sampling theory,  we merely  redefine our  dimensionless variables and pa ramete r s  
using downs t r eam values (presumed measured)  and  integrate in the ups t ream direction. 
Thus,  we here in t roduce / V - N p / N p ,  L, ~-~p/~p,L'  M 2 - - - M 2 / M 2 , L  and define the 
' rescaled '  axial distance variable: 

~={PStm(VL)'Fo.L}'(L--7. ). (17) 
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The coupled ODEs satisfied by N(~ . . . .  ), q~(¢ . . . .  ) and -/~2(~ . . . .  ) can be obtained from 
the dimensionless ODEs of Rosner and Tassopoulos (1990, 1991) by making the appro- 
priate parameter replacements and sign changes, with the following results. Let us intro- 
duce the coagulation parameter: 

N p ' L  (18) c = ( _ z ~ O ~ ) . ( ½ K ) .  2 

(a measure of the relative importance of coagulation and wall loss in altering the PSD 
parameters). Then, subject to the 'initial' normalization conditions: IV(0)= 1, q~(0)= 1, 
M 2(0) = 1 and the assumptions of section 2, the coupled dimensionless moment equations 
become the non-linear first order system: 

de \ N J  Fo, L - Z L  °) 

d~ Fo, L 

(19) 

(20) 

{ 2 (-Z(°)) '~ 
Cq~ 2' exp( l~  %,t)  "(_Z[O))j ,  (21) 

where the subscript L implies evaluation of the appropriate function at z = L (x--0). These 
same equations formally hold for either the free-molecule or continuum case provided the 
appropriate coagulation parameters/functions are introduced according to Table 2. Sim- 
ilarly, subject to the assumptions indicated in section 2 and discussed in section 6, they hold 
for either turbulent or laminar flow in a straight duct. 

3.7. Similitude implications 

Inspection of the above-mentioned moment equations governing the present simplified 
model reveals that the idealizations of section 2 lead to correction factors of the functional 
form: 

Np, o/Np, L = fCto(~ . . . .  0"g.L , b, C) (22) 

¢ ~ p , o / ( J b p ,  L : fctl (~ . . . .  fig, L, b, C) (23) 

M2,o/M2,L = fct2 (~ . . . .  fig, L, b, C) (24) 

from which we can also calculate the interesting correction factors: 

fig, o / f i g ,  L ~--- fct3 (~ . . . .  fig, L '  b, C) (25) 

Vg. o/Vg, L = fct4 (3 . . . .  fig, L, b, C), (26) 

where relevant values of the exponent b are given in Table 1, the value of the PSD spread 
parameter fig, L is presumed to be measured, ~m,x is the value of the 'scaled' length coordinate 

(equation (17)) evaluated at the sampling tube inlet (z=0) and C is the relevant 
dimensionless coagulation parameter (which is seen to scale linearly with Np, L)" In section 4 
we present the results of numerical integrations of (equations (19-21)) for many combina- 
tions of physical interest to display the explicit sensitivity of the desired correction factors to 
macroscopic flow regime (laminar, turbulent) and the Knudsen regime of particle transport. 
We also present an extensive set of graphical results for the commonly encountered limiting 
case of negligible Brownian coagulation (i.e. Np. L is lOW enough to cause C ,~ 1). Note that, 
although all of our graphs deliberately go beyond the range of ~maxvalues where the leading 
term of a small-~ Taylor series expansion is valid (see section 4.2), rather frequently ~max- 

values of physical interest will be small enough to allow the simple explicit formulae of 
section 4.2, thus circumventing the need for the above-mentioned graphs, or specific 
numerical integrations (see, e.g. the numerical examples discussed in section 5). 
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4.1. 'Universal' graph,~ Ji)r convectit;e-d!~i~sion wall losses without (and with) appre~::iable 
particle coagulation 

In  this sect ion we d isp lay  a n d  briefly c o m m e n t  u p o n  the results  of ou r  numer ica l  
i n t e g r a t i o n s  of the coup led  set of  O D E s  explici t ly g iven by e q u a t i o n s  [19) ~21) in the text, 
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Fig. 1. Effects of particle size dependent convective-diffusion wall loss, Knudsen number regime, 
and PSD spread on the particle number density correction factor Np, o/Np, L for turbulent gas flow in 

straight sampling tubes of scaled length ~ in the absence of appreciable Brownian coagulation. 

o Free rnoLec 

04 -- o 1.05 Zero coagulation 
[] 2.30 FuLLy devetoped - * ~ .  

2.46 TurbuLent flow 
0 3.00 
• 4.00 

0.2 1 1 L l 
0 0 25 0 5 O  0 7 5  t 0 0  

Fig. 2. Effects of particle size dependent convective-diffusion wall loss, Knudsen number regime, 
and PSD spread on the geometric mean particle volume correction factor vs.o/vg" L for turbulent gas 
flow in straight sampling tubes of scaled length ~ in the absence of appreciable Brownian 

coagulation. 
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subject to their initial (normalization) conditions. Results are grouped as follows: Figs 1-6 
pertain to PSD-parameter corrections in the limit of negligible coagulation, with the first 
three dealing with turbulent carrier gas flow. These graphs allow Np-, vg- and ag-corrections 
to be made for scaled sampling tube lengths ~max_< 1 with either free-molecule or continuum 
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Fig. 3. Effects of particle size dependent convective-diffusion wall loss, Knudsen number regime, 
and PSD spread on the correction factor to the geometric PSD-spread, trs.o/ag, c , for turbulent gas 
flow in straight sampling tubes of scaled length ~ in the absence of appreciable Brownian 

coagulation. 
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Fig. 4. Effects of particle size dependent wall loss by convective-diffusion, gas flow regime and PSD 
spread parameter on the total particle number density correction factor Np.o/Np, L for gas flow in 
straight sampling tubes of scaled length ~ in the absence of appreciable free-molecule regime 

interparticle coagulation. 
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Fig. 6. Effects of particle size-dependent wall toss by convective-diffusion, gas flow regime and PSD 
spread parameter on the correction factor to the geometric mean PSD-spread, %, o/%, L for gas flow 
in straight sampling tubes of scaled length ~ in the absence of appreciable free-molecule regime 

interparticle coagulation. 

transport over a range of observed PSD spread parameters %, e at the aerosol detector. In 
the limit trg, L ~ 1 (monodispersed) the dependence of the correction factors on Kn-regime 
drops out due to our choice of  (scaled-) variables. For 'polydispersed' cases the correction 
factors are seen to depart further from unity in the free-molecule limit owing to the 
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increased size dependence of the Brownian diffusivity D(v) when Knp ~ ~ .  Figures 3-6 also 
pertain to negligible coagulation but compare laminar flow results to those for turbulent 
flow when the particle transport mechanism is free-molecule. As discussed in sections 5.2 
and 6.1, for the laminar flow cases 'entrance effects' may dictate the need for beef-values not 
explicitly included in these graphs. When Cmax< 0.5 (say), these effects can be dealt with by 
using the small ~maxTaylor series formulae presented in section 4.2 (below) and Appendix A. 
For ~n~ax= O(1) one expects bef f ~ b (Table 1) and Figs 4-6 may be useful in their present 
form. Note that the PSD-correction factors depart further from unity for laminar flow cases 
when compared at the same value of the scaled sampling system length, ~m,x. 

Figures 7 9 display our computed PSD-correction factors in the presence of appreciable 
interparticle Brownian coagulation effects (non-negligible C) when the gas flow is turbulent 
and the PSD spread parameter at the particle detector is near the appropriate 'self- 
preserving' value. Clearly, for any value of ~ . . . .  these correction factors depart further from 
unity when the coagulation parameter C is increased, in either the free-molecule or 
continuum regimes. Particularly interesting is the rapid rise in the spread correction factor 
fig, o / f ig ,  L which sets in at sufficiently large ~m,x-values (see..Fig. 9). This can be shown to be a 
consequence of equation (3), given the sensitivity of Np (compared to q~p and h~t 2) to 
coagulation in the sampling system. 

4.2. Small-~ expansions 

As will be appreciated from several numerical examples (sections 5.1 and 5.2) the 
maximum value of ¢ (the 'scaled' distance measured upstream from the aerosol instrument 
to the sampling tube inlet) is frequently a small number, often less than 10-1. This suggests 
that even the above-mentioned universal graphs or the numerical integrations on which 
they are based can be bypassed by using a small ¢ Taylor series expansion, the first terms of 
which can be written down by inspection of equations (20, 21). Thus, if we write: 

]~/I k = 1 + c ( k ) ( C ,  fig, L' b)¢ + h.o.t. (27) 
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Fig. 7. Effects of Brownian coagulation, particle size-dependent convective-diffusion wall loss and 
particle/gas Knudsen number  regime on the correction factor for total particle number  density 
Np,o/Np, L for turbulent gas flow in straight sampling tubes of scaled length ~. Curves shown pertain 

to nearly self-preserving PSDs at the detector (i.e. (O'B,L)fm = 2.46 and (ag, L)¢ = 2.3). 
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we find that the first-order coefficients? C] k) are explicitly: 

= 1 + c (k = O) 

C(11)= 1 (k = 1) 

and 

(28) 

C]2)=exp(-2bln2og,  L ) - 2 C e x p ( - l n 2 a g ,  L) (k = 2). 

Under circumstances for which assumptions A1-6 are reasonable and the 'higher order 
terms' of equation (27) can be neglectedt we can therefore state the following potentially 
useful rational explicit correction factor-relations: 

NP'° -~ 1 +(1 --]-C)~ma x (number density) (29) 
Np, L 

(independent of b and O'g,L ) 

ag, O 1 + (C(12) + C(lO~- 2C]ll)~max (spread) (30) 
O'g.L 21nag, c 

and, since f -  (q~p/Np) we find: 

v° "~ 1 -- C ~max (mean size). (31) 
VL 

The last two equations, when combined with equation (5), immediately yield the corres- 
ponding correction to the geometric mean particle size: Vg, o/Vg,L, 

i.e. Vg'0 ~ 1 -- [C +½(C~ 2~ + C~°'+ C]1')] ~max' (32) 
Ug, L 

Thus, it would appear that when ~max< 0.3 (say) and the assumptions A1 7 are simultan- 
eously reasonable equations (29)-(31) can provide acceptable rational corrections to 
measured aerosol data to account for the systematic effects of upstream coagulation and/or 
wall losses. It is interesting to note that while in the explicit forms stated they appear to be 
valid for either:]: laminar or turbulent gas flow, and free-molecule or continuum particle 
transport, in practice they would often incur unacceptably large errors for laminar flow 
systems due to so-called 'entrance'-effects on the mass transfer coefficient (see, e.g. sections 
5.2 and 6.1, and Rosner (1986)). A numerical procedure to effectively eliminate such errors 
without introducing any new parameters has been developed (Rosner and Tassopoulos, 
1991b) but is beyond the scope of the present paper. However, the present results can be 
approximately corrected for this effect by simply replacing the 'fully-developed' value of 
Stm (VL) ( = NUm/(ReSc)) by the streamwise-integrated average value if(entrance)" Nu m (fully 
developed)/(Re" Sc(~u)) and by introducing an effective value of the Stm-exponent b, written 
beff, which varies between - 4 / 9  and - 2 / 3  (Table 1) according to the value of if(entrance). 
This correction procedure for the present laminar results, using Num(fully developed) 
= 3.657 for a straight circular duct, is illustrated in section 5.2. 

4.3. Direct numerical integration for particular cases 

The 'universality' of the results derived and presented above, and the relatively small 
number of dimensionless parameters on which they depend (section 3.7), of course follow 
from our underlying idealizations, made explicit in section 2. However, the basic moment- 
method approach (section 3), together with our treatment of wall losses (section 3.3) and 

t Closed-form expressions are available for the C~2 k~ coefficients (of 42) (see Appendix A). 
These physical differences do, of course, affect the results, but only implicitly via establishment of the 

appropriate values of ~ma~(equation (3.6-1)) and the St m exponent b (see Table 1). 
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interparticle coagulation (section 4, and the primary references cited therein) can dearly be 
used to obtain PSD-parameter correction factors in much more complicated aerosol 
sampling duct situations, such as for example, systems which are cooled near tile inlet i~t~ 
prevent thermal failure) and subsequently heated (to prevent water vapour condensation~ 
for extracting carbonaceous soot (smoke) aerosols from gas turbine engine combust,~ws (see, 
e.g. Colket el al. (1977), and section 6). In such cases the recommended procedure ~ould be 
to integrate the appropriate coupled set of ODEs (of the form of equation (16), bu~: with the 
LHS written { (1/A)d(A U M~)/dz ~ and introduction of the 'upstream' position variable x 
=L-z) ,  after incorporating the required special features of the sampling system of 
particular interest (see sections 6~ 1~6.12) 

5. I M P L I C A T I O N S  AND A P P L I C A T I O N S  

To fix ideas, become familiar with typical orders-of-magnitude, and illustrate how to use 
the results calculated/presented in section 4 it is useful to briefly consider at least two 
specific numerical examples that arise in conveying aerosol samples to a 'remote' instrument 
via a constant area duct. The first (section 5.1) is based on an exercise in Friedlander's 1977 
textbook involving turbulent gas flow in a ground-based aerosol sampling system. The 
second example involving laminar gas flow is based on conditions encountered in a 
proposed system for sampling the Earth's atmosphere from a research aircraft flying at 
ca. 8 km altitude. In both cases we examine log-normal distributions of highly submicron 
particles for which wall losses are often non-negligible even for relatively 'short' ducts. We 
also define the total concentration levels beyond which Brownian coagulation processes of 
such particles within the duct will become non-negligible. Explicit applications to more 
complex (e.g. diabatic) systems, as frequently encountered in sampling combustion engines, 
are beyond the scope of this paper (see sections 4.3 and 6). 

5.1. Turbulent flow in duct of yround-based air monitorin9 station 

Exercise 5, Chapter 3 of Friedlander (1977) deals with a ground-based air monitoring 
station. Outside air is delivered to the aerosol instruments via a 2-in diameter, 12-ft long duct 
at a mean velocity of 10 ft s - 1. The goal is to "calculate the correction factor that must be 
applied for submicron particles as a result of diffusion to the walls of the duct, e.g. the 
percentage by which the measured concentration must be altered to provide the true 
(ambient) concentration as a function of particle size". To illustrate our procedures let us 
imagine that the aerosol instrument 'sees' a sub-micron aerosol PSD which is log,normal 
with a spread of ag = 2.46 and a geometric mean diameter corresponding to dp= 0.02 #m, 
i.e.: 

dg=d v .exp[ - I  , = ~ l n - % ]  (0.02/~m) "exp [ -~ ln2 (2 .46 ) ]=0 .0175#m.  (33) 

The Brownian diffusivity Dp for a 0.02/~m diameter particle in, say, 20°C air at 1 atm is 
(see, e.g. Table 2.1, Friedlander (1977)) t.34 x 10-4cm2s  -1 and (since the momentum 
diffusivity of air is 1.50 × 10-1 cm 2 s - i  under these same conditions) we also find that 
Sc(up, L) ~ v/Dp (%, L) = t.12 × 10 3 for the mean particle diameter. The mass transfer coeffi- 
cient St m appropriate to this case can be estimated once the Reynolds number Udw/v 
characterizing this air flow is determined. Converting to metric units we find that 
dw = 5.08 cm, U = 3.05 × 102 cm s- 1 and, therefore, Re = 1.03 x 104, which is well into the 
turbulent range. For  a smooth wall straight duct and particles in this size range (see section 
6.7) Stm can therefore be estimated from, say, equation (6.5-1 lb) of Rosner (1986), i.e.: 

Stm ~ 0.0889 [ " Sc -o.704 (Sc ~> 1), (34) 

where Cf(Re) is the friction factor (non-dimensional time-averaged shear stress at the 
hydraulically smooth duct wall) corresponding to the prevailing Reynolds number. Thi s can 
be estimated as 0.079 Re-  1/4 so that Cf = 0.783 x 10- 2, (Cr/2)~/2 = 0.626 x 10-1 and, hence, 
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Stm(/~p,L) ,~ 3.97 x 10 - 6  (via equation (34)). We are now in a position to calculate the 
decisive dimensionless 'scaled' length of the sampling tube, i.e.: 

~rnax~ 4 (~--~) " Stm (vp, L) " Fo, L (35) 

7 1 "Stm(/~P'L)'exp 2 ln2ag, L = 1.51 x 10 -3, 

where we have used the fact that L =  3.66 × 102 cm, L/dw = 72 and (see Table 1) 
b ~ - 0 . 4 6 9  for particles which are small compared to the prevailing gas-free-path 
(0.065 #m). In this case, since ~maxiS small, the Taylor series results of section 4.3 will be 
useful, i.e.: 

N p , 0  ,.~ 
Np, L = 1 +(1 + Cfm)~ . . . .  (36) 

so that if coagulation is negligible (i,e. Cfm '~ 1 (see below)) then Np, o/Np, L = 1 + 1.51 
× 10 - 3 =  1.0015. Thus, under such conditions total number densities in the ambient 

atmosphere would only be about 0.15% above those present at the detector. Based on the 
definition of the dimensionless coagulation parameter Cfm it is also possible to calculate the 
level of particle number density, Np, L at which coagulation effects and wall loss effects on 
Np, o/Np, L would be comparable--i.e, conditions corresponding to Cfm = 1. In the present 
case: 

( Z(O) ~rlK ",~,r 
- -  fm,'L I ~2 fm/ lVp,  L (37) 

Cfm -- 4/dw" U" Stm05p, L)" FO.L ' 

Setting Cfm = 1 and evaluating the factors (_7{0} ~fm, L) and ½Kfm from their respective 
definitions (see Table 2, first row) we find that Cfm = 1 when Np, L ~ O (1.1 x 107 particles 
cm-3),  a level that could be experienced near pollutant sources. However, on the assump- 
tion that particle concentrations are frequently much lower than this we proceed to 
calculate the (small) corrections needed to arrive at the ambient PSD parameters a~, o and 
v,, o. These can be obtained from equations (30) and (32), respectively. In this case: C~ °) = 1, 
C~1)= 1, C~2)=exp[-2(-0.469)ln2(2.46)]  =2.138 so that: 

a~,o~ 1+ (2.138-1)(1.51 × 10 - 3 )  = 1.00095 
0" k, L 2 In (2.46) 

and: 

(dp, g)o ~ exp(-~(2.138 - 1)(1.51 x 1 0 - 3 ) )  = 0.9997, 
(dp, g)L 

i.e. when dp, L = 0.02 ~tm and ag, L = 2.46 the systematic corrections are modest indeed. 
However, the present formulation has the merit, that it allows rapid calculations of 
corrections under other conditions of dp, L, ag, L, L/dw, U . . . .  for which the corresponding 
corrections due to wall loss and/or  coagulation may be appreciable, including cases 
requiring the graphs of sections 4.1 and 4.2 rather than the small Cmaxexpansions of section 
4.3 and Appendix A. 

5.2. Laminar flow in sampling tube upstream of an airborne condensation nucleus counter 

As our second specific example consider the following set of conditions typical of an 
airborne condensation nucleus particle counter (CNC) system for flight at an altitude of 
25,000 ft. Suppose the cabin instrument package sees an aerosol with a mean particle 
diameter dp, L ~ 0.014 #m and a spread parameter of 2.46 in air at a volume flow rate of 
24 c m  3 s - 1 ,  with the pressure and temperature levels established at 0.4 atm and 244 K, 
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respectively. If the insulated upstream tube that conveys the aerosol sample: ~o the 
instrument has a length of 121 cm and an internal diameter of 0.953 cm then we seek to 
estimate the correction factors J'V;,., \'~, , ,  ag, o/ag,~ and dg,o/dg, L ~o be applied ~<~ data 
recorded at the instrument in order to estimate the corresponding aerosol properties m the 
local troposphere. 

If we tentatively assumed q'ully-developed' particle mass transfer in this k/d,~ = 128 
sampling tube system (see, however, section 6.1 and below) we would proceed as follows: 
Under the stated conditions the Reynolds number Udw/v can be calculated to be only 
1.165 x 102 SO the gas flow will be laminar. The prevailing mean-free-path under the above- 
mentioned conditions is about 0.2 l*m so that Knp(tSp.L)= 14.4 and most particles will 
experience conditions appropriate to free-molecule (fm) flow. In particular, the mean size 
particle will be characterized by a Brownian diffusivity of about 0.93 x 10 -::~ cm2s - ' ,  
corresponding to a Schmidt number Sc = v/Dp of about 2.96 x 102. For fully-developed 
steady laminar flow in a straight circular duct it is well known that Nu m = 3.657 (Nusseltt so 
that: 

Nu,, 3.657 
Stm(VL}=Re~Sc=:(1.165 × 102)(2.96× 102) 1.06x 10 4. {38} 

It would follow that: 

In 2 (39) ; = 4  "Stm(tSL)'exp - o'~ =0 .8 5 2 x  10 -1 
',-m~ a w /  [_ z 

since (Table 1) b = - 2/3. If the coagulation parameter Cfm '~ 1 (see below) then this would 
correspond to Np, o/Np, L ~- 1.085 due to particle size-dependent wall loss (based, again, on 

- 2 ( - 2/3) In 2 (2.46) } = 2.947 we find (equation (30)) equation (29)). Noting that C]2~= exp t 
that the remaining correction factors are: a~,o/o-g,~. ~ 1.09 and dg, o/dg, L ~ 0.973 (equation 
(32)). Returning to the possibility of coagulation effects, we can calculate what particle 
number density Np, L would be required to c a u s e  Cfm ,~ 10-1, say. Since this turns out to be 
ca 3 x 106 cm-3 in the present case (a value very far in excess of ambient atmosphere 
particle number densities (O(10 -2 cm-3)  at such altitudes) the neglect of coagulation in 
such sampling tubes is seen to be self-consistent. 

Returning to the question of the validity of our tentative assumption of 'fully-developed' 
particle mass transfer (i.e. A4, negligible 'entrance effect') we note that while the viscous flow 
itself would become fully-developed (z /d~-independent)  beyond a L/dw of only about 
0.2Re = 23, the value of St m will not approach the fully-developed asymptote until L/dw is 
about 0.2ReSc = 6900. Since the actual L/dw of the system is 128 we see a posteriori that A4 
is not justified under such laminar flow conditions (see section 6.1). All is not lost, however, 
since there is good reason to believe that if ~max is recalculated using the actual length- 
averaged transfer coefficient, and an effective value of b appropriate to the magnitude of the 
entrance effect, then our previous formulas (or graphs) will provide a useful first approxima- 

tion. The 'entrance-effect' correction factor *fie to the fully-developed value of Num o r  St  m is 
known to depend upon the dimensionless distance variable: 

1 L 
. . . . .  --= ~m(Say). (40) 

Re 'Sc  dw 

For fully-developed laminar flow in a straight circular duct a convenient approximation to 
if(entrance) is (see, e,g. Rosner, 1986) 

/;=e ~ [1 +(7 .60~m)-8 /3 ]  1/8, (41) 

which, in the present case, gives b~ = 3.29 corresponding to Stm(fL) = 3.49 x 10-*. Using 
the appropriate "effective" value of b obtained from 

b e f f =  - ~ . [ 1  dlnff~-] 1 4 (42) 
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(see, e.g. Rosner and Tassopoulos, 1991) we then recalculate the values of ~ . . . .  this time 
obtaining ~max= 0.30, corresponding to Np, o/Np.L "~ 1.3. Recomputing the remaining cor- 
rection factors now gives ag, o/ag, L --- 1.18 and dg,o/dg, L ~ 0.95. Based on the present work 
this would provide the best current estimate of the required correction factors in this 
laminar flow aerosol sampling system. More rigorous calculations (now underway) will 
be necessary to test the accuracy of this plausible, proposed correction procedure 
(for relaxing A4). 

In the light of these two simple numerical examples, both involving highly submicron, 
dense (ca tSp = 1.83 g cm -3) spherical particles in straight nearly adiabatic sampling ducts 
but one with laminar flow (section 5.2) and one with turbulent flow (section 5.1), it is now 
appropriate to briefly discuss many of the abovementioned assumptions, indicating, where 
possible, methods to generalize the treatment to include less 'idealized' cases often encoun- 
tered in sampling from industrially important devices (e.g. combustors for propulsion or 
power generation). 

6. DISCUSSION OF ASSUMPTIONS AND GENERALIZATIONS 

It is prudent to consider the domain of validity of the underlying assumptions of section 2 
and useful to indicate here how readily some of these assumptions can be relaxed, thereby 
opening the door to the quantitative treatment of much more complex sampling duct 
situations. 

6.1. Entry effects 

Even apart from development of the viscous gas flow itself, the mass transfer boundary 
layers within the sampling tube require a 'development length' before St m (equation (6)) 
becomes essentially independent of z/dw. For laminar mass transfer boundary layers the 
required number of duct diameters is approximately: 

( L )  =0.2(Re'Sc,,  (43) 
d ww req 

which, for the example of section 5.2, is about 6900, far in excess of the actual L/dw of the 
sampling system (128) or the L/dw required for development of the host gas flow itself 
(ca 23). Thus, unless much smaller particles are of interest, Assumption 4 will not be 
defensible for many laminar flow sampling systems. A rational 'correction' for this can, 
however, be made when coagulation is negligible (using the actual length-averaged St m- 
value in the definition of ~ and modifying the effective exponent b, as discussed in section 
5.2) or specific results can be generated for laminar sampling systems by accurately 
including such mass transfer 'entrance effects' (Rosner and Tassopoulos, 1991a). For turbu- 
lent, high Sc systems the situation is much improved and (L/dw)rcq will ordinarily be less 
than about 30, a condition which is frequently met*, and certainly met in the ground-based 
air monitoring application discussed in section 5.1. 

6.2. Variable d e f  t : -  4A(z)/P(z) 

If the effective duct diameter def t is not constant, but sufficiently slowly varying, then the 
quasi-one-dimensional equations (equation (16)) remain valid, and such geometric effects 
can clearly be incorporated in the numerical integrations. In many situations dcff will be 
piecewise-constant, in which case our analysis would apply to each segment of the system 
but with the effective lengths of the segments modified to allow for the inevitable 'entrance- 
effects' near each juncture (see, e.g. section 6.1). 

* Colket et al. (1977) describe adiabatic system with L/dw -~ 2200 for sampling from gas turbine combustors. 
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6.3. Bends 

Because of the secondary flows and turbulence modulation associated with bend, s in ;:., 
"piecewise straight" sampling system Stm(z/dw, Re, Sc) will be modified in accord wifl'i the 
curvature dw/R and included angle of the bend. Recent (vapor) mass transfer data ~f this 
type (see, e.g. Sparrow and Chrysler (1986) and Ohadi and Sparrow (1989, 1990)) arc now 
being mobilized and recast so that it may be conveniently used in the present type of quasi- 
one dimensional, Sc .~ t analysis (Rosner et al., 1991). 

6.4. Heated (cooled) ducts 

Inadvertent or deliberate heat transfer can dramatically alter the rates of fine particle loss 
to the wall, and the particle size-dependence of this rate (cf. the Stm exponent b) as a result of 
particle thermophoresis. The laws of particle thermophoresis (drift down the transverse 
temperature gradient) have been under extensive development in the last 15 years (see, e.g 
the recent review of Rosner et al., 1990) and it has been shown that for submicron particles 
deliberately heated ducts can be used to sharply reduce wall deposition rates [see, 
e.g. Gokoglu and Rosner (1986) (before the gas temperature 'catches up' with the wall 
temperature]. While beyond the scope of the present paper, it can be shown that in some 
cases (e.g. constant wall heat flux (addition)) the present results can be used as a first 
approximation with a suitably reduced Stm-value and a modified (more negative) bar-value 
(Rosner and Tassopoulos, 1991b). In some cases wall cooling may be necessary near the inlet 
to prevent local probe failure (as in extracting samples from high temperature combustors 
(Colket et al. (I 977), arcjets, etc.). This can cause appreciable local particle losses to the wall 
unless the wall cooling is accomplished by foreign gas transpiration (see, e.g. Gokoglu and 
Rosner, 1985). Sometimes downstream heating is also used to prevent the condensation of a 
co-present vapor, as in sampling the combustion products of a gas turbine combustor. 

6.5. Sinole mode log-normality 

Aerosols formed from several distinct mechanisms may exhibit a multi-modal PSD, each 
mode of which can be represented by a log-normal distribution. If (as is often the case) 
further coagulation can be neglected within the aerosol sampling tube then our present 
results can be applied without modification to each mode. In the presence of appreciable 
coagulation this is no longer possible and results would have to be obtained using an 
extended coagulation rate theory along the lines of Megaridis and Dobbins (1990a)to deal 
with particular cases of interest. 

6.6. Knp-interpolation 

If an appreciable portion of the aerosol is in the transition regime of Knp = O(1), then 
neither of the above-mentioned asymptotic regime results (Knp >> 1 called free-molecule, or 
Knp ,¢ 1 called continuum) would provide an accurate description. This influences both the 
wall loss behavior (via its effect on the Brownian diffusion law D(v)) and the coagulation 
rate behavior (via the collision rate constant fl, which will differ from either of the previously 
considered asymptotes film and fie). A general treatment of this regime is possible, which will 
introduce an additional parameter like the Knudsen number based on the median diameter 
(6vg, L/n) 1/3. In the absence of coagulation the principal effects are to modify Stm(tTL) and the 
effective values of the Stm-exponent b. In the presence of coagulation, use can be made of the 
simple and successful so-called 'harmonic-average' approximation for the coagulation rate 
constant, i.e. fl- 1 ~ flr-m ~ + fl~- 1 which can be introduced to generalize the moment-method 
treatment of section 3.4 (Rosner and Tassopoulos, 1991b) (for an alternative but closely 
related approach, see Pratsinis and Kim (1989) and Biswas et al. (1989)). 
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6.7. Eddy-impaction 

When the sampling duct flow is turbulent (Re > 2.3 x 10 3, say) and a significant portion 
of the aerosol is associated with dimensionless particle stopping times tp ( =- u 2 tp/V) greater 
than about 16.5 (Sc) -°352 then time-averaged wall losses will be enhanced by the mech- 
anism of 'eddy-impaction' (see, e.g. the brief summary of available correlations contained in 
Rosner and Tassopoulos (1989)), which also modifies the effective value of the exponent b 
for that portion of the aerosol. Only when eddy-impaction is the dominant mechanism and 
Stm ~ (t~-)2 for most of the prevailing particles can our present formulation be retained, but 
with b =  + 1.333 (see Rosner and Tassopoulos, (1989)). However, for the illustrative 
problem discussed in section 5.1 we find that eddy-impaction would not set in until dp 
= 3.8 ~m, a size beyond which there are few particles indeed. Thus, the previous treatment is 
self-consistent in this respect. Other effects associated with the mass of the suspended 
particles (e.g. sedimentation and/or inertial impaction in bends) are likewise expected to be 
negligible. 

6.8. Turbulent coagulation 

In principle, new mechanisms of suspended particle-particle coagulation/coalescence 
occur in turbulent flows (Friedlander, 1977) which could be incorporated within our 
moment method calculation of coagulation via the appropriate fl(u, v . . . .  ) functions. 
However, even in turbulent flows sufficiently small suspended particles (the ones likely to be 
numerous enough) will still coagulate according to the Brownian laws discussed in section 
2, especially in initially well-mixed (homogeneous) submicron aerosol situations at the inlet. 
In many cases even such small particles may not be numerous enough to warrant the 
inclusion of coagulation within the sampling tube (see the examples of sections 5.1 and 5.2). 

6.9. Axial dispersion 

For radially nonuniform velocity steady flow in a duct the effective axial diffusivity is 
known to be larger than the true Brownian diffusivity by the Taylor-contribution (see, 
e.g. Butt, 1980; Denbigh and Turner, 1971; Probstein, 1989) 

ire " Sc d ~ .  g w (laminar) 

(Deft)Taylor = (44) 
Cf 1/2 

" \ / 1 5 ' ~ ]  "Udw (turbulent) 

so that Assumption 3 (section 2) is equivalent to satisfying the inequality: 

Np o 

This criterion is readily satisfied in the turbulent flow example (section 5.1) but is only 
marginally satisfied in the laminar flow example (section 5.2). In both examples the effective 
axial diffusivity in completely dominated by the fluid-dynamic (Taylor) contribution. These 
results again suggest (cf. section 6.1) that the idealizations exploited in the present work are 
more appropriate to turbulent flow sampling systems (section 5.1) than laminar flow 
sampling systems (section 5.2), and that many laminar systems will warrant a more accurate 
treatment than that indicated in section 5.2, even including the above-mentioned 'entrance- 
effect' correction (section 6.1). 

6.10. Aggregate deposition~coagulation 

For non-coalesced aggregates comprised of primary particles of volume v~ each depos- 
iting 'particle' will have the total volume v = nv~, where n is some integer (see, e.g. Megaridis 
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and Dobbins, 1990b). Such aggregated particles will have orientation-averaged Brownian 
diffusivities which will depend not only upon v but also on the particular morphology 
(arrangement of the primary particles). In each case we can write: 

In St~ ?~ In Stm (0  In O 
b 

Thus, when coagulation is negligible, a knowledge of Stm(V), where v = nv 1 and of the 
appropriate value of OlnD/Oln v for the morphology is question will also allow useful 
predictions to be made for aggregated particles (see, e.g. Rosner, 1991; Rosner et al., 1991). A 
treatment of suspended aggregate-aggregate coagulation analogous to that outlined m 
section 3.4 is apparently not yet available. 

6.11. Non-power law capture 

If the Schmidt number dependence of St m deviates from a simple power law and/or D(v) 
departs from a simple power-law then the value of the exponent b will not be a constant 
(cf. equation (46)) and corrections to the convenient computational procedures exploited 
here will be necessary. In Rosner (1989) we showed that these corrections depend upon 
(O21nSt~/01n 2 v)o and the local spread of the PSD. This provides either a testable criterion 
for the validity of power-law behavior in any particular case or the basis of a systematic 
correction procedure for the calculation of the factor Fk (cf. equation (12))(see, e.g; Rosner 
and Tassopoulous (1991b)). For straight duct high Schmidt number turbulent convective- 
diffusion transport in either the free-molecule (fm) or continuum (c) limits these corrections 
vanish and the exponents (b-values) presented in the second row of Table 1 are true 
constants. However, it should be realized that no single mechanism of particle transport 
(hence Stm(v)-law) is strictly valid over the entire range of particle sizes (see, e.g. Rosner and 
Tassopolous, 1989). Furthermore, even when a single deposition mechanism dominates, 
departures from simple power-law behavior may be associated with fluid-dynamic non- 
idealities, such as developing-(section 6.1) and/or secondary-flows (cf. section 6.3) 

6.12. Vapor 9rowth/particle evaporation 

In the present analysis we assumed that the suspended particles are stable with respect to 
evaporation or growth by vapor condensation in the prevailing carrier gas environment 
(A7). In "diabatic" sampling tube cases (often encountered in extractive sampling from 
hostile environments, such as gas turbine engine combustors) this may not be valid and the 
analysis of section 3 would then have to be generalized by including the contribution to the 
UdMk/dZ due to vapor growth (see, e.g. Friedlander, 1977; Megaridis, 1987; Megaridis and 
Dobbins, 1989) coupled with balance equations for the vapor concentration and the bulk 
(mixing cup-averaged) gas temperature. The present class of moment methods would also 
make specific calculations of this type feasible, however, the assumption of log-normality 
could prove overly restrictive in many such instances (see, e.g. Landgrebe and Pratsinis, 
1989; Landgrebe, 1989; Biswas et al., 1987; Mackowski et al., 1991). 

7. C O N C L U S I O N S ,  R E C O M M E N D A T I O N S  A N D  F U T U R E  W O R K  

A simple, rational, moment-based method is presented for correcting aerosol sampling 
data for the systematic upstream effects of particle size-dependent wall losses and, if 
necessary, particle-particle coagulation. 'Universal' graphs and rational formulae are 
developed and provided for the commonly encountered cases of log-normally distributed 
aerosols in straight adiabatic ducts of constant cross-section/'wetted' perimeter for the 
limiting cases of free-molecule particle transport (Knp >> 1) and continuum particle trans- 
port (Knp ~ 1). In many cases the leading terms of a Taylor series expansion in the 
dimensionless distance (proportional to (L/d,)Stm(~)) will be adequate to provide the 
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desired correction factors: Np, o/N p . . . . . .  ( ~ p , o / ~ p  . . . . .  and M2,o/M 2 . . . . .  as well as 
/ ) g , o / / ) g  . . . . .  and O'g,o/O'g . . . . .  . In more general cases backward numerical integration of the 
relevant coupled moment equations is recommended, allowing several of the idealizations 
discussed in sections 2 and 6 to be simultaneously relaxed. In addition to providing a simple 
yet rational basis for correcting aerosol sampling instrument data (i.e. a direct solution to 
the canonical 'inverse' problem of aerosol sampling theory), the present results can also be 
used to provide preliminary design information for a prospective aerosol sampling system 
to circumvent the future need for uncomfortably large correction factors (predicted or 
laboriously measured) in the ambient environment of interest. 

The present approach opens the door to several generalizations which will be of practical 
interest (see, also, Rosner and Tassopoulos, 1990, 1991b)--especially the inclusion of addi- 
tional deposition and/or coagulation mechanisms, effects of sampling duct bends, variable 
cross-sectional area, diabatic walls, departures from single-mode log-normality, and the 
presence of suspended particulate aggregates. Several of these extensions, beyond the scope 
of this introductory presentation but of importance in sampling from combustion turbines, 
rockets, and stationary fossil energy power plants (necessarily only briefly discussed in 
section 6), will be the subject of future communications from this laboratory. 
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A P P E N D I X  A: C~ k) C O E F F I C I E N T S  

In this Appendix we ~k~* provide the second-order terms, C2 , of the small-~ expansions (see equation (27)). The wall- 
loss (WL) terms, clearly the same for free-molecule and continuum coagulation, are: 

/q;.wL(L) = [bq~'p + (1 -  b)/V'p-I- (b--1)b(-2~'p +M~ + N'p) ] 
2 _JL 

[ ""]  ~;.w,(L)= -(l+b)[$;]~+b~7;~; (b-1)b(-2?p;+N~+M~)4~ 
2 L 

I~t~, wL (L) = [ b(~, _ l~,p) + i~l,2 _~ b(3 + b)(-- 2~a£~ + l~4'2 + l~'~) ]L.exp(2b ln2 tr,,L) ' 

where N~,, ~ a n d / ~  are the first-order expansion coefficients* defined in equations (28). Next we provide the 
coefficients associated with coagulationL For free-molecule coagulation we find: 

l~l~ c(L) = [~  4~,p + 2/~, .+ 5( -- 2q~ + l~,t~ +/V~,) ] C 
• 48 L (In a~,L) 1/3 exp(1-t~2 In 2 O's.L) 

~;.c(L) = 0 

r 1 3 -  . 1 3  

~;  c(L)= C. 2[~-~;+2N; + ~ ( - 2~ ;  
' 13/3 / ' 3 7  2 \ " (In ~,.L) "exp(i~ln O,.L) 

The corresponding coefficients for continuum coagulation are: 

1~1 . . . .  2[1 + exp(!9 ln2 tr' L)]/V; + ~ exp (In2 Cr"L) (-- 2~P + Mi + fi;) 
;.clL)= c" 

1 + exp (gXln 2 tr,,L) 

+ exp 

$;.c(L)=o 

+~exp(ln trj. L)(--2~bp 

exp (In 2 aS.L)" [1 + exp (ln z aB. L)] 

These coefficients can prove useful to evaluate correction factors when ~m,~ exceeds, say 0.2, but does not exceed 
about 0.6. For values of ~m,xmuch above 0.6 direct use should be made of the figures of section 4.2 or specific 
numerical integrations in accord with section 4.3. 

* In the present notation C~ °) - r - m -  M~.L .  ---,N,.L, ,~1 = 4;;.,, c~ ~'-~ 
? Note that C~ °) =/q•.wL(L) + N;.c(L), etc. 


