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Abstract. The paper presents an analytical construction of effective two-phase parameters for one-
dimensional heterogeneous porous media, and studies their properties. We base the computation of
effective parameters on analytical solutions for steady-state saturation distributions. Special care has
to be taken with respect to saturation and pressure discontinuities at the interface between different
rocks. The ensuing effective relative permeabilities and effective capillary pressure will be functions
of rate, flow direction, fluid viscosities, and spatial scale of the heterogeneities.

The applicability of the effective parameters in dynamic displacement situations is studied by
comparing fine-gridded simulations in heterogeneous media with simulations in their homogeneous
(effective) counterparts. Performance is quite satisfactory, even with strong fronts present. Also, we
report computations studying the applicability of capillary limit parameters outside the strict limit.

Key words: heterogeneous porous media, effective relative permeabilities, effective capillary pres-
sure.

Nomenclature

C the interval [pmin
c ; p

max
c ],

�i;j(S) saturation discontinuity
function, Equations (16) and (17),

" capillary number, Equation (59),
f fractional flow of water,
F (S) function defined in Equation (51),
� porosity,
�(S) function defined in Equation (5),
 interfacial tension,
I [Swc; 1 � Sor],
J(S) Leverett J-function,
k absolute permeability,
kH harmonic mean of absolute permeability,
krj(S) phase j relative permeability,
l length of homogeneous rock,
L length of period, �li,
�j phase j viscosity,
M viscosity ratio �w=�o,
N number of rocks in one period,
Ne dimensionless number, Equation (48),
pc(S) capillary pressure function,
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~pc capillary pressure value,
Pc capillary pressure reference value,
p

max
c minifpic(S

i
wc)g,

p
min
c maxifpic(1 � S

i
or)g,

(�pc)i capillary pressure discontinuity, Equation (30),
pj(x) phase j pressure,
�pj phase j total pressure drop,
(�pj)i phase j pressure drop over ith rock,
	(S) function defined in Equation (6),
uj phase j Darcy velocity,
S water saturation,
Swc irreducible water saturation,
Sor residual oil saturation,
Sa asymptotic saturation, Equation (7),
S(u; SN ) saturation profile determined

by SN 2 IN and u > 0,
Su;f the periodic saturation profile,

f 2 [0; 1], u > 0,
(Si) piecewise constant saturation profile,
S(x

+

i ) right-hand saturation at xi,
S(x

�

i ) left-hand saturation at xi,
u total Darcy velocity,
x spatial coordinate,
xi boundary, rocks i and i+ 1;

Subscripts/Superscripts

i refers to ith rock,
j oil (o) or water (w) phase,
h�i spatial averaging,
cap effective, at capillary limit,
eff effective,
visc effective, at viscous limit,

1. Introduction

Upscaling of flow parameters from core scale to numerical gridblock scale is a
problem of practical importance. If the classical separation of scales condition
is satisfied, see Section 2, effective parameters, do this job. Effective parameters
depend only on physical properties of the flow system, and appear as coefficients
in the differential equations for large scale variables. The relation to the comple-
mentary concept of dynamic pseudo functions, is discussed in Ekrann and Dale,
[11].

In this paper we solve the effective parameter problem for one-dimensional
media. The one-dimensional geometry is sometimes of direct relevance, such as
to composite cores or to vertical flow in layered reservoirs. More importantly, the
completeness of the solution obtained provides a firm basis for generalizations into
higher dimensions.

In general, the difficult part of the problem is to determine the small scale
saturation distributions. Once these are established, one may in principle obtain
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the two-phase effective parameters by applying some one-phase method for each
distribution. Most authors have imposed the condition of capillary equilibrium,
implying that local saturation is determined exclusively by the local capillary pres-
sure curve. By restricting our study to one-dimensional, an analytical approach is
possible, whereby we are able to extend the existing results to saturation distribu-
tions determined by a balance between viscous and capillary forces.

Assuming a spatially periodic heterogeneous medium, the separation of scales
condition requires periodic saturation and pressure gradient profiles, hence the het-
erogeneity period (unit cell) can be used as the averaging volume. The assumption
of periodicity is not as restrictive as it may seem. In principle, random hetero-
geneities can be handled by making the period sufficiently large.

Our approach makes it possible to study analytically the rate dependence of
effective parameters. As the rate tends to zero, capillary equilibrium effective
parameters are recovered. Similarly, as the rate tends to infinity, viscous limit
effective parameters are approached. As a particular case of rate dependence, we
also discuss dependence on flow direction.

We impose no special conditions on the different relative permeability and
capillary pressure curves associated with the different rocks making up the hetero-
geneous medium. Different capillary pressure curves are allowed to take different
values in their endpoint saturations. Phase pressures will not necessarily be contin-
uous at boundaries between different rocks, hence effective relative permeabilities
are not always obtained simply by harmonic averaging of phase permeabilities
along the saturation profiles. As another consequence, capillary trapping may occur.

The applicability of effective parameters in dynamic displacement situations is
demonstrated by comparing fine-gridded simulations in the original heterogeneous
media with simulations in their homogeneous (effective) counterparts. Performance
is quite satisfactory, even with strong fronts present, thus violating the separation of
scales condition. Generally, the condition is thought to be overly severe (Quintard
and Whitaker [19]).

Capillary limit effective parameters are the easiest to compute, in particular in
higher dimensions. A question of practical interest, therefore, is to what extent and
under what circumstances capillary limit results are applicable outside the strict
limit. A set of experiments is reported and analyzed, indicating that capillary limit
effective parameters can be guaranteed to be accurate only for sub meter-scale
heterogeneities.

2. Separation of Scales

Consider two-phase flow in a heterogeneous porous medium. Let lk denote the
spatial scale of rock heterogeneities; similarly, lS and lp denote the spatial scales
for small-scale variation of saturation and pressure gradients, respectively. Let large
scale quantities be defined via spatial averaging, with L being the averaging scale,
and denote byLk,LS andLp the spatial scales over which averaged rock properties,
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averaged saturation and averaged pressure gradients change significantly. Then the
separation of scales condition can be summarized as

lk; lS ; lp � L� Lk;LS ;Lp: (1)

In particular, the condition implies that large-scale quantities must be approximately
constant on the scale L of averaging. Note that the condition includes both rock
properties and flow variables.

We also need to assume that boundaries do not influence the small-scale behav-
iour of flow. In other words, for a given large-scale pressure gradient and large-scale
saturation, the small-scale pressure and saturation distribution should be complete-
ly determined by the medium itself, and possibly, by the local value of large-scale
velocities. In addition, one must require history to be forgotten, in the sense that
the small-scale saturation distribution must have had time to obtain a final shape
(developed flow). As formulated, these conditions are rather qualitative, as is the
separation of scales condition. This reflects the fact that formulation in terms of
effective properties can only be approximate (Ekrann [13]).

When the conditions are satisfied, one can show that the large-scale variables
satisfy equations of the same form as the local Darcy equations, with effective
absolute and relative permeabilities and capillary pressure replacing their local
counterparts (Quintard and Whitaker [17, 18]).

3. Steady Two-Phase Flow in a Heterogeneous Medium

3.1. STEADY FLOW IN A HOMOGENEOUS MEDIUM

3.1.1. Equations

We consider steady-state, incompressible, immiscible flow of oil and water in
a homogeneous one-dimensional porous medium. Neglecting gravity effects, the
Darcy equations and capillary pressure relation in conventional notation read

uj = �kkrj(S(x))

�j

dpj
dx

(x); (2)

pc(S(x)) = po(x)� pw(x); (3)

where S is water saturation and j = o; w is the fluid phase.
We shall assume throughout that individual phase velocities uw; uo > 0. Mass

conservation dictates uo and uw to be constant, as well as the total Darcy velocity,
u = uw + uo, and the fractional flow of water, f = uw=u 2 [0; 1]. Assuming
u > 0, the following expression for f is easily derived (see Marle [15], Chapter 14)

f = �(S) + 	(S)
dS
dx

; (4)
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where

�(S) =
�okrw

�okrw + �wkro
; (5)

	(S) =
k

u

krwkro

�okrw + �wkro

dpc
dS

: (6)

Here S varies in the closed saturation interval I = [Swc; 1 � Sor]. We assume
that krw(Swc) = kro(1 � Sor) = 0, with krw strictly increasing on I , kro strictly
decreasing. The capillary pressure curve pc(S) may have a finite value or a vertical
asymptote at the endpoints of I . In the interior of I we assume dpc=dS < 0,
possibly with dpc=dS = �1 at one or both endpoints. Thus 	 < 0 in the interior
of I . At an endpoint of I either 	 = 0 or 	 tends to �1.

The function � is differentiable and strictly increasing from 0 = �(Swc) to
1 = �(1 � Sor). For each f 2 [0; 1] denote by Sa = Sa(f) the asymptotic
saturation corresponding to f , defined by

�(Sa) = f: (7)

3.1.2. Saturation Profiles

Let l denote the length of the medium, so that x 2 [0; l]. Each outlet saturation
boundary condition

S(l) = S1 2 I (8)

uniquely determines a solution S(x) of Equation (4). To see this, first let u = 0;
then obviously the solution is the constant S(x) = S1 for each S1 2 I . Thus, for
the rest of the discussion we may assume u > 0; write the equation in the form

dS
dx

= H(S) =
f � �(S)

	(S)
: (9)

In general, the behaviour of the solutions is determined by the zeros of H . First
assume that f 6= 0; 1. Then Sa is the only zero of H in the interior of I; hence
S1 = Sa determines the constant solution S(x) = Sa. For S1 6= Sa; Swc; 1� Sor,
the inverse of the solution determined by S1 is obtained by integration

x(S) = l +

Z S

S1

	

f � �
d ~S: (10)

Considering the sign of the integrand, it is clear that S(x) is strictly decreasing if
Swc < S1 < Sa, strictly increasing if 1�Sor > S1 > Sa. The integral diverges as
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Figure 1. Saturation approach to asymptotic.

S tends to Sa; hence, the line S = Sa acts as an asymptote for the solution. It is
approached by S(x) in the negative x-direction from above or below according to
whether S1 > Sa or S1 < Sa, see Figure 1.

At an endpoint Se 2 fSwc; 1 � Sorg of I we distinguish two cases. First, if
	 ! �1 as S ! Se, we set H(Se) = 0; thus, S1 = Se determines the constant
solution S(x) = Se. (Obviously, this case is not physically meaningful, since only
one mobile phase is present, while f 6= 0; 1, i.e. two phases are flowing.) On the
other hand, if 	 ! 0 as S ! Se, the solution is again determined by (10). Note
that in this case jdS=dxj ! 1 as x! l.

Now assume f = 0 (the case f = 1 is analogous). First, for S1 = Swc = Sa we
have S(x) = Swc, the limiting solution as f ! 0. For S > Swc we get

dS
dx

= H(S) = � u�o

kkro dpc=dS
: (11)

If kro dpc=dS ! �1 at 1 � Sor, the condition S1 = 1 � Sor determines the
constant solution S(x) = 1� Sor, or else we have kro dpc=dS = 0 at 1� Sor, and
the solution is obtained by integration

x(S) = l � k

u�o

Z S

S1

kro(dpc=d ~S) d ~S; (12)

valid for Swc < S1 6 1 � Sor, S 6 S1. If 0 < x(Swc) < 1, then the solution
S(x) determined by (12) is defined only for x 2 [x(Swc); l]; in this case we extend
to a continuous solution on [0; l] by setting S(x) = Swc for x 2 [0; x(Swc)].

Finally, note that there may be no solution to Equation (4) satisfying the inlet
boundary conditionS(0) = S1. In general, the integral in (10) tends to a finite value
as S tends to the endpoint saturations Swc or 1�Sor. If l is sufficiently large, S(x)
will have reached one of the end-point saturations for x < l, at which point the
solution breaks down. Consequently, in discussing the heterogeneous case later, we
shall always assume the boundary condition to be given at the outlet, and construct
the solution from right to left.
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3.1.3. Pressure Drops

Any saturation solutionS(x) satisfyingSwc < S(x) < 1�Sor uniquely determines
the phase pressure profiles pj(x) by specifying a pressure boundary condition for
one of the phases and integrating Equation (2). In particular, the corresponding
phase pressure drops �pj = pj(0)� pj(l) are given by the expression

�pj =
uj�j

k

Z l

0

1
krj(S(x))

dx: (13)

However, if S(x) = Se 2 fSwc; 1 � Sorg for some x 2 [0; l], one of the phase
pressures will become infinite, unless pc is finite at the endpoint Se. In this case, if
S(x) < 1�Sor, but S(x) = Swc for some x, then �po is again given by (13), and
we may determine �pw from the relation

�pw = �po � pc(S(0)) + pc(S(l)): (14)

The situation is analogous if S(x) > Swc, and S(x) = 1� Sor for some x.
Finally, for f = 0 the saturation profile determined by S1 = S(l) = 1 � Sor

might also reach S(x) = Swc. In this case we first determine pw(x) in some
neighbourhood of l, and define po(x) = pw(x)+ pc(S(x)) here; next extend po(x)
continuously to all of [0; l], and use it to define pw(x) = po(x)� pc(S(x)). – The
discussion is analogous for f = 1.

3.2. STEADY FLOW IN A HETEROGENEOUS MEDIUM

3.2.1. Description of Medium

We consider a semi-infinite periodic one-dimensional porous medium (�1; L]
with period [0; L], see Figure 2. The N rocks constituting the period are defined by
their length, l, and properties, �, k, krw, kro and pc. Neighbouring rocks differ in at
least one of their rock properties. The rocks are numbered from left to right. Rock
boundaries are positioned at 0 = x0 < x1 < � � � < xN = L, so that xi� xi�1 = li
is the length of the ith rock.

3.2.2. The Saturation Discontinuity Function

Consider theN capillary pressure functions pic(S), S 2 Ii = [Si
wc; 1�Si

or] ( where
possibly pc tends to �1 at the right endpoint of I , and to 1 at the left one). For
each ordered pair of integers (i; j), i; j = 1; : : : ; N , we define a function

�i;j: Ii ! Ij; (15)

associating saturations in Ii and Ij having the same capillary pressure. Thus we set

�i;j(S) = (pjc)
�1(pic(S)); (16)
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Figure 2. Period of a periodic medium.

Figure 3. The saturation discontinuity function.

see Figure 3.
However, this function is well defined only if the range of pic is contained in the

range of pjc. If this is not the case, we extend �i;j to all of Ii simply by setting

�i;j(S) =

(
Sj
wc if pic(S) > pjc(S

j
wc);

1� Sj
or if pic(S) < pjc(1� Sj

or):
(17)

If pic and pjc have the same range, �i;j and �j;i are both monotonically increas-
ing, with (�i;j)

�1 = �j;i. In particular, �i;j maps the endpoint saturations of Ii
to those of Ij .
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3.2.3. Interface Conditions

Fix a fractional flow f 2 [0; 1], and assume first a total velocity u > 0. A saturation
profileS(x) in the period [0; L]will be called steady state if it satisfies Equation (4)
in each rock, and

�i+1;i(S(x
+

i )) = S(x�i ) (18)

at each boundary xi between rocks. Superscripts + and � indicate limiting values
as xi is approached from above and below, respectively. For i = 0 we set

S(x�0 ) = �1;N (S(x
+

0 )): (19)

If u = 0, the saturation is constant Si in each rock i, as discussed previously, and
we require

�i+1;i(Si+1) = Si: (20)

The pressure profiles pw(x) and po(x) corresponding to a steady state saturation
profile S(x) must satisfy the capillary condition in each rock x 2 (xi�1; xi)

po(x)� pw(x) = pic(S(x)): (21)

Note that the imposed conditions (18) and (20) may lead to discontinuous
capillary pressure at some of the boundaries, in which case one of the individual
phase pressures also needs to be discontinuous. This happens only if the water
saturation or the oil saturation becomes irreducible at x�i , as can be seen from
Definition (17). In this case, if S(x�i ) = Si

wc we require the oil pressure po to
be continuous at xi and determine the discontinuity of the water pressure pw by
setting

pw(x
�

i ) = po(xi)� pic(S
i
wc): (22)

Similarly, if S(x�i ) = 1 � Si
or we require continuity of water pressure at xi and

determine the oil pressure discontinuity by

po(x
�

i ) = pic(1 � Si
or) + pw(xi): (23)

Note that in (22), (23) the capillary pressure at the endpoints of I is finite, by
definition of the � – function.

For a proof that this treatment of pressure discontinuities is correct, see van
Duijn et al. [9] or Dale [8].

3.2.4. Solution of Saturation Boundary-Value Problem

Fix a value of the fractional flow f 2 [0; 1]. For any u > 0 and outlet satura-
tion SN 2 IN there is a unique steady state saturation profile S(x), denoted by
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S(u; SN )(x), satisfying the outlet boundary condition S(x�N ) = SN : Over theN th
rock the solution is uniquely determined by the results of Section 3.1. Hence, by
(18) a boundary condition at the outlet of rockN�1 is established, and the solution
over [0; L] can be completed recursively.

The steady state piecewise constant profiles S(0; SN )(x) denoted by Si; x 2
(xi�1; xi), will be called capillary equilibrium, profiles, see Section 4.3 below.

3.2.5. Periodic Solutions

A steady state saturation profile S(x) is periodic over [0; L] if

S(x�0 ) = S(x�N ): (24)

To prove the existence of a periodic steady-state solution for each f 2 [0; 1],
consider the map IN ! IN defined by

SN 7! S(u; SN )(x
�

0 ): (25)

The steady-state solution S(u; SN ) is periodic if and only if SN is a fixpoint for
this map, by Definition 24. Thus, it suffices to check continuity of the map, since
IN is a closed interval. But this is clear, since the function defined by (25) is a
composition of continuous functions, namely the �-functions and the functions
S(u; SN )(x

�

i ) 7! S(u; SN )(x
+

i�1) associating the inlet saturation to the outlet
saturation in each rock.

Under mild conditions on the behaviour of relative permeability and capillary
pressure at the endpoints of I , a periodic solution is unique, see Dale [8].

3.2.6. Total Pressure Drops

For any steady-state sauration profileS(x), the corresponding phase j total pressure
drops

�pj = pj(x
�

0 )� pj(x
�

N ) (26)

are given by

�pw =
NX
i=1

(�pw)i +
X
i2Aw

(�pc)i; (27)

�po =
NX
i=1

(�po)i +
X
i2Ao

(��pc)i: (28)

Here, Aj denotes the set of boundary indices i, 0 6 i 6 N � 1, where phase j
pressure is discontinuous. Further, (�pj)i is the phase j pressure drop over the ith
rock

(�pj)i = pj(x
+

i�1)� pj(x
�

i ) (29)
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discussed previously. Finally,

(�pc)i = pi+1
c (S(x+i ))� pic(S(x

�

i )) (30)

is the capillary pressure jump across boundary xi. Note that (�pc)i < 0 when
i 2 Ao. In particular, if S(x) is a saturation profile along which the capillary
pressure is continuous, the right-hand sides of (27) and (28) reduce to the sum of
pressure drops over the individual rocks.

Note that the water and oil total pressure drops corresponding to a periodic
saturation solution are equal

�pw = �po: (31)

This follows immediately from the definitions.

4. Effective Parameters

4.1. THE GENERAL CASE

Consider a steady state saturation profile and the corresponding pressure profiles in
a periodic medium. If the saturation is periodic, obviously the saturation averaged
over the full period is constant throughout the medium. Also, the averaged pressure
gradients are constant. Hence, the small and large scales are separated using the
heterogeneity period as the averaging scale. The effective relative permeability
functions,keff

rw andkeff
ro , and the effective capillary pressure, peff

c , are then coefficients
in equations of the same form as the local Darcy equations. More precisely, for
any fractional flow f 2 [0; 1] and total velocity u > 0, let S(x), pw(x), po(x)
be the corresponding periodic steady state saturation and pressure profiles. Let
Seff = Seff(f) denote the average saturation in the period,

Seff =
h�(x)S(x)i
h�(x)i : (32)

Then

uj =
kHk

eff
rj (Seff)

�j

d
dx
hpj(x)i; (33)

peff
c (Seff) = hpo(x)i � hpw(x)i; (34)

where kH is the harmonic mean, and h i denotes spatial averaging over the full
period.

Obviously, Equation (34) is equivalent to

peff
c (Seff) = hpc(S(x))i: (35)
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Furthermore, dhpj(x)i=dx = �pj=L. If u > 0, we have �pw = �po > 0, thus
Equation (33) can be inverted to yield

keff
rj (Seff) =

uj�jL

kH�pj
: (36)

The effective irreducible water saturation is determined from the periodic satu-
ration profile corresponding to f = 0 : Seff

wc = Seff(0). Similarly, 1� Seff
or results

from f = 1. Thus, (35) and (36) uniquely determine the effective parameters on
the effective saturation interval

Ieff = [Seff
wc; 1� Seff

or ] (37)

by continuously varying f 2 [0; 1].
Define the effective fractional flow function �eff by

�eff =
�ok

eff
rw

�okeff
rw + �wkeff

ro

: (38)

For any f 2 [0; 1] it holds that

�eff(Seff(f)) = f: (39)

This follows immediately from Equation (36), since �pw = �po for a periodic
solution.

Remark. The above construction produces well defined effective parameters for
any heterogeneous medium where 	 tends to zero at the endpoints of I , in each
homogeneous rock (equivalently, krw dpc dS ! 0 at Swc and kro dpc=dS ! 0 at
1 � Sor). This condition will guarantee that (if f 6= 0; 1) a steady state profile
may attain one of the end point values Swc; 1 � Sor of I only at an outlet x�i of a
homogeneous rock. Conversely, allowing 	! �1 at one or both endpoints of I ,
there exist media where, for fixed f 6= 0; 1, the (unique) periodic saturation profile
is physically meaningless.

4.2. SPECIAL CASE

Assume that all capillary pressure curves have the same range. In this case there
are no pressure discontinuities, and effective relative permeabilities are given by
harmonic averaging, see Equations (13) and (36)

keff
rj (Seff) =

L

kH

 Z L

0

1
k(x)krj(S(x))

dx

!
�1

: (40)
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4.3. CAPILLARY LIMIT EFFECTIVE PARAMETERS

In the limit of zero total velocity the steady state saturation profiles are the locally
constant capillary equilibrium profiles S(0; SN ). However, the total phase pressure
drops will also be zero, hence effective relative permeabilities are not determined
by Equation (36) in this case. Therefore it is necessary to define separately the
capillary limit effective parameters.

We first determine the periodic capillary equilibrium saturation profiles. Define

pmin
c = max

i
fpic(1� Si

or)g; pmax
c = min

i
fpic(Si

wc)g: (41)

First assume pmin
c 6 pmax

c , so that the interval C = [pmin
c ; pmax

c ] is the intersection of
the ranges of the capillary pressure curves. In this case each capillary equilibrium
profile (Si) is uniquely determined by choosing a capillary pressure value ~pc 2 C ,
and put

Si = (pic)
�1(~pc): (42)

As ~pc varies continuously in C let Seff denote the effective saturation of the
corresponding equilibrium profile.

Now define the capillary limit effective relative permeabilities by harmonic
averaging

k
cap
rj (Seff) =

L

kH

 
NX
i=1

li

kik
i
rj(Si)

!�1

(43)

and define capillary limit effective capillary pressure by

pcap
c (Seff) = ~pc: (44)

In the profile corresponding to ~pc = pmin
c , respectively ~pc = pmax

c , we have
Si = 1 � Si

or, respectively Si = Si
wc, for at least one i. By Equation (43), the

corresponding effective phase permeability then becomes zero, thus pmax
c and pmin

c

give rise to the capillary limit endpoint saturations Scap
wc and 1� S

cap
or . As ~pc varies

continuously in C the effective saturation of the corresponding profile spans the
capillary limit saturation interval, Icap = [S

cap
wc ; 1 � S

cap
or ]. Note that the endpoint

saturations are equal to the arithmetic average of their rock counterparts only if the
capillary pressure curves all have the same range.

If pmin
c > pmax

c , the ranges of the capillary pressure curves have no point in
common. Obviously, the capillary pressure along an equilibrium profile cannot
be continuous in this case, hence the total pressure drops �pw and �po are both
nonzero. It follows from Equation (36) that the effective relative permeability
curves are both identically zero.
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One can prove that the capillary limit effective parameters defined by (43) and
(44) are indeed the limits, as u tends to zero, of the effective parameters defined in
Equations (35), (36) (Mykkeltveit [16]).

4.4. VISCOUS LIMIT EFFECTIVE PARAMETERS

As the total Darcy velocity u increases, viscous forces increase in importance. In
the limit of infinite u, 	 becomes zero. This is the viscous limit. According to
Equation (4), the saturation in the ith rock is then constant. Thus, each f 2 [0; 1]
determines a piecewise constant saturation by

Si = (�i)
�1(f): (45)

Now define the viscous limit effective parameters by

kvisc
rj (Seff) =

L

kH

 
NX
i=1

li

kik
i
rj(Si)

!�1

; (46)

pvisc
c (Seff) =

1
L

NX
i=1

lip
i
c(Si); (47)

where Seff is the average saturation of the profile (Si). Obviously, to f = 0 there
corresponds the profile (Si

wc), while to f = 1 there corrresponds (1� Si
or). Thus,

the viscous limit endpoint saturations Svisc
wc and 1 � Svisc

or are simply the weighted
arithmetic average of their rock counterparts. As f varies continuously in [0; 1] the
effective saturation of the corresponding profile spans the viscous limit effective
saturation interval Ivisc = [Svisc

wc ; 1� Svisc
or ].

The definitions of capillary limit and viscous limit effective parameters given
above are very similar. The main difference occurs in the way the saturation
distributions are computed. While piecewise constant in both cases, saturation
distributions (42) and (45) may be fundamentally different, and may produce very
different effective parameters.

The convergence of Equations (35), (36) towards viscous limit results (46), (47)
as u tends to 1 is proved in Dale [8].

5. Some Properties of Effective Parameters

5.1. RATE DEPENDENCE

As has been discussed in some detail, effective two-phase parameters should gener-
ally be expected to be rate-dependent. Equations (27) and (28) indicate that increas-
ing the rate, keeping all other parameters fixed, will increase the relative importance
of the viscous pressure drops �pj at the expense of the capillary discontinuities
�pc, thereby altering effective relative permeabilities through Equation 36.
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Figure 4. Saturation distributions in medium A, f = 0:5.

More subtly, the rate also influences the saturation distribution inside individual
rocks, also in turn influencing effective capillary pressure and relative permeabil-
ities. Figure 4 shows saturation distributions in medium A (nonlinear Leverett
J-function) for three different values of the capillary number ", which is inversely
proportional to the rate (see Definition (59), Section 6). As can be seen, decreas-
ing " makes the saturation approach the asymptotic saturation more rapidly. The
corresponding effective relative permeabilities are shown in Figure 5.

5.2. DIRECTIONAL DEPENDENCE

Effective parameters in general depend on direction of flow. An example is given
in Figure 6, pertaining to medium B (nonlinear Leverett J-function), see Section 6.
This directional dependence is brought about by directional dependence of the
periodic saturation distribution, which will occur for N > 3. Note, however, that
the capillary – and viscous limits effective parameters are independent of flow
direction. This is a consequence of the piecewise constant saturation distributions
in these cases, see Equations (42) and (45).

We would not expect directional dependence in an unordered (random) system.
Some sort of systematic ordering (periodicity) would be required, as in the example
shown.
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Figure 5. Effective relative permeabilities, medium A.

5.3. DEPENDENCE ON CORRELATION LENGTH

The effective properties depend on the absolute lengths of the homogeneous rocks in
the period. More precisely, fixing the relative lengths of the homogeneous parts, the
total length L acts as a correlation length for the heterogeneities. Furthermore, the
effective parameters tend to the viscous limit parameters as L increases, since the
periodic profile will tend to the constant asymptotic saturation in each homogeneous
rock. Conversely, letting L! 0 we obtain the capillary limit parameters.

5.4. SCALING PROPERTIES

Consider the class of media with a fixed number N of homogeneous rocks, where
all the i-th rocks have the same relative length li=L, relative absolute permeability
ki=kH , relative porosity �i=�A, relative capillary pressure curve pic=Pc, and the
same relative permeability curves. Here �A = h�(x)i = (��ili)=L is the average
porosity, and Pc is some capillary pressure representative value for the medium
(for instance, the (absolute) average value of the pc-curves at the midpoint of their
saturation interval). We claim that within this class of media, effective parameters
depend only on the viscosity ratio M = �w=�o and the dimensionless number
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Figure 6. Effective relative permeabilities for medium B, " = 1, positive and negative
directions of flow.

Ne =
Lu�o

kHPc
: (48)

To show this, the crucial point is the following: Pick two media in the class,
and choose flow parameters u; �w; �o for medium 1, u0; �0w; �

0

o for medium 2.
Fix a fractional flow f , and let S(x); x 2 [0; L], S0(x); x 2 [0; L0] denote the
corresponding periodic saturation profiles in the two media. We claim that if M =
M 0 and Ne = N 0

e, then for all i, i = 0; : : : ; N

S+i = S+
0

i ; S�i = S�
0

i ; (49)

where we write S+i = S(x+i ), etc.
In proving this, we considerS(x) in medium 1 as given. Denote bySN = S(L�)

its left-hand outlet saturation; note that S�0 = SN , since S(x) is assumed periodic.
Now define S0(x) to be the profile in medium 2 uniquely determined by the same
outlet boundary condition asS(x), i.e.S0(L�

0

) = SN . We will show that this profile
has the properties (49); in particular, S0(x) is the periodic profile in medium 2.

First recall that by Equation (10)

Z S
+

i�1

S
�

i

	i

f � �
dS = li:
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Note that the fractional flow function �(S) is the same for all rocks in both media.
Thus, over rock N in medium 1 we have

u�o

kN

Z S
+

N�1

SN

	N

f � �
dS =

lNu�o

kN
=

Z S
+

N�1

SN

FN (S) dS; (50)

where

Fi(S) =
u�o	i

ki(f � �)
=

krwkrodp
i
c=dS

(f � 1)krw +Mfkro
: (51)

Similarly, in medium 2

u0�0o
k0N

Z S
+
0

N�1

SN

	0

N

f � �
dS =

l0Nu
0�0o

k0N
=

P 0

c

Pc

Z S
+
0

N�1

SN

FN (S) dS: (52)

From our assumptions li=L = l0i=L
0, ki=kH = k0i=K

0

H and Ne = N 0

e it easily
follows that liu�o=ki = l0iu

0�0oPc=k
0

iP
0

c; hence, by comparing the right-hand side
equations in (50) and (52) we find that

Z S
+
0

N�1

SN

FN (S) dS =

Z S
+

N�1

SN

FN (S) dS:

The integrand FN (S) does not change sign within the limits of integration, thus
we conclude that

S+
0

N�1 = S+N�1:

It follows that

S�
0

N�1 = S�N�1 (53)

since corresponding saturation discontinuity functions are identical for the two
media: �i;i�1 = �0

i;i�1, which is easily verified. Now repeat this argument for
rock N � 1, starting from (53). We finally obtain

S�
0

0 = S�0 = SN

hence (49) is proved; in particular, S0(x) is the periodic profile.
The result (49) implies that the two media have identical effective properties;

more precisely, for each given f we have (aj) keff
rj = keff0

rj (j = w; o), (b) peff
c = peff0

c

and (c)Seff = Seff0 . To prove (aj), recall that keff
rj = uj�jL=kH�pj (assume u > 0
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and f 6= 0; 1). Then, by our assumptions M =M 0 and Ne = N 0

e, it easily follows
that (aj) is true if and only if

�pj

�p0j
=

Pc

P 0
c

: (54)

To check this we may take j = w. Recall that total pressure drop is given by (see
(27), (29) and (30))

�pw =
NX
i=1

(�pw)i +
X
i2Aw

(�pc)i:

First compare the pressure drops (�pw)i over the ith rock in the two media. Starting
from (13) in medium 2 we get

(�pw)
0

i =
fu0�0w
k0i

Z x0
i

x0
i�1

1
krw(S0(x))

dx

= f

Z S0
i

S0
i�1

M 0

krw
F 0

i (S) dS

=
P 0

c

Pc
f

Z Si

Si�1

M

krw
Fi(S) dS

=
P 0

c

Pc
(�pw)i:

It remains to check that (�pc)0i = (Pc=P
0

c)(�pc)i if i 2 Aw. This follows easily
from the assumption pi

0

c (S) = (P 0

c=Pc)p
i
c(S); thus (54) is proved. The claim (b) is

proved similarly.
Finally we want to check the claim (c). By definition

Seff =
1

�AL

X
�i

Z
i
S(x) dx; (55)

where

Z
i
S(x) dx =

Z xi

xi�1

S(x) dx =
ki

u�o

Z S
�

i

S+
i�1

SFi(S) dS;

or

Z S�
i

S
+

i�1

SFi(S) dS =
u�o

ki

Z xi

xi�1

S(x) dx: (56)
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Applying our result (49) we get in medium 2

Z
i
S0(x) dx =

k0i
u0�0o

Z S
�

0

i

S+
0

i�1

SF 0

i (S) dS =
k0iP

0

c

u0�0oPc

Z S
�

i

S+
i�1

SFi(S) dS:

Hence by (56)

Z
i

S0(x) dx =
k0iu�oP

0

c

kiu0�0oPc

Z
i

S(x) dx:

Therefore, since ki=k0i = kH=k
0

H , �i=�0i = �A=�
0

A, we get

S0eff =
1

�0AL
0

X
�0i

Z
i

S0(x) dx =
k0Hu�oP

0

c

kHu0�0o�AL
0Pc

X
�i

Z
i

S(x) dx: (57)

Comparing (55) and (57) we find that S0eff = Seff if and only if N 0

e = Ne, thus (c)
holds.

5.5. RELATION TO OTHER WORK

Capillary limit effective parameters have been studied by several authors; a number
of different approaches have been applied: Volume averaging methods (Quintard
and Whitaker [17–19]), stochastic methods (Shvidler ([21]), method of multiple
scales combined with perturbation methods (where capillary equilibrium is appar-
ently an implicit assumption) (Saez et al. [20], Amaziane et al. [2], Amaziane and
Bourgeat [3], Bourgeat [4]), numerical methods (Smith [22]), percolation theory
(Yortsos et al. [24]), self-consistent approximation (Ekrann et al. [12]). The paper
[19] reports on several numerical experiments performed in order to identify the
range of validity of the capillary limit condition in one dimension, analogous to our
Section 6. Studies of the viscous limit effective parameters are more scarce (Smith
[22], Dale [7]).

The main purpose of the present paper is to fill the gap between these two limiting
cases, by constructing effective parameters for intermediate values 0 < u < 1
of the total velocity u, under the separation of scales condition. Trying to avoid
scale constraints may lead to ill-defined effective parameters, see Quintard and
Whitaker [9]. In their theory, the non-uniform saturation profiles generated when
the capillary equilibrium and separation of scales conditions are removed, lead to
effective relative permeabilities that are not well-behaved (pp. 460–467).

Using stochastic analysis and perturbation theory, Chang et al. [6] and Abdin
et al. [1] study effective parameters of steady state flow in a randomly heteroge-
neous one-dimensional medium. Based on a specific choice of correlation function
for absolute permeability, and an exponential relationship between relative perme-
ability and capillary pressure, they derive first-order perturbation formulas for the
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effective relative permeabilities. However, saturation does not enter explicitly in
their set-up, therefore it is difficult to compare their results to ours.

The possibility of discontinuous capillary pressure at the interface between
different rocks, and its influence on effective parameters (see Equations (18)–
(23)), is not considered by any of the above authors. This problem (‘the extended
pressure condition’) is studied in [9] by C. J. van Duijn et al.; their results are
consistent with ours.

6. Applicability of Capillary Limit Effective Parameters

The methods detailed have been implemented into a software package, EFFEC-
TIVE, facilitating convenient computation of two-phase effective parameters for
one-dimensional heterogeneous media. This software has been used to compare
capillary and viscous limit effective parameters with their finite velocity coun-
terparts. In two-dimensional and three-dimensional models, the capillary limit
assumption tremendously simplifies determination of effective parameters. In fact,
analytical results are available only for this limit. Thus, the question of applica-
bility of capillary limit effective parameters is of practical importance. It should
be borne in mind, though, that the computations to be reported were carried out
in one dimension, and thus do not tell the full story about two-dimensional and
three-dimensional problems.

Computations were carried out for water wet and mixed wet media. Viscosities
were always 1.0 cp and 2.0 cp for water and oil, respectively. In the water-wet
media individual rocks were assumed to have identical relative permeabilities, and
capillary pressures determined by the absolute permeability

pic(S) = J(S)

p
�ip
ki

: (58)

Here,  is surface tension, � porosity, and J(S) a Leverett J-function.
Results are presented versus an inverse macroscopic capillary number

" =

p
kH�

L�ou
(59)

giving a measure of the ratio between capillary and viscous forces (Yortsos and
Chang [23]; Chang and Yortsos [5]). Note that " does not give a complete descrip-
tion; it does not react to the shape of the J-function, nor to variation of water
viscosity or to sequencing of rocks. In the mixed wet media, we need to define a
pseudo surface tension

 =

p
kHp
�
�pc; (60)
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where

�pc =
1
N

NX
i=1

(pic(S
i
wc)� pic(1 � Si

or)) (61)

from which " can be defined. Absolute permeability enters in a square root, because
of the correlation with capillary pressure. In the experiments to be reported, " is
varied by varying L.

6.1. WATER-WET MEDIA

Two different heterogeneous media were constructed from 5 rocks of equal length,
having absolute permeabilites ki = i D for i = 1; : : : ; 4 and k5 = 0:25 D. Porosity
is 0.25 for all rocks. Relative permeabilities are krw = S2, kro = (1 � S)2 for all
rocks. To investigate the effect of the shape of the J-function, two formulas were
used in the calculations:

J(S) = 1� S;

J(S) = (1� S)(2S2 � 2S + 1):

Two different sequencings have been considered: Medium A has 2-5-1-3-4 (left
to right), and medium B has 5-1-2-3-4. The interfacial tension is 20� 10�3 N/m.
Only medium B appeared to be sensitive to the shape of the Leverett J-function.

6.2. MIXED WET MEDIA

Two different media were used, each composed of 3 rocks of equal length. Rocks
all have absolute permeability 1. Medium D and porosity 0.25. Capillary pressure
curves for individual rocks are shown in Figure 7. For medium C, rock relative
permeabilities were:

Rock 1 Rock 2 Rock 3

krw 0:2S2 S2 0:5S2

kro (1� S)2 0:2(1� S)2 0:5(1� S)2

Medium D differed from medium C only by its relative permeability curves,
which in this case were the same for all rocks, krw = S2, kro = (1� S)2.

6.3. RESULTS

As examples of effective parameters, medium A (nonlinear Leverett J-function)
effective relative permeabilities are shown for different capillary numbers in Fig-
ure 5.
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Figure 7. Rock 1–3 capillary pressures.

Results are otherwise presented in two ways: Table I is based on visual observa-
tions. An entry C.L. indicates that effective relative permeability curves practically
coincide with their capillary limit counterparts. Similarly, V.L. indicates coinci-
dence with viscous limit curves. No distinction is made in the table between the
two different Leverett J-functions.

The same results are presented in Figures 8 and 9, showingSeff
wc�S

cap
wc (�S) and

keff
ro (S

eff
wc)�k

cap
ro (S

cap
wc ) (�kro), respectively, both versus the capillary number, ". In

the figures, we have distinguished between positive (+) and negative (�) direction
of flow. For medium B, we also distinguish between linear (l) and nonlinear (n).

The picture emerging is the same as that in the tables: For " > 100, we are
always practically at the capillary limit, while " 6 0:1 is close to the viscous
limit. With the data given, and u= 10 cm/d, " = 100 corresponds to L � 0:1 m for
media A and B. Thus, only for very small scale heterogeneities can we guarantee
applicability of capillary limit parameters in these low capillarity cases. Media C
and D have capillary forces a factor of about 20 larger, and " = 100 corresponds to
L � 2 m. Even in these cases, therefore, applicability of capillary limit parameters
can be guaranteed only for sub meter-scale heterogeneities, although this depends
on the accuracy required.
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Figure 8. Difference in irreducible water saturation.

Table I. Rate dependence of effective rel-
ative permeabilities.

Medium "

0.1 1 10 100

A V.L. — C.L. C.L.
B V.L. — — C.L.
C V.L. — — C.L.
D V.L. — — C.L.

7. Numerical Displacement Experiments

7.1. INTRODUCTION

In practical situations, the conditions for validity of effective parameters discussed
in Section 2 are never satisfied in a strict sense. Also, the steady-state approach taken
may seem to be too restrictive. The question immediately arises, therefore, as to
the applicability of our effective properties in real-life problems. In this section, we
report some numerical experiments to address this question. Displacement of oil by
water was considered, in one-dimensional reservoirs. For a given heterogeneous
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Figure 9. Difference in endpoint oil relative permeability.

reservoir, a detailed simulation of the process provided a ‘true’ solution. The
same process (identical initial and boundary conditions) was then simulated in a
homogeneous reservoir of the same total length, with rock properties equal to the
effective properties of the original medium, computed as detailed previously. The
discrepancy between these two solutions is then taken as a measure of applicability
of the effective properties in the case in question.

7.2. EXPERIMENTAL SETUP

Heterogeneous media A and C were considered, see Section 6. In medium A, we
used J(S) = (1 � S) (2S2 � 2S + 1). Individual rocks were taken to be 20 cm
long in each case, and the reservoirs were each made up of 20 periods, providing
for a total reservoir length of 20 and 12 m, respectively.

Reservoirs were initially 100 percent saturated with oil. We wanted water to
be injected at a constant pressure, and production to take place at a given rate.
The reservoir simulator used handles flow to wells somewhat unphysically ([10]),
inasmuch as the well block oil pressure is used for both phases. This prevents
imbibition at the inlet, and outlet end effects. A dummy block was added at the
inlet, with a very large pore volume and large permeability, and with large fluid
and rock compressibilities. Its capillary pressure is zero. Initially, the block is
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Table II. Cases.

Case Medium u (cm/d) �w (cp) "

A1 A 0.864 0.1 39
C1 C 0.864 0.1 1.6 103

C9 C 86.40 10 16

100 percent water saturated. This approximates the constant pressure boundary
condition wanted, while allowing for countercurrent imbibition. At the outlet, an
extra dummy gridblock was added, of the same size as the standard gridblocks (see
below). Permeability is high, and capillary pressure zero, allowing for outlet end
effects.

In the reservoirs, fluids (and rocks) were taken to be (almost) incompressible.
Oil viscosity was always 2 cp. The three different cases considered are shown
in Table II. In the table, " was computed according to (59), with  computed
according to 61 if necessary. Note that water viscosity is not taken into account
in these formulas. The experiments reported in Section 6 used �w = 1 cp. In
comparison, �w = 0:1 cp and �w = 10 cp should imply less and more influence
by viscous forces, respectively, in particular at high water saturations. The low
velocities for cases A1 and C1 was chosen not for realism, but to put our methods
to a severe test.

Judging by the capillary numbers, we expect case C1 to be very close to the
capillary limit. Also, case A1 would be expected to be capillary dominated, while
case C9 is more intermediate.

Effective oil relative permeabilities are not defined at zero water saturation.
Due to the way the simulations were carried out (100 percent oil initially), we
augmented the curves produced by EFFECTIVE by feeding the simulator the
correct (one-phase) effective oil relative permeability at S = 0.

In simulating displacement in these heterogeneous reservoirs, and their homo-
geneous counterparts, we have used a uniform grid with �x = 0:01 m (except for
the dummy inlet block). The main practical advantage offered by effective parame-
ters, of course, is the possibility to handle small-scale heterogeneities accurately
with coarse numerical grids. However, effective parameters are material properties,
defined without any reference to numerical grids or to numerical simulation. We
have chosen to focus on these fundamental aspects, and used the fine grid even for
the homogeneous reservoirs to eliminate numerical effects as an issue.

7.3. RESULTS

Simulation results are presented in Figures 10–16. Each figure shows results from
a heterogeneous reservoir (full line) and the corresponding homogeneous reservoir
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Figure 10. Pressure drop, case C9.

Figure 11. Producing oil fraction, case C9.

(dashed line). Results from case C1 are not presented, being quite similar to the C9
case.

Figures 10 and 13 show pressure drops vs. time. Pressure drops in heterogeneous
reservoirs are measured from the inlet gridblock to the last gridblock in the last rock
of the same type, and between the same gridblocks in the homogeneous reservoirs.
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Figure 12. Saturation distribution after 0.6 PV case C9.

Figure 13. Pressure drop, case A1.

7.4. DISCUSSION

Results are quite satisfactory, in particular for case C9, where breakthrough is off
by less than 2 percent, and final pressure drop by some 2.5 percent (Figures 11
and 10). Total production is slightly larger from the homogeneous reservoir, while
backproduction (not shown) is larger (0.6 percent of original oil in place, vs.
0.2 percent) from the heterogeneousone. These slight discrepancies are presumably
caused by end effects.
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Figure 14. Producing oil fraction, case A1.

Figure 15. Saturation distribution after 0.13 PV, case A1.

Note from Figures 12 and 13 how the homogeneous reservoir averages the
saturation distribution obtained in its heterogeneous counterpart. These figures
also illustrate why the steady-state approach taken in developing the pseudos is
not as limiting as it may appear: Behind the front, the average saturation is seen to
be reasonably constant. Thus, the separation of scales condition is well satisfied,
and the saturation distribution is close to what it would be in steady state, at the
prevailing fractional flow.

In the front region separation of scales is clearly not satisfied. Even so, the
front seems to be reasonably well approximated. Whether this is an artifact of our
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Figure 16. Saturation distribution after 1.3 PV, case A1.

particular examples has not been established. In any case, the front region would
normally be short compared to the total reservoir length. Inaccurate treatment
would therefore presumably have but a small effect on overall performance.

Case C1 (not shown) is heavily capillary dominated, as witnessed by " =
1:6 103. Capillary end effects are very important. Performance is almost as good
as in the C9 case. Breakthrough is off by some 2.5 percent. Backproduction has
doubled from the C9 case.

Case A1 is capillary dominated, and water wet, which resulted in large back-
production (about 25 percent of original oil in place). Countercurrent flow is not
considered when computing effective properties, see Section 4, where 0 6 f 6 1 is
assumed. Also, spontaneous imbibition is an inherently transient process, for which
our steady-state approach conceivably may be inappropriate. Finally, Figure 16
shows pronounced end effects, persisting for a significant part of the reservoir,
causing the average saturation to be far from constant in these regions. Perfor-
mance may still be considered acceptable, however. This is heartening, indicating
that effective properties may be applicable in a wide range of practical situations.

8. Summary and Conclusions

We have constructed the effective relative permeability curves and the effective
capillary pressure curve for a heterogeneous one-dimensional porous medium. The
unit cell for the heterogeneities is composed of a finite number of homogeneous
rocks in series. All rock parameters, including relative permeability curves and
capillary pressure curves, are allowed to vary independently between different
rocks.
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The effective parameters are determined on the basis of the steady state sat-
uration distribution in the medium, with periodic boundary conditions. Capillary
equilibrium is not assumed, thus saturation distribution is allowed to vary within
the averaging volume. Special care has to be taken with respect to pressure discon-
tinuities at the interface between neighbouring rocks; this phenomenon may occur
if neighbouring rocks have different capillary pressure endpoint values. In these
cases, the common harmonic averaging procedure to calculate effective relative
permeabilities has to be modified.

The effective parameters are generally rate dependent. By letting the rate tend
to zero, keeping all other rock and fluid parameters fixed, we show that the well
known effective properties for capillary equilibrium conditions result. As the rate
tends to infinity, we obtain the effective properties for viscously dominated flow.
The effective parameters as functions of the correlation length show the same
convergence behaviour: As the correlation length increases from zero to infinity,
corresponding effective parameters vary from the capillary limit to the viscous
limit parameters.

By construction, our effective parameters are applicable when the spatial sepa-
ration of scale conditions are satisfied, and the flow is sufficiently slowly varying.
To study their applicability in dynamic displacement situations, we compare fine
gridded simulations in heterogeneous media with simulations in their homoge-
neous, effective counterparts. Performance is quite satisfactory, even with strong
fronts present, indicating that our effective properties may be applicable in a wide
range of practical situations.
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