fluid flow

kes = effective thermal conductivity of a packed bed in the
absence of fluid flow

k, = thermal conductivity of gas

log = natural logarithm

logyy = logarithm to base 10
N = number of samples

p(6) = probability density function

8§ = log population standard deviation

T = temperature

Ty = bulk temperature of the bed

Ty = wall temperature of the heater

\% = superficial air velocity

Vs = minimum fluidization velocity

x = distance from heat transfer surface

Greek Letters

) = interval length

€ = void fraction (effective)

€ = void fraction of a loosely packed bed

€ = void fraction of a densely packed bed

0 = time

0, = emulsion (packet) residence time

0. = root-square average emulsion (packet) residence
time by Equation (3)

0, = log sample mean of residence times

Mo = viscosity of gas

T = 3.1415926

Pe = emulsion (packet) density

Py = density of gas

Ds = solid density

oy = log sample standard deviation
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The Critical Velocity in
Pipeline Flow of Slurries

In slurry transport, the critical velocity is defined as the minimum veloc-
ity demarcating flows in which the solids form a bed at the bottom of the
pipe (bed load flows) from fully suspended flows. An analysis based on
balancing the energy required to suspend the particles with that derived
from dissipation of an appropriate fraction of the turbulent eddies is used
to develop a correlation for prediction of the critical velocity. Comparison
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of the results with available experimental critical velocity data, relating to

arather wide variety of slurry systems, confirms that the present correlation
does a superior job of prediction than all previously proposed critical veloc-

ity correlations.
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SCOPE

The principal objective of this work was to develop an
analytical procedure for predicting the critical velocity for
slurry transport in pipelines. The prediction of the critical
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velocity, defined as the minimum velocity demarcating
flows in which the solids form a bed at the bottom of the
pipe from fully suspended flows, is an eminently practical
problem in itself. However, the analytical approach des-
cribed here derives its broader relevance from the fact
that it constitutes an attempt to establish a better under-
standing of the complex problem of slurry transport.
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CONCLUSIONS AND SIGNIFICANCE

A correlation for the prediction of the critical velocity
for pipeline flow of slurries was developed using an anal-
ysis based on balancing the energy required to suspend
the solid particles with that derived from dissipation of an
appropriate fraction of the turbulent eddies of the flow.
The significance of the present work resides in the fact

that the resulting correlation does a demonstrably better
job of predicting the critical velocity than that with pre-
viously available correlations. Aside from the practical
importance of the results, the analysis presented here rep-
resents an attempt to establish an understanding of slurry
transport.

There are a number of important problems relating to
transport of slurries in pipelines. Among these the essen-
tial ones, from a technical viewpoint, are the determina-
tion or prediction of the relationship between head loss
and throughput, the prediction of the prevailing flow re-
gime given a slurry under prescribed flow conditions and
the estimation of the critical velocity. This article is con-
cerned with the last of these, namely, it is concerned with
the description of an analysis which leads to a correlation
for predicting the critical velocity in slurry transport. The
literature on slurry transport has become quite extensive
in recent years, and the associated research activity has
clearly been motivated by the recognition that slurry
transport constitutes a promising alternative surface trans-
portation method for solid commodities, mainly coal.

The quest for developing correlations for predicting
pressure drop in slurries dates back more than seven
decades to the work of Blatch (1906) who proposed a rudi-
mentary relationship, which has long since been super-
ceded. Subsequent pressure drop correlations were pro-
posed by Howard (1939), Wilson (1942), Newitt et al.
(1955), Durand and co-workers (1951, 1952, 1953a, b),
Zandi and Govatos (1967) and Turian and Yuan (1977).
The work of Durand and co-workers in the early fifties
represents the first major milestone in the area of slurry
flows, since it involved exploration of the widest range of
pertinent variables up to that time. In particular, they
used sand and gravel slurries, with particle sizes ranging
from 0.2 to 25 mm, in pipes ranging in diameter from 3.8
to 58 c¢m, and solids concentrations up to 60% by volume.
The resulting correlation from Durand’s work, given by

iy _ [ v? \/E[—)]"' )

i.C gD(s — 1)

does identify the main variables governing the flow but
has been found to be inadequate, in the main, in predict-
ing head loss in general even when the adjustable con-
stants K and m are specifically selected. In Equation (1),
C, is the drag coefficient for settling of the particle at its
terminal velocity in the stagnant unbounded liquid, and
for the equivalent spherical particle of diameter d it is
given by

_4gd -1
R @

©

Co

The next important contribution is due to Zandi and
Govatos (1967) who proposed the following .improved
modification for prediction of slurry pressure drop:

i—iy

Iy

=280y~%  fory<10 (3)

ity for > 10 4

= 6.30y—0%

L
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with
v=—=2—/Cp ®)

- gD(s — 1)

The correlation given by Equations (3) and (4) is, accord-
ing to Zandi and Govatos, valid when the transition criter-
ion given by

02\/ CD

N, =———=D__
" CcDg(s - 1)

> 40 (6)

is obeyed. According to these authors, data characterized
by N; <40 do not belong to the fully suspended regimes
of flow.

In a more recent study, Turian and Yuan (1977) de-
veloped an extended pressure drop correlation scheme
which accounts for each of the four main flow regimes
observed in slurry transport. These were classified ac-
cording to increasing slurry velocity as flow with a station-
ary bed, saltation, heterogeneous and homogeneous flow.
The classification is only broadly descriptive and is some-
what arbitrary, as explained by Turian and Yuan (1977).
Using a total number of 2 848 data points, relating to
ranges of the pertinent variables extensive enough to span
?ll four flow regimes, they developed the following corre-
ations:

Flow with a stationary bed (regime 0):

‘ 2
f~f,, = 0.4036 CO-138 f, 01717 G, 04054 [_ v ]-x.m I
Dg(s—1)
Saltation flow (regime 1):
2
—f,, = 0.9857 C 1018 f, 1.046  ~0.4213 [_L__]—l.au
. fatoo Gyems o ®)
Heterogeneous flow (regime 2):
2
—f,, = 0.5513 Co8687 £, 1.200 G ~0.1677 [__v____]—o.auas 9
5, futm G [ | oew (9
Homogeneous flow (regime 3):
2
~fw = 0_8444 C0‘5024 wl.428 C 0.1516 [—_U—] -0.3531 10
. e P (10)

In addition, these correlations were used to develop a
generalized quantitative regime delineation scheme ca-
pable of ascertaining the flow regime which might prevail
under prescribed conditions (Turian and Yuan, 1977). A
detailed comparison among the various pressure drop cor-
relations which have been proposed, and an evaluation of
their effectiveness in predicting head loss, is given by
Turian and Yuan (1977). Furthermore, the utility of these
results and of Zandi and Govatos” (1967) result, Equation
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(6), in predicting the critical velocity will be examined
later in light of the result of the present work.

THE CRITICAL VELOCITY

The critical velocity v, is defined variously as the mini-
mum velocity which demarcates flows in which the solids
form a bed at the bottom of the pipe (designated here as
bed load flows) from fully suspended flows, or as the mini-
mum velocity at which steady state operation, as
confirmed by pressure drop data, can be sustained with-
out settling of particles in the pipe. The former, more
general, interpretation is adopted here in recognition of
the fact that steady state flows of slurries in pipelines are
not incompatible with the deposited state. The evident
practical significance of the critical velocity has motivated
many studies at determining it experimentally or at de-
veloping correlations capable of generalizing the data to
permit its prediction under more extended conditions.
However, presently available correlations usually yield
predictions for the critical velocity that are widely di-
vergent. Moreover, there are important qualitative dif-
ferences among the various critical velocity correlations,
many failing to account for one pertinent effect or another.

Under restricted conditions, which includes uniformly

2.0

€=0.10 C=0.15
= — |
g
&
3
T
w
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0 1 ) 2 3

d,mm
Figure 1. F, as function of particle diameter and slurry concentration
{Durand and Condolios, 1952).

10.0

Fi'=[v./v/2gD(s-DKD/d) /¢
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1.0 10.0

C

100.0

Figure 2. F,' as function of slurry concentration {(Wasp et al., 1977).
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sized spherical particles and smooth pipe walls, the crit-
ical velocity dependence can be expressed by

U =j[d:DaCs(ps_pl)g:phy'] (11)

Inclusion of the combined terms (p; — p;)g implies that
we consider that the effect of gravity is only manifested
through the buoyancy forces on the particles. Rewriting
Equation (11) in dimensionless form, we get

e~ /[(9) DpVed(s - 1)
Vad(s — 1) D/’ u

The characteristic velocity \/gd (s — 1) is used here to
define the Reynolds number on the right-hand side of
Equation (12) and is the counterpart for settling of spheres
of the friction velocity vy = V7¢/p; in pipe flow in which 7,
is the wall shear stress. For, at steady state, the drag force
F;, on a sphere settling in the liquid is equal to the net
value of the gravitational and buoyant forces:

d® (1 wd®
Fp= -’T——(~ 2) Cp =g p, -
p="\gP<) Co = ==&l — p) (13)

,c] (12)

which gives
Veds - 1) = %om VCo (14)

The analogous expression in pipe flow, of course, states
that the friction velocity v, is directly proportional to the
average velocity and the square root of the friction factor.

Some of the various expressions for the relationship
given by Equation (12) that have been proposed are given
in Table 1. The entries in Table 1 suggest that the variety
of proposed critical velocity relationships is rich, but
there is clearly a need to seek some sort of reconciliation
among the widely disparate predictions that they yield.
Furthermore, those relationships which do not show any
dependence on slurry concentration C, and they consti-
tute a majority, are inherently limited because they ig-
nore the critical importance of particle-particle interac-
tions in multiparticle systems on the settling behavior.

The expressions for the regime transition numbers Ry,
Ry, Ry for use with the critical velocity expressions due
to Turian and Yuan, in Table 1, are given by

2

Ron= 31.9301.()83fwl.OGfCD—O.0616Dg(S D (15)
02
R = 0a608C 038y, 10w ommpy ;- p) 1O
o2
R = 3703 COmy, om0 Dgls 1) )
DEVELOPMENT OF A CRITICAL
VELOCITY CORRELATION

We start our analysis by considering the case of a parti-
cle settling at its terminal velocity v.. in an unbounded
fluid medium. The drag force exerted on the particle by
the fluid is given by Equation (13), and C,, is the drag
coefficient calculated in the usual way. In order to keep a
particle stationary and suspended, the fluid must flow up-
wards at velocity v., and the drag force on the particle is
again given by Equation (13). Hence, the rate of dissipa-
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TasLE 1. ProposeD CriTiCAL VELOCITY CORRELATIONS

Author

(1) Durand and Condolios (1952)*
(2) Kao and Wood (1974)*

(3) Newitt, et al. (1955)
(4) Spells (1955)
(5) Turian and Yuan (1977)**

\V/2F, (d/D)"12
8/3a8% (d/D)Y" (d/D) 12

34/V3Cp

[[0_025] (Dv Pm /“)0.715}1/2

vc/ \ gd(s - 1)

Comments

F,=fn(d,C)
a =221 (14n)(2+n)
B=(2n+1)(n+1)/2n®

[31.93C"““f.,,‘~°°‘C,,"°~°°‘°D/d]1/2 Ry Rp=<1
[0.3703 o183 fwao.saa1 CD—o 498 1) /d]llz Rox, Roz =1
[0' 4608 C 0235 f, ~1.085C —0.5006 ) /d]uz R, Res=<1
V2F, (@) F, =fn(C)

(6) Wasp, et al. (1977)**
(7) Zandi and Govatos (1967)

* F, given in Figure 1.

+ With 7<n < 10.

** Re1, Rz and Rys given by Equations (15) to (17).
++ F,' given in Figure 2.

tion of energy to keep the particle suspended, due to drag,
is given by

2
PD=FD'Uao=CD('1‘Pﬂ-73)ﬂ—d—Uw (18)
2 4

We now consider the situation of suspended flow at the
incipient critical condition, and we imagine it to be simi-
lar to the case of a fluid flow past a stationary particle. We
also imagine that the energy required to maintain the
particles in suspension is derived from the dissipation of
the turbulent eddies. Here, again, the drag force on the
particle is given by (13) in the form

= 1 2) nd?

Fy=Cp (2Plvs 4 (19)
where now v, in Equation (19) is the settling velocity of
the particle in the presence of other particles, that is, it is
the hindered settling velocity of the particle, and C,, is
again the drag coefficient calculated in the usual way. The
velocity v, depends on the concentration of particles in
the slurry and can be given by

v, =0, (1-C) (20)

We shall elaborate on the hindered settling velocity in the
next section.

The drag force, given by (19), exerted by an eddy to
keep a particle stationary and suspended lasts for the life-
time of that eddy. In other words, this force is exerted by
the eddy over a distance equal to the eddy mean length.
Assuming that the carrier fluid is flowing at conditions
corresponding to the fully turbulent region, and that the
turbulence is nearly isotropic, we can estimate the time
averaged mean eddy length l,. The energy per particle
dissipated by the eddy to keep the particle stationary and
suspended is equal to

(Eu)x =Fpl, 21
Accordingly, using Equation (19), we get
1 d>
Ep)=Cp (Epzvf) Ez—l; (22)
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(40C/\/Cp)Y/2(d/D)~ V2

Assuming a uniform concentration C of particles of size d
across the pipe cross section, we can determine the total
number of particles in a unit length of pipeline from

wD?
4 3 D2

N = edle) ~2° & (@3)

From (22) and (23) we can obtain the total energy required
per unit length of pipeline to maintain all the particles in
suspension, and this is equal to

3 1 l, wD2
=NpEpy==CC (_ sz) e 24
Ep=Npu(Ep)h PR D 2Plv d 4 (24)

In the homogeneous flow regime, the turbulence of the
fluid is such that the energy usually exceeds that corre-
sponding to E;. Hence, the particles will follow random
movements similar to those of the eddies. As the mean
flow velocity is reduced, the energy transferred to the
particles decreases, and there is a corresponding decrease
in the random motion of the particles. As the velocity is
reduced still further, a point is reached when the turbu-
lent energy transferred to the particles just equals E;,. We
take this point to correspond to the critical condition and
the corresponding velocity to be the critical velocity. If
the mean slurry velocity is reduced still further, the ener-
gy supplied by fluid turbulence can no longer sustain full
suspension, and the particles will begin to settle to the
bottom of the pipe to form a bed of solids. The formation
of this bed of solids reduces the cross sectional area for
flow, which in turn increases the mean slurry velocity
locally in the reduced flow region. We presume that the
deposition of solids and the associated formation of a sta-
tionary bed and reduction of cross-sectional area continue
until the energy supplied by the fluid turbulence equals
(Ep), per particle.

In order to determine the critical mean slurry velocity,
it is necessary to determine what fraction of the turbulent
energy is effective in suspending particles against gravity.
In isotropic turbulence, the total turbulent energy is given
by Taylor (1935) as

(ET)v = g"Pt 0 (25)
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where ¢'= %o, 2 +v,/2+0v,)2 is the root-mean-
squared time averaged velocity fluctuation, defined as the
square root of the time average of the squares of the in-
stantaneous velocity fluctuations v,’, v,’, v,’, in the x, y
and z directions, respectively. Pertinent details on iso-
tropic turbulence, especially as they relate to the problem
under consideration here, are considered later. For the
present, we proceed by asserting that of the total energy
(Er)y, which is indifferent to direction and spreads equally
in all six directions (* x, * y, + z) for isotropic turbulence,
only the energy corresponding to the +y direction (that is,
the y axis is taken in the direction of the vertical or —g
direction) is effective in keeping the particles in sus-
pension. The fraction of turbulent energy corresponding
to only the +y direction is, therefore, equal to (Ey),/6.

From Equation (25), this fractlon of the turbulent energy"

is given by
) S
(Er)e =Pt (26)

Further, as shown subsequently, this equation can be ex-
pressed as

1
(Er)u+y = ZPI v,? @7

The friction velocity can be calculated from the mean flow
velocity v using the following relation due to Blasius
(1908), derived on the basis of the (1/7)'* power law veloc-
ity profile:

1/2
u.,=(7—°) = 0.20Ng,, -8 (28)
pL
where
N, = 2281 (29)
7

Substituting (28) into (27), we obtain
(ET) ¥= ‘—i‘pl (0 0402NR _1/4) (30)

Now (Er); ¢ is the turbulent energy, per unit volume of
fluid, used in maintaining the particles in suspension. The
corresponding energy based on unit length of pipe is
given by

2
(1-C) @1

D
(B = )V

Combining Equations (30) and (31), we get

_1/417D

(Er)iv =001 p0*N g, #T=—(1-C)  (32)

As explained earlier, when the condition of critical
velocity is attained, the energy required for the particles
to remain in suspension E;, must be equal to the fraction
of the turbulent energy effective in suspending them,
(Ex)*Y; that is, when v =v,

Ep=(E7n)*? (33

From Equations (24) and (32) we obtain, therefore

36 ) 47
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1/4 Z'_.z(

= 0.01p,0¢ Npo," 1-C) (34)

The eddy length [, in Equation (34) is also estimated from
the expression derivable using the (1/7)"" power law
(Davies, 1972), and this is given by

I, = 0.05D Np,, /3 (35)

When the expression (35) is inserted into Equation (34),
one gets

15 C 2 D (D Pl) 1/8}8/15
2Cp—(— 36
ve = { 41-c> P\, (36)
Further, using Equation (21) for v,, we get

15 C . D(D p1)1/8}8/15
== 2 pecll el 3 37
v {4<1—C)1-2"°°°C°d ,L @n

In deriving Equation (37), we assumed that all the tur-
bulent energy attributable to the +y direction is used in
suspending the particles. It is, however, reasonable to
assume that a part of this energy, corresponding to the
smaller eddies, is dissipated into heat and will not con-
tribute to suspending the particles. We assume now that
only those eddies possessing instantaneous velocities
equal to or greater than the terminal settling velocities of
the particles are effective in maintaining suspension of
the particles. Letx be the fraction of eddies, with v, >v, at
anytime. Thus, the turbulent energy used in maintaining
suspension of particles is reduced by factor x, and Equa-
tion (32) is modified to the form

2
Enrv={001a0 MW TE-1-0)f s (38)

Hence the corrected correlation for v, is given by modi-
fying Equation (37) to

15 C D (Dpi\ }8/15
Ve = {4(1 - 2"CD°"d< ) Jx 39

The method for estimating x will be discussed later.
Finally, using the expression

02C, =4§gd(s—1> (40)

and substituting into Equation (39), we get

Ny ”_(:. = - {50(1 —C)Z'H(%)
(Dm\/id— E__—l_))m/x}s/l5 (41)

DISCUSSION OF BASIC RESULTS USED IN
CORRELATION

Before proceeding to an evaluation of the effectiveness
of the relation given in Equation (41), we examine in some
detail the various basic results which have been incorpo-
rated in its derivation. The results pertaining to the eddy
length, hindered settling and to the estimation of the fac-
tor x in Equation (41) will be discussed in detail.

In isotropic turbulence, the root-mean-squared time av-
erages of the components of the fluctuating velocity are
equal in all three directions. Isotropic turbulence is ap-
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Figure 3. Voriotion of fluctuating velocities across pipe cross section
(Laufer, 1954)

proached in the region about the axis of the pipe in pipe
flow. In fact, the ratio 6, /v, (Where §, is the component in
the direction pointing radially inwards towards the pipe
axis; y = (D/2) —r = a —r is measured from the pipe wall)
is never far from unity except close to the pipe wall
(Davies, 1972). This is confirmed by the experimental
measurements of Laufer (1954) as reproduced in Figure 3.
The friction velocity v, is estimated in accordance with
the relation derived by Blasius (1908) using the empirical
(1/7)" power law velocity profile. We recognize that this
empirical velocity profile has some fundamental defi-
ciencies and, therefore, so does most probably the friction
velocity expression, Equation (28), derived from it. How-
ever, in view of the fact that the presence of the solids by
itself, particularly at the higher concentrations of practical
interest, will undoubtedly affect the turbulent flow in pro-
found though unknown ways, there seems to be little jus-
tification for reaching to greater erudition on the selection
of the friction velocity expression, if that were possible at
all. The objective in the present analysis was to use some
relationship for the energy, needed to suspend the parti-
cles, that was in some approximate sense intrinsic to the
turbulent flow. It is difficult to estimate how the presence
of the solids in high concentration alters the flow, but the
essential test of our final results is in their ability to pre-
dict the critical velocity.

Aside from the foregoing result for the mean fluctuating
velocity, we examine the result relating to the mean eddy
length. As shown in Figure 4, taken from Davies (1972),
the large eddies, which are relatively short lived, contain
perhaps as much as 20% of the total kinetic energy of the
isotropic turbulence, while medium sized eddies make
the main contribution to the kinetic energy. They are
commonly called the energy containing eddies, and their
characteristic size is denoted by [,. The small eddies con-
tain around 10% of the energy of the isotropic turbulence,
most of which they dissipate by viscous heating. For iso-
tropic turbulence, using Kolmogoroff's (1941a, b) relation
Py = (%')3/l,, and Blasius Equation (28), Davies (1972) de-
rived the equation for mean eddy length given by Equa-
tion (35). Therefore, the same reservations expressed in
the preceding paragraph relative to the friction velocity
also appy to eddy length expression.

The result for hindered settling in Equation (20) is from
Maude and Whitmore (1958) and was developed to ac-
count for the effect of the presence of neighboring parti-
cles on the settling of the individual particle. The expo-
nent n is found to be a function of the particle Reynolds
number Np,, as shown in Figure 5. Itis observed from this
figure that for Stokes’ law region (Ng,<0.3),n=4.65,
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Figure 4. Spectrum of eddies in isotropic turbulence (Davies, 1972).
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Figure 5. Hindered settling velocity exponent as a function of particle
Reynolds number (Maude and Whitmore, 1958).

while for Newton’s law region (N, > 1000),n = 2.33. The
concentration effect is more pronounced for nonspherical
and for irregular particles than for spherical particles
(Steinour, 1944). In the Stokes’ law region, because of
linearity of the governing equations, the motion in a given
direction is independent of the motion in a direction per-
pendicular to it, and the trajectory of the particle is that
resulting from superposition of one motion upon the
other. Qutside Stokes’ law region, motion in one direction
will be influenced by velocity components in other direc-
tions. Thus, the net vertical velocity of the particle will be
lower the higher the horizontal velocity component (Hol-
land-Batt, 1972). In the present analysis we choose n = 2
as an approximation which takes into account these var-
ious effects on the settling velocity.

We now attempt an examination of the factor x in the
critical velocity correlation Equation (41). The factor x
was defined as the fraction of the eddies having ¢, >v, at
any time. A definitive theory capable of predicting the
relationship for x is difficult. Accordingly, we assume that
the distribution of eddy velocities is similar to the distri-
bution of molecular velocities as derived in the kinetic
theory of gases (Kennard, 1938). It is found that the frac-
tion of molecules that have speeds above the value v is
given by

x=44r(ﬁ—3)

,”3/2

[ vie Fvdo
£l

m

= \_5_: 8 [ue —prot | L . dv] (42)
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TaBLE 2. EXPERIMENTAL CRITICAL VELOCITY DATA

Solid Fluid Fluid Particle Pipe
density density viscosity size diameter Concentration Number of

Source Slurry kg/m*x 1073 kg/m3x 1073 kg/m-s X 10® m x10° m X 10® vol. % data pts.

SRC Report V Coal/water 1.30-1.40 1.0 1.123-1.150 200-370 5.22-31.52 20-50 41
(1973)

SRC Report VI & VII Sand/water 2.65 0.98-1.0 0470-1300° 175-500 5.22-31.45 5-42 127
(1973)

SRC Report VI Sand/ethylene 2.65 1.10-1.35 5.6-38.0  200-500 5.24 5-42 91
(1973) glycol

Wasp, et al. Sand/water 2.65 1.0 0.98 250-2040 2.67-13.97 1-25 50
(1870)

Wasp, et al. Iron/kerosene 5.245 0.9 1.9-2.0 138 1.905 1-18 12
(1970)

SRC Report I1 Limestonefwater 2.755 1.0 0.98-1.12  100-415 5.245-13.77 12-40 21
(1973)

SRC Report IV Potash/brine 1.984 1.13-1.15 1.14-1.20 300400 5.22-26.31 30-50 15
(1973)
*Viscosity changed due to temperature changes. )

1.0 mental critical velocity data used here were collected
from the reports documenting the extensive slurry flow
research carried out by the Saskatchewan Research Coun-

08 cil (SRCY [see Turian and Yuan (1977)], from Wasp et al.

T (1977) and from Spells (1955). After the data were
screened for redundancies and evident inaccuracies, a
collection of 357 data points were gathered. Table 2 con-

06 tains descriptions of the slurry systems correspanding to

" this collection of data, and a detailed tabulation is given
by Oroskar (1979). For mixed particle sizes, the particle

04 diameter ds,, corresponding to that above which 50% of

T the particles by weight lie, was taken as the equivalent
particle diameter.

Comparisons of these data were made with Equation

o2l (41), with each of the correlations listed in Table 1, and
also with a modification of Equation (41) derived by re-
gression analysis based on the body of 357 data points

, , , . described above. This latter correlation was motivated by
0 0.5 1.0 15 2.0 25 3.0 the fact that our main result, Equation {41), in addition to

v/ ve)
Figure 6. Plot of x vs (v,/v,) from Equation (43).

where v = (2«0/\/1; ©0), and © is the average velocity of the
molecules. In the present situation, © corresponds to the
mean slurry velocity at the critical velocity condition v,,
and assuming Equation (42) applies here, the fraction of
eddies having velocities equal to or greater than the set-
tling velocity is given by

o

2 exp(—~4y3/m)dy} (43)

x= —\/—;{%vexp(—ﬁzlw) +L

where we have used y =v,/v.. The integral on the right-
hand side of Equation (43) is recognized as the error func-
tion, which is tabulated. It is therefore easy to obtain
values of x for different values of the ratio v,/v. through
use of Equation (43) as shown in Figure 6. It should be
mentioned that for the slurries for which critical velocity
data were available, and which were used to test our cor-
relation, the value of x was found to be usually close to
unity (> 0.95).

EXPERIMENTAL DATA AND CORRELATION BY
REGRESSION ANALYSIS

We present the results of comparisons of Equation (41)
and of previously proposed critical velocity correlations
with experimental data in the next section. The experi-
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providing prediction does serve to identify the variables
determining the critical velocity. This motivated us to
explore the possibility of further improved prediction
through development of the following extended form of
Equation (41):

U
Ved(s — 1)

in which the constants a,(i =0, 1,2,...5) are determined
by fitting the 357 critical velocity data by regression. In
Equation (44) we have used Nz, =Dp;\Vgd (s — 1)/u. The
result of the regression analysis using Equation (44) and
our data collection is given by

=a,C4(1 — C)2(d/D)3N%i x5  (44)

U

Ved(s — 1)
= 1.85C0 1536 (1 - C)o.am (d/D)—o.amﬁg.gsxo.ao (45)
EVALUATION OF CRITICAL VELOCITY CORRELATIONS

In order to compare the various correlations with the
experimental data, we calculate for each data point and
correlation the percent deviation given by

%dev=Dv=["_0£°ﬂ=L_—_"’Aﬂn2]x100

Uc (exp)

(46)

*SRC reports on hydraulic transport of solids are avaflable th

gh the Saskatchewan
h Council, Sask van, Canada.
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TasLE 3. ComparisON OF CRITICAL VELOCITY CORRELATIONS
Wit EXPERIMENTAL DatA

Correlation Overall % rms deviation
Present analysis, Equation (41) 25.94
Regression result, Equation (45) 21.82
Turian and Yuan (1977) 67.33
Zandi and Govatos (1967) 58.86
Durand and Condolios (19534, b) 51.26
Kao and Wood (1974) 61.90
Wasp et al. (1977) 49.80
Newitt et al. (1955) 73.2
Spells (1955) 62.0
64
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Figure 7. Comparison of critical velocity correlation, Equation (41),
with experimental data.

From the calculated values of D,; for each data point and
correlation, an overall percent root mean square deviation
was calculated for each correlation using

N 1/2
%mms dev=| 3 DAN| (47)

The results of the foregoing calculations are given in
Table 3, which clearly indicate that Equation (41) pro-
vides satisfactory prediction of the critical velocity. Fur-
thermore, these comparisons also demonstrate that the
extended correlation, Equation (45), derived using regres-
sion analysis results in only marginal improvement in pre-
diction over that using Equation (41). Nonetheless, both
Equations (41) and (45) do a superior job of prediction as
compared to correlations proposed by others before.
Graphical comparisons of the data with Equations (41)
and (45) are given in Figures 7 and 8, respectively.

CONCLUSIONS

The semitheoretical analysis used in the foregoing
yields results capable of very satisfactory prediction of the
critical velocity, and the results do clearly constitute
a marked improvement over available critical velocity
correlations. In view of the enormous complexity of the
problem of slurry transport, the evident success of the
present analytical approach is extremely encouraging.
Analytical approaches, like the one in this work, capable
of coming to terms with complex problems of the sort
under consideration here provide us with the potential for

AIChE Journal (Vol. 26, No. 4)

STRAIGHT LINE n=¢

N=Veerp/ V gd(s-1)

Figure 8. Comparison of critical velocity correlation developed by re-
gression, Equation (45), with experimental data.

greater insight into the problem. The prediction of the
critical velocity in slurry transport, is of course, an emi-
nently practical problem, and therefore these results are
useful regardless of the broader potentialities of the un-
derlying analysis.
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NOTATION
C

solids concentration, volume fraction

fi

C, drag coefficient for sphere settling at terminal veloc-
ity in quiescent fluid, Equation (2)

D = diameter of pipe, m

d = diameter of particle, m

D, = percent deviation, Equation (46)

dse = diameter corresponding to 50% on cumulative curve
for particle size distribution, m

Ep = total energy required to maintain particles suspend-
ed in a unit length of pipe, Equation (24), J

(Ep): = energy dissipated by eddies to maintain one particle
suspended, Equation (22), J

(Ez)v = turbulent energy per unit volume of fluid, Equation
(25), J/m?

F, = drag force on a particle, Equation (13), N

F.,F,' = factors used in critical velocity correlations, Table 1

= &(— Lp)D]f[2p, L v?, friction factor for slurry flow

S = friction factor for pure carrier liquid

g = acceleration due to gravity, m/s?

i = headloss for slurry flow

ty = headloss for pure carrier fluid

l. = mean eddy size, m

N, = [v*VCp}/[CDg(s - 1)¥, Equation (6)

Np = total number of particles in unit length of pipe

Nie = dv.p/i, partichei Reynob}ds Fumber

NRey, = Dvp/u, Reynolds number for carrier fluid in pipe

NRe = [DpVed(s — 1))/u, modified Reynolds number

Py = rate of dissipation of energy to keep particle sus-

pended, Equation (19), J/m®s
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Ry = regime numbers, equations (15) to (17)

s = (ps/m), ratio of solid to liquid densities

v = mean slurry velocity, m/s

v, = critical velocity of slurry, m/s

Ve = settling velocity of solid in unbounded quiescent
fluid, m/s

0, = hi d settling velocity of solid, m/s

vg = \/1/p,, friction velocity in pipe flow, m/s

O = root mean of time averaged square of velocity
fluctuation in direction i, m/s

x = fraction of eddies with velocities exceeding v,
Equation (43)

Greek Letters

Yy = p,/v., Equation (43)

B = carrier liquid viscosity, kg/m - s

Pt = ligquid density, kg/m?

Pm = glurry density, kg/m®

Ps = solid density, kg/m?

To = shear stress at pipe wall, N/m?

" = [v2V/C)/[gD (s ~ 1)], Equation (5)]
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The Continuous Membrane Column
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The continuous membrane column provides a revolutionary separation
technique. Both the most and the least permeable components can be
separated continuously to any degree without cascading. Experimental
data for several binary systems show good agreement with theory.

SCOPE

With the advance of hollow fiber technology, mem-
brane separation processes are becoming economically
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competitive with conventional separation methods
such as cryogenic fractional distillation and gas absorp-
tion. However, high cost is still a problem owing to the
large membrane area and many interstage compressors
required for cascade operations. The continuous mem-
brane column will undoubtedly change this situation.
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