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ABSTRACT

Duhamel’s theorem estimates the temperature of a heat conduction
body exposed to time variable heat exchange medium temperatures
(T,). Since the theorem is not applicable to variable convective, surface
heat conductance (h), new general solutions are obtained for variable
T, and h. These solutions are expressed in terms of normalized
temperature response functions of a body exposed to step functional
medium temperatures and include continuity constants to ensure
temperature continuity at each time for a change in h. Sample
applications of the theorem are presented for spherical food utilizing a
published analytical temperature response function.

NOTATION

a Characteristic dimension of a sample body or spherical

radius (mm)
bo,bl,b2,b3, Multiples of At which represent times of sudden
b(n—3),b(n—2), changes in the coefficient of surface heat transfer,
b(n—-1) Table 1
Bi =ha/k. Biot number
cl,c2,c3 Multiple of At which represents a time range for a
c(n—3),c(n—-2), constant # value, see Table 1
c(n—1)
D Domain of a body excluding its surface

*Currently with FMC Corporation, Food Ingredients Division, Philadelphia,
PA 19103, USA.
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=at/a’. Fourier number

Trial function which is dependent on location in a body
When £ is used without a subscript, it represents the
coefficient of convective surface heat transfer
applicable to any time range (w/mm?® C°)

xth coefficient of convective surface heat transfer
(w/mm? C°)

Summation index or thermal conductivity (w/mm C°)
Outward normal vector on body surface (mm)

Number of impulses after the last change in the
coefficient of surface heat transfer (—)

Radial variable (mm)

Summation index

Surface of a body

Time (s)

Time of the (x+1)st change in the coefficient of
surface heat transfer. For example, at #,; the
coefficient changes from A, to 4. (The first change at
tyo from zero to h,) (s)

Time of the (x+1)st change in heat exchange medium
temperature. For example, T,; changes to T, at #; (the
first change at ¢, from T, to T,;1) (s)

Location dependent continuity constant for thermal
influence of (x+1)st step-functional surrounding
medium temperature, occurred in a time range where
the yth coefficient of surface heat transfer, h,, is
applicable. This constant is estimated at the time
toz—1 When the coefficient of surface heat transfer
suddenly changes from (z—1)st value, h,_,, to the zth
vaue, h,. When y and z are not adjacent integers, the
continuity constant should be estimated successively
starting with #7%%!. Namely, one needs to calculate
each of fyn,,, where i=1,2,3..., z—y. For example,
thm o is the continuity constant for the first step
functional surrounding medium temperature present in
a time range where the first coefficient of surface heat
transfer, h;, is applicable. This constant is estimated
when the second coefficient, 4,, was suddenly changed
to the third coefficient, h;. The value of ti;2, is
required before estimating the value of 45, o (5)
Temperature (°C)

Surrounding medium temperature between (x—1)st
and xth step changes or of xth impulse (°C)

=T-T, (C°

Function used to solve heat conduction equation
Location coordinate vector (mm)

Thermal diffusivity (mm?®/s)

Characteristic root for spherical heat conduction. f
signifies the sth root for the xth Biot number, see eqn
(70)
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y Expression defined by eqn (69) I'y, signifies y for xth
Biot number and sth characteristic room

r Expression defined by eqn (69). Iy, signifies I" with xth
Biot number and sth characteristic roll

At Uniform time interval (s)

p =r/a, dimensionless radial variable

Y Normalized temperature response function for the xth
coefficient of surface heat transfer

Subscripts

a Surrounding heat exchange medium

bm Appended to ¢ to represent continuity constant

bo+1,bo—2, First, second, third and last impulse in time range of

bo+3,bo+cl h,, respectively

bl+1,b1+2, First, second and last impulse in time range of A,

bl +c2 respectively

b3+1 First impluse in time range of /15

b(n—3)+c(n—2) Last impulse in time range of &, _>

b(n—2)+1, First and last impulses in time range of A,

b(n—2)+c(n—1) respectively

b(n—-1)+1, First and second impulses in time range of h,,

b(n—-1)+2 respectively

b(n-—-1)+p Last step change in the time range of 4, (related to last
temperature in the time variable T,)

o Initial value

x xth value

1,2,3 First, second and third values, respectively

INTRODUCTION

Duhamel’s theorem has been used to derive an analytical heat conduction
solution for a body exposed to time variable medium temperatures using a
normalized analytical solution of the same body (Carslaw & Jaeger, 1972).
Several researchers (e.g. Hayakawa, 1971, 1972; de Ruyter & Brunet, 1973;
Uno & Hayakawa, 1980; Lekwauwa & Hayakawa, 1986) have applied this
theorem to estimate the transient state temperature of food subjected to
heating or cooling processes.

Food is frequently exposed to different heat exchange media within one
heat transfer process. During this process, an overall coefficient for
convective heat transfer (k) changes with time. For example, one heat
sterilization process usually consists of heating and cooling phases. Packaged
food is heated frequently by steam or a steam-air mixture during the
heating phase and cooled by water during the cooling phase. Duhamel’s
theorem cannot be used to estimate product temperature in this case since
the theorem assumes constant 4 (a heat conduction equation with variable 4
being mathematically nonlinear while the theorem is applicable only to
linear equations). The present paper shows a newly derived theorem
applicable to heat transfer processes with variable 4 and variable medium
temperatures.
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MODIFIED DUHAMEL’S THEOREM

Derivation of a new theorem is presented below starting with a simple case
of two changes in the A value (two & values) and of two step-changes in the
heat exchange medium temperature, 7, (two medium temperatures). This is
followed by a slightly more complex case of three changes in 4 and three
step changes in 7,. Any smooth change in 7, may be approximated by a
series of impulses with time variable A. Therefore, the third case is when
one impulse in T, followed by any number of changes in 4 is considered.
The result obtained is then used for the fourth case, a deviant thermal
process with a sudden medium temperature drop in the heating phase. The
last case is most general with any number of changes in # and with smooth
changes in T, approximated as a series of gates of uniform width.

1. Two step changes in 7, with two changes in h

Assumed changes in T, and £ are shown in Fig. 1(a). There are sudden
changes in the medium temperature at times 0 (=t,) and #,,, increasing to
T, from T, at 0 and decreasing from 7,, to T,, at #; (the medium
temperature being T, from —oo to 0). The coefficients of surface heat
conductance, k, changes from zero to A, at 0 (=t,,=t,) and from &, to A, at

A C
b, b b,
———ta—— h i+l i+2 i+n-1
H'—'—hl 2 T -——— hi—'—‘*"”" —pfes <o o—
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Fig. 1. Assumed changes in heat exchange medium temperature and in coefficient
of convective surface heat transfer.
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tv1 (tv1=t; and h being zero from — o to 0). Any 4 value may be assumed
from —oo to 0 without loss of the generality, since this does not influence
the final results.

Dimensional temperature 7T is transformed to U(=T-T,) for
convenience. The heat conduction equation and applicable boundary and
initial conditions, expressed in U, are:

dURt=aVU 0(=t,=t,p)<t and xeD €]
kU/on=h,(U-U,)) 0(=t,) <t<ty(=t;)and xeS 2)
koUlon=h,(U—-U,) t,(=t)<tand xeS (3)
U=0 when =0 and xeD S 4)

Assume heat conduction function U at any location being a sum of two
functions ¢, and v,.

U=vi+u0v, (5)
The functions v; and v, are the solutions of the following equations:
For v4:
Ov/ot=aV3p, O<t xeD (6)
kdvifon=h (v, —U,) O<t <ty xeS (7)
kov,/on=h,(v,—0) toy <t xeS (®)
v, =0 t=0 xeD S (9)
For v,:
OvofOt=aV7p, tyy <t xeD (10)
kovy/on=h,(v2—U,,) by <t xeS (11)
=0 t <ty xeD S (12)

It is clear that the sums of corresponding equations [i.e. eqns (6) and (10),
(7) and (12), (8) and (11), and (9) and (12)] produce the original eqns
(1)-(4) provided that eqn (5) is satisfied. Function v, is the temperature
response to the thermal environment between 0 and #,,, an impulse repre-
sented by a step-up-change from 0 to U, at the zero time and a
step-down-change from U,, to 0 at #,,. Function v, is the temperature
response to a step functional thermal environment beyond #,,, a step-up-
change from 0 to U,. Note that influence of A, exists on v, at >ty
although the thermal environment is removed at #,,, eqn (8).

To solve v; and v, the following normalized temperature response func-
tions ¢, and ¥, are used.

For y;:

Y /or=a V3, 0<t xeD (13)
koy/on=h,(y,—1) 0<t xeS (14)
Y, =0 t=0 xeDUJS (15)
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For ir,:
JY/ot=aV?y, 0<t xeD (16)
koy/on=h,(y,—1) O<t xeD (17)
Y2=0 t=0 xeD US (18)

Note that functions ¥, and ¥, are the normalized functions related to 4,
and A, respectively (a body of a zero initial temperature exposed to a heat
exchange medium temperature of unity).

When 0<t<t,, eqns (6), (7) and (9) become identical to those obtained
by multiplying both sides of eqns (13), (14) and (15) by U,;. Therefore, one
obtains:

Uleallpl(t) when O<t£tb1 (19)

For brevity, y,(¢) is used to imply ¥ (¢,x) and a similar, simplified symbol
for .

Function v, for t>t,; is the temperature response to the surrounding
temperature impulse which begins at 0 and ends at #,;. This function may be
determined by taking differences of two temperature response functions for
these two step functional environmental temperature histories: one begin-
ning at 0 and another beginning at t,;. Therefore, one assumes:

n=UaG)—Ya(t—te1)] 1200 (20)
where G(t) is an unknown, monotonously increasing function. By substitut-
ing eqn (20) into eqns (6) and (8), one gets:

Uatkd[G (1) =2 (t—to))0t=Uata VG () —¥2(t—to1)] t>te1  (21)
Uark®[G(t) — Y2(t —t51))/On=Ua1h2[G () — Y2t — tp1)]
=Uh[{G(t) -1} —{2(t—t1) —1}] >80 (22)
Since Y, is the solution of eqns (16), (17) and (18), eqns (21) and (22)
become as follows:
0G/ot=aV>*G 1>t xeD (23)
koG/on=h,(G—1) 1>ty xeS (24)

The values of v, estimated by eqns (19) and (20) should be continuous at
ty1- Therefore one has:

lim ()=l (GO~ va(t—to)]=lim G 25)

Equations (16) and (17) are identical to eqns (23) and (24) except for the
applicable time range.

In view of G being a monotonously increasing function which satisfies
eqns (23), (24) and (25), G should be nil at a certain value of ¢. Therefore,
t is transformed to t,,, which becomes zero at this certain value of ¢.

fn=t + bme — o1 (26)
Therefore, in terms of the transformed variable ¢,, heat conduction
around any location is represented by:

0G/ot,=aV*G (>0 xeD
koH/on=h,{G—1} tmn>0 xeS§
G=0 tm=0 xeD S
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Since the above equations are identical to eqns (16), (17) and (18), one
obtains:

G (tm) =2 (tm)=Y2(t +lmx — 1) (27)
The value of ¢, is then estimated by using eqns (25) and (27)
Y1 (to) =¥ 2(tmx) = V2 (om0 (28)

Note that t}a , is location dependent since ¢, (#,,) is location dependent.
Therefore

Gtm)=y2(thm,o +1—tr1) (29)
Finally, there is the following solution v, using eqns (20) and (29).
1= al[wz(tbm ottt —to1)—Ya(t—tp)] forty <t (30)

The solution of eqns (10), (11) and (12) may be easily obtained by
comparing them with eqns (16), (17) and (18).

Vam=Upia(t—ty) tmi <t (31)

From eqns (5), (19), (30) and (31), one finally has the following solution
for U:

U= { Ua (1), 0<t<ty, (32a)
U [V2(thm o+t —to1) —a(t —t01) + Usafa(t — 1) te1 <t (32b)

where

l// (tbl) l/IZ(tbm e} (32C)

The constant t{;a ., in eqn (32b) (continuity constant) is required to ensure
the temperature continuity at the time of the change in /4 from A, to A,. This
constant may be estimated easily by eqn (32c) because of known
temperature response functions ¢, and y, and of the given #,,.

2. Three step changes in 7, with three changes in #

Next is a case for one additional change in 4 and T,, Fig. 1(b). Dependent
variable T is transformed to U as before.

Food temperatures before the second changes in h, 0<t<#,, and
between the second and third changes in A, #,; <t <t,,;, may be estimated by
eqns (32a) and (32b), respectively. A solution for estimating food
temperature after the third & change, ¢ >1,,, is derived below.

Heat conduction {eqn (1)] and the initial condition [eqn (4)] are
applicable to the present case together with the following boundary
conditions:

koUBn=h,(U~Uy,) O(=to=tyo) <to:(=t;) xeS (33)
kUBn=hy(U—Uyp) to(=t)<t<tpz(=t:) XeS (34)
kdU/dn=hy(U—Uys) to(=t)<t xeS (35)

Normalized temperature response function applicable to k4, A, and h; are,
respectively, represented by ¥, ¥ and y;. For example, 3 is the solution
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of governing equations obtained replacing the subscript ‘1’ of eqn (13)-(15)
by ‘3.

We assume that the solution U in ¢ >#,,(=t;) are expressed as the sum of
three functions:

U=Ul+U2+U3 (36)
These functions are the solutions of the following equations.
For vy:
kv, /0T=VaV?y, ho(=0) <t xeD
kvl/an=h1(l)1—Ual) tbo(:0)<t_€tb1 xeS
kvl/an=h2(v1 -0) Iy <t <ty xeS (37)
kaU]/an:h3(U] _O) oy <t xeS
v,=0 tho(=0) xeD S
For v,:
avz/at=avzv2 Iy <t xeD
kavz/8n=h2(vz—Uaz) th <ttty xeS
kal)z/an:h:;(vz—O) o <t xeS (38)
V,=0 1<ty xeD S
For v:
6v3/6t=ocV2173 tho <t xeD
kav3/6m =h3 (U3—Ua3) oo <t<ty> xeS (39)
v;=0 1<ty xeD S

The solution of eqns (37) may be derived through an analysis similar to the
one presented previously.

When #,, <t<#,, v; includes function ¥, with one continuity constant
applicable at #,;, continuity between y; and . This is identical to eqn (30).
When #,,<t, v, includes 5 with two continuity constants applicable at #,,,
continuity between y; and ;. The solution obtained is:

n= al[lﬁs(l‘bmo'i"t fv2) — l//3(tbm]+t_tb2)] 1>ty (40)

In the above equation, s(¢) is a normalized temperature response func-
tion for A5 [the solution of the equations obtained by replacing #; and i, of
eqns (13)-(15) by h; and ¥, respectively]. Equation (40) represents the
thermal response at any time beyond f,, for an impulse that occurred
between 0(=t,) and tm( t).

The value of ¢}, in eqn (40) is a continuity constant related to the
thermal influence of the step functional surrounding medium temperature
history beginning at the zero time or fyo(=t,, the first step function). This
temperature history is indicated by subscript ‘0’ of the continuity constant
[zero being equal to 1 (first) —1]. This subscript convention was used since
the first step change is usually at a zero time. The step change is within the
time range where the first 4 value, A, is applicable. This is signified by
superscript ‘1’. The continuity constant is estimated at the third change in A
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(h, to hs) at ty,. This is indicated by superscript ‘3. The constant is required
to estimate the body temperature in the time range where k5 is applicable.
The constant may be estimated sequentially using the normalized tempera-
ture response functions y;, ¥, and Y5 and using continuity conditions at
and t,,, as shown below.

'Ib (tbi) lIIZ(thm o (41)

l;bz(tbm,o+tb2_tb1):l//3(tll);g.()) (42)

Continuity constant t{; | is related similarly to the second step-functional
medium temperature change at ¢, (subscript 1=2—1).

‘/fl(tbl—h):l//z(tt]{n%,l)
lllz(ltlﬁﬁ 14t —to1) =Y3( ftl{rg 1)

Since the second step change occurs at the end of the h; time range,
t,=ty, the first equation becomes ¥, (0)=y(ti;a.1). This equation becomes
1= l/lzgtbm 1) because of the initial condition of ,. Furthermore, one obtains
that tbm 1=0 because of the initial condition of function ,, y,(0)=1. The
second equation becomes:

Ya(toa—to1)=Y3(tom.1) (43)

Function v, is the thermal response of the impulse, beginning at #,, and
ending at #,,, in the time range of h;. Function v, determined through
deviations similar to those resulted in eqn (30).

V2= Upa (Y3 (tm 1 +1—th2) —Wa(t—te2)]  1>1ho (44)
Noting that ¢,=t,,, one has:
Yot —to1)=¥3(tom.1) (44a)
Comparing eqns (43) and (44a), one finds:
T, 1 =L, 1 (44b)
Finally, v; is determined through derivations similar to those for eqn (31).
3=UasPs(t—th2) 1> (45)

Therefore, from eqns (40), (44) and (45), one has:
U=Ua[¥3(thm.o +1 —to2) = ¥3(tom1 +1 —tr)]
+ Udzll//3(tbm 1+t —t2) = Ya(t—12) ]+ Uasifs (t —11,2)
The above equation is transformed as follows using eqn (44b):
U=U,, lp3(l‘tla}{:,o +t—tr) + (Ui — n)lﬁz(fbm 1+ —th2)

+(Uazs—Ua2)Ys(t —tr2) (46)
3. One T,-impulse and n effective hs
Any curvilinear change in T, with any number of changes in 4 may be

approximated with a sum of impulses, each of them followed by any number
of changes in h. Therefore, one considers an impulse followed by (n—1)
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changes in h, the n values of & [Fig. 1(c)]. As shown in the figure, the
impulse is between ¢ and t;+Ar with an applicable A value of A; and
followed by A changes at ty; to hiiq, at by 1y tO Ao, at By o) tO h,+ 3 ...
at foi+n—3) tO M1 n_o, and at to( +n—2) 1O Ripn_1.

The governing equations are given below.

Ovm/0t=aV?v,, xeD [ (47)
k@vm/an=h,~(vm—Ua,-) tj__1 <t£l:,‘_1 +At(=tj)
kovy,/On=h;(v,—0) L<t<ty;
kavm/an=hi+1(vm—0) tbi<tstb(i+])
kOvm/On=h;  2(V;m—0) fog+1) <t<loi+2) (48)
k@vm/an=hi+1(vm—0) tb(,'+,,_2)<f

/
where xe§S v,,=0 xeSUS and <y (49)

Without loss of generality, one assumes the impulse is in the time range
of the ith value of . The impulse is defined by the jth step change (step-up)
which occurred at f_, and the (j+1)st step change (step-down) which
occurred at ¢; (=¢_ 1+At) This assumption will simplify the application of
the solution for v, to the general case (the fourth case).

The solution of eqn (47) for >ty 1,2 may be determined through an
approach similar to the one for deriving eqn (40).

Um= aj[ll/i+n—1(t}’i“;"_l+t—lb(i+n—2))—1/’i+n-1(tlbn'n+;" 1+t_tb(i+n-2))]
(50)

The two continuity constants in eqn (50) may be estimated successively
using the normalized functions V¥, ¥; y 1,..., Witn_1-

For t'bﬁ,T,” 2k

Wiltoi—t— 1) =i s 1 (o1
l//i+1(t§§{nfjl—1+tb(i+1)—tb.‘)-¢’i+z(’ﬁfﬁ+jz 1)
li’i+2(t{;rlnfj2—l +tb(i+2)_tb(i+1)):l//i+3(tlbll-n+13 1) (51)

2 i -1
Wi+n—2(tiam+," o rn—2y o +n—3y=Wirn—1{oimr 1

For tyi 7~ 1

Yi(toi—4)=Vi+ 1(tia:n+jl) (52)
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Other equations for successively estimating t’bﬁ,f“,”*‘ are obtained by
replacing subscript ‘bm,j—1’ in eqn (51) with ‘bm,;’.

When the impulse terminates at £,;, Fig. 1(d), t55,' is equal to zero always
as shown below. The left hand side of eqn (52) becomes ¥,(0) since t,;=
Since y;(0)=1 according to the initial condition of i, one has
Y, +1(t5e)=1. Because of the initial condition of ¥, . 1(; 1(0)= 1):{,:,,;‘ =().

The remaining continuity constants required to estimate fyy; are
nonzero.

4. Divided or deviant thermal process

Equations (50)-(52) are applied to derive formulae for estimating
temperature responses of conduction heating of food undergoing thermal
processes. The first sample application is for a process with one sudden
medium temperature change in the heating phase without a change in £ (a
divided process) and the second for a process with a sudden drop from the
holding level of a heating medium temperature followed by a temperature
increase to the holding level, the drop due to a malfunctioned temperature
control system (a deviant process).

The equations derived previously for the three step 7, changes are
applicable to the divided process. However, /& does not change with the T,
change in the heating phase for some processes as assumed previously.
Therefore, one assumes as follows for the present sample application. The
medium temperature changes from T, to T, at t,(=tpo), Tar to T,y at t; and
T,; to T,; at t,(=tyy). Additionally, the s value changes from zero to 4, to
tbo(zto) and hl to h2 at tbl(:tz)-

Equations for estimating the temperature response when ¢ <t,; may be
derived applying the standard superposition theorem.

_JUay(t) O<t<yy
U‘{Uallf]gtg+(Ua2—Ual)w1(t—t1) Tlﬁfﬁtz} (53)

When t>t,, the assumed heat exchange medium temperature is divided into
two gates located between 0 and #; and ¢, and ¢, (=#,,) before the change in
h and one step after the change. The following equation is obtained by
applying eqn (50) to each gate, noting i=1 and n=2 for each, and applying
an equation similar to eqn (19) to the step.

U=Uai{2(tbim,0 +1—to1) = Y2(thm 1 +1 —t01)} + Uz {Y2 (tom, 1 +1—161)
— o (thm, 2+t —tp1)} + Uy (t—1tv) (54)
The continuity constants may be estimated as follows, applying eqns (51)
and (52):
tom, o V1 (tor —to) =¥ (to1) =V 2(tom. o }
Tom 1! Yi(tor —1) =2 (thin 1)

(55)
iz Ul —t)=va(th. |

Since f,1=t,, one finds that thm 2=0. Therefore, eqn (54) becomes as
follows.
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U= Uallﬁz(fbmo+t—fb1)+(Ua2—’Ua1)l//2(té’n%,1+t—tb1)
+(Ua3_ a2)l//2(t_tb1) (56)

Deviant process
An assumed medium temperature history is a step-functional medium
temperature increase to T,; at a zero time (0=¢,=#,,), a sudden drop to T,,
at ¢, an increase to T,; (=T,3) at t,, and a sudden drop to T,4 at £3 (=ty;)
for ending the heating cycle and starting the cooling cycle. The convective
surface heat transfer coefficient up to #; is #; and beyond #; is A,.

The food temperature (U) up to t; may be estimated by applying the
standard superposition theorem.

Ualwl(t) OStStl
U= | UVa¥1()+Ua—Ua)¥i(t~11) L

Uath1(t) + (Uaz—=Uat) Y1t ~11) + (U1 —Ua2) Y1 (£ —12)
b <t<t3(=tpy)

(57)

The temperature response formula, when ¢;<t, is derived through an
approach similar to the last example, dividing the assumed medium
temperature history into three gates and one step. One obtains the following
equation by applying eqn (50) to each gate (i=1 and n=2 for all gates) and
applying an equation similar to eqn (19) to the step:

U= Ua1l//2(tbmo+t tr1)+(Ua— al)lllz(tbm1+f—tb1)
+ (Ua1 —Ua)¥2(toim 1 + 1 —to1) + (Uas — Uat )2 (t —to1) (58)
where

lpl(tbl_to) lpZ(tbm o
Y1(tor —t1) =Y (tom 1 (59)
Y1 (to1 —12)=¥2(tom 2)

The next example assumes a change in /# at each heat exchange medium
temperature change considered in the above. Symbols representing the
times of 4 changes are different from the above to reflect the assumed A
changes. The medium temperature and /4 change from T, to T,; and from
zero to h; at a zero time (=tyo=t,), Ta1 t0 Taz and hy to h;, at ty (=t1), Taz
to Tal (=Ta3) and h2 to hl (=h3) at ty (ztz), Tal to Ta4 and hl to h4 at ty3
(=t3 .

lee food temperature between 0 and #, tp; and ty;, and #,; and #,3 are
estimated applying eqns (32a), (32b) and (46), respectively.

Ua¥1(t) 0<t<t,i(=t) (60a)

U= | Ua¥a(thmo+t—to1) + (Uaz—Ua)¥2(t —t1) to1 <t <tr2(=t;) (60b)
al{llfl(tbm ot+t—tp2)— ‘/’1(tbm 1+t—1t2)} +Ua2l//1(tbm 1+t—ty2)

+(Uar = Ua2) Y1 (t— 1) to2 <t <tr3(=t3) (60c)
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Note that function s, was used in the third time range [eqn (60c)] since
the applicable 4 is A;. The continuity constants in eqns (60b) and (60c) may
be estimated as follows.

tomor W1t —to) =Y (to) =2 (tbm.0) (61a)
tomor Wallbmo 2 —1)=Y2(tbm o + o2 —Ib1) =1 (Fhim.o) (61b)
thmas Y1 (o —1) =V (fo1 —te1) =Y (0) =12 (thi7
Therefore
tom.1=0
Yalthm 1+t — 1) =2tz — 1) =1 (1) (61c)
s Waltor—1)=Wa(tor —tor) =1 (o 1 (61d)

In the above equation, ¢; and #,, were used although both are the same in
this case.
From eqns (61c) and (61d), one has:

Tom, 1 =B 1 (61e)
Therefore, eqn (60c) becomes
U=Ua¥1(thm.o 1 —to2) + (Uaz— Ua) W1 (1501 +1 —t12) + (Ui — Ua2) ¥ (£ —11)
thy <t <tp3(=t3) (62)
When t>t,;, the food temperature may be estimated through an
approach similar to the last example [i=1, 2 or 3 and n=4 in the general
gate equation, eqn (50)].
U=Uai [Wa(thm.o +1—103) —Ya(thmo +1—to3)] + Una[Wa(tom 1+ —to3)
—Ya(tom, 2+t —t3)]+ U [Ya(t8m.2 + 1 —163) — Ya (13,3 +1 —113)]
+ UaaWWa(t —to3) (63)
The continuity constants in the above equations may be estimated
applying eqns (51) and (52).
tomo: Wiltor —1o)=Y 1 (tn1) =¥ (thm. )
Vo (thm o +lo2—t61) =1 (tom. o)
U1 (tom.o + 03— 12) =¥ 3(tbm.0) (64a)
tomat Wi(tor —t) =Y (0)=o(thm 1), thus 157 1=
Yo (tom. 1 o2 —Io1) =2tz — 1) =Y 1 (Ebm

¥ (tbm 1+tb3—tb2):lp4(tbm,1) (64b)
o Waltoa +1) =1 (Fom 1
Y1 (tom, 1 +Hlos —to2) =Waltom 1) (64c)

Comparing the second equatlon for tom, 1 and the first equation for tbm ’
and the first equation for t& |, one finds tbm 1 tbm 1. Therefore, comparing
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eqns (64b) and (64c), one finds thm 1=t%m 1.
2 wz(tbz—tz)—lpz(o):ll/l(tbm 2), thus, tom 2=0

U1t 2+ tos — to2) =1 (fos — to2) =Wa(tbm.2 (65a)
fbm,zi Yi(tes—12)= W4(tbm 2 (65b)

Comparing eqns (65a) and (65b), one finds 3 2=tom. 2.
ti’n‘:j Y1 (tos—t3)=¥1(0)= ¢4(Ibm 3 (65¢)

ThUS tg’,ﬁ 3=0
Equation (63) becomes as follows appl;/mg the continuity constant
equality found above (thm 1=tom,1 and fgm 2=t5m,2)-

TABLE 1
Assumed Time Variable Surrounding Medium Temperature and Surface Heat
Conductance
Time range*® Medium Applicable Normalized
temp. h function

bo~bo+1 Uapos 1y hy ¥
b0+1~b0+2 Ua(bo+2)
b0+2~b0+3 Ua(bo+3)
bO+C1~b1:b0+C1 Ua(bo+c1)
bl~bl+1 Uab14+1) h; 1/
b1+1~b1+2 Ua(b1+2)
b—1+C2—1~b2:b1+02 Ua(bl+c2)
b2~b2+1 Uawz+1 hs ¥s
l;)2+1~b2+2 Ua(b2+2)
52+c3—1~b3=b2+c3 Ua(b2+c3)
b3~b3+1 Ua(b3+1) hft l/{4
b(n—3)+c(n—2)—1~b(n—=2)°"  Usotn_3+ctn—2) Bz Un 2
l;)(n—2)~b(n—2)+1 Vawtn—2+1) hy_y Y1
b(n—2)+c(n—1)—1~b(n—1)° Ua(b(n—2)+c(n—l)
b(n—l)~b(n——1)+1 Ua(b(n‘1)+1) hn l//n

s a(b(n—1}+2)

b(n—1)+p—1~bn—1)+p Uaogn 1) +p)

? Multiples of At. Generally, bo=0.
2b(n—2)=b(n—3)+c(n—2).
‘b(n—1)=b(n—2)+c(n—1).
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U=U¥a(tmo+t—tos) + (Usz — Uat)Wa(tom 1 +1—tn3)
+(Ua1—Ua2)lp4(tbm2+t‘—tb3)+(Ua4_ Ua)Wa(t —tv3) (66)

5. Time variable T, and n effective hs

The last case is for a body exposed to time variable surrounding medium
temperature with any number of changes in the surface heat conductance as
summarized in Table 1. The medium temperature history between (bo)At
and (bo+cl)At is approximated by (c1+1) step changes at uniform time
intervals, the first one being (bo)At¢ (normally ‘Do’ being zero). This history
is mathematically equal to the sum of cl impulses of the same widths and of
different heights. The 4 value and normalized response function in this time
range are h, and y,, respectively. The medium temperature histories in
other time ranges are approximated in a similar way and » different surface
coefficients and response functions are assigned to these ranges as shown in
the table (e.g. h changed at bl-Az, b2As,... b(n—2)-At, and b(n —1)- At).

The temperature response of the body at (b(n—1)+p)Ar may be
estimated by the repeated use of eqn (50) and a published equation
(Hayakawa, 1971) as shown below:

n—2 c(s+1)

U= ZO kZ,I Ua(bs+k)[‘//n(tf)$,ll;’(lk—1)+pAt)_wn(ﬁ);;lb’(ls+k)+pAt)]

+T Usoa 10l —k+ DA =, ((G—K)A0)

+ Uaoin— 1y +p) - ¥n (AL) (67)

The upper limit of the inner summation of the first term, c(s+1), is
related to the number of impulses within the time range for each A. It
should be noted that the parenthesis in the expression c(s+1) should be
removed when s+1 is a definite integer. For example, when s=1, it is c2.
The same should be practiced with the subscripts of U,, i.e. (bs+k), and of
continuity constants, i.e. b(k—1) and b(s +k). The upper limit of the outer
summation of the same group is related to the number of changes in 4. The
continuity constants may be determined by applying eqns (51) and (52). For
example, tom wo (the first constant when s=0 and k=1) may be estimated as
follows.

‘// ((01)At) lpZ(tbm bo
wz(thm bo+ (CZ)At) lp3(tbm bo

Yr—1(tbmbo + (c(n —1)A) = (tom.bo

The second summation series and the last term in eqn (61) are related to
responses from the surrounding medium temperature history in
t>(b(n—1))At and were obtained by applying a method developed
previously (Hayakawa, 1971). Because of no change in the heat conductance
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beyond (b(n —1))At, no continuity constant is included in these expressions.
They become identical to Duhamel’s theorem integration when At
approaches zero (Carslaw & Jaeger, 1972). However, the first term cannot
be reduced to a simple integration because of the continuity constants.

DISCUSSION

Integral transforms (e.g. Laplace transform) have been used to derive
temperature response solutions for the time variable heat exchange medium
temperature (Hayakawa & Ball, 1971). However, this is not applicable to a
problem of time variable 4 since the problem becomes mathematically
nonlinear (all integral transformation methods are applicable only to linear
equations). Therefore, the equations given above will provide an invaluable
means for deriving analytical solutions for heat conduction with time
variable A.

Two sample applications of the above derived equations are given below.
One example is for the thermal processing of a spherical food approximated
by two changes in T, and & (two values each of T, and #). The first is for a
heating medium and the second for a cooling medium. Another example is
for the thermal processing of the same food with three changes in T, and A
(one additional change in the heating medium 7, and 4 before cooling).

The normalized temperature response function of a sphere, which is
expressed in terms of Biot number, Bi instead of & (Bi=ha/k) is used for -
both sample applications.

h=1—QBip) T T exp(—at) (68)

where Bi=h.a/l y.,=afi/a* -
Tus=[B2 +(Bi2—1)] sin By sin(pB)ABLIB% +Bic(Bi—1)]}  (69)
Bs cot Bos + Bi,—1=0 (70)

Using eqn (32a) and noting U=T—T,, one obtains eqn (71) for estimating
the temperature response of a spherical food during heating.

T=T, —(Ta1 —T,)(2Bi1/p) T'1;exp(—7yt) for 0<t<ty, (71)

Equation (72) is used to estimate the temperature response during the
cooling obtained using eqn (32b).

T=T32+(2Bidp)(Ta1—Taz) Z rzs exp[—'})zs(t—tbl)]

s=1

—(2Biz/p)(Ta1—To) Y, Ty exp[—yas(thiZ o+t —t01)]
s=1

for r, <t (72)
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The continuity constant in eqn (72) is determined using eqns (32c) and (68).

Bil z l—11s exp(_ylstbl)zBiZ Z Iﬂ2s exp(—VZstll)’rrzl,o) (73)
s=1

s=1

Since I'y, and I'5, are dependent on p, ti;z , is location dependent as stated
previously.

For a moderately large #,, values, the left side of eqn (73) may be
approximated by the first term of the summation series. Additionally
assuming the first term approximation of the right side, one obtains:

l‘lla’nzl,oz(l/ﬁ%]) {ﬁllt%)l + (02/0() In[A, T /(h Tay)]} (74)

The assumption of the first term approximation should be validated
estimating values of the first and second terms of the series using the
estimated ¢4 .. If the second terms are not negligible, compared to the
respective first terms, the constant should be recalculated using eqn (73).

A temperature response chart of a spherical body (Schneider, 1963)
provides values of the normalized temperature response function at the
spherical center. Therefore, this chart simplifies the application of eqns
(32a), (32b) and (32c). As an example, one estimates t{,’,ﬁ,o, using the
response chart, for water cooking of a 10 mm radius spherical food followed
by air cooling. The assumed k and o of the food are 5-00 x 10~* W/(mm C)
and 0-128 mm?ss, respectively. The h values during water cooking (h,) and
air cooling (h,) are 142x10 > and 7-38 x 10~ ¢ W/(mm’C), respectively.
The values of Bi for the cooking and cooling processes are then 28-2 (Bi,)
and 0-15 (Bi>), respectively (Bi=ha/k).

For an assumed water cooking time (f,;) of 100 s, the value of the Fourier
number, Fo, is 0-128 (Fo=at/a”). The value of the temperature response
function ¢, obtained from the chart for the Bi, and Fo values is 0-43. The Fo
value corresponding to this response value, 043, is 1:65 for a Bi, value of
0-150. Therefore, one obtains t};2 , as follows using the definition of Fo.

tirt o=Foa*/x=1-65 x 10%/0-128=1290 s

Because 4, is much smaller than 4, the continuity value is much larger than
tyr- Similarly, t8;2 , values for assumed t,; values of 200 and 300 s are 3710
and 6250 s, respectively.

One obtains eqn (75) when the published superposition theorem is
applied incorrectly to the present problem (removing T,; environment for
t>tyy, in the h, time range, and adding T,, environment in the same time
range).

2Bi,

=la+ (Ta1—Te2) Z Loy exp[—v2c(t—1b1)]
s=1

2Bi,

(Ta1—Ty) ; Iz exp(—y2st) (75)

Temperature discontinuities at #,; are estimated, using eqn (75), for the
processing of spherical food considered above using the same temperature
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response chart. The central temperature at the end of 100 s water cooking
(fv1) is estimated, using eqn (71), as 44-4°C. The central temperature at the
beginning of the air cooling (fv;) is 11:2°C when eqn (75) is used. The
discontinuity is —33-2°C. No discontinuity is obtained when eqn (72) is
applied. Similarly, the temperatures at the end of cooking and beginning of
cooling, when #,;=200 s, are 760 and 14-0°C, respectively (—62-0°C
discontinuity). The discontinuity is —68:8°C when #,;=300 s. This clearly
shows considerable errors when the existing superposition theorem is
applied to a thermal process of variable 4.

For a problem of three changes in each of T, and 4, eqn (64) estimates
the food temperature when 0<r<t,; and eqn (72) when #, <t<ty,.
Equation (46) is applied when t,, <t. From this equation, one has:

U=Ua1¥3(thm,0 +t—th2) + (Uaz—Uat) Y3 (toim, 1 +1 —1v2)
+(Uas—Un)¥s(t—to2) 2t (76)
Substituting eqn (68) into eqn (76), one obtains:

T=Tus+ (Ta1—Ta2) 2Bislp) Y, T3 exp[ —yas(tom 1 +1—th2)]

s=1

+(T,—Ta3)(2Bis)/p OZO: 3, exp[ —yas (¢ —t2)]

s=1

- (Tal - o) (ZBla/P) Z I_‘3s exp[— y3s(tl§’n:1;,o +t_tb2)]

s=1

>ty (77)

The continuity constants in eqn (77) are determined using eqns (41)—(43).

Bl2 Z r2$ CXP[ ’st(tbm o+tb2"'tb1)] Bl3 Z r3s exp[ y3x(tbm o)] (78)

Bi, Z [, exp[ —y2s(t2 —tv1)]=Bis Z s, exp[—y35ttm (79)

n= n=

Constant ti;2 , in eqn (78) is determined using eqn (73). The published
spherical temperature response chart simplifies applications of eqns (77),
(78) and (79) as shown above.

Analytical equations for the bodies of other, simple shapes may be
obtained through similar derivations using published analytical solutions.
The body shapes of available analytical solutions include an infinite plate,
infinite cylinder, infinite rectangular column, finite cylinder, circular cone,
and rectangular parallelepiped (Carslaw & Jaeger, 1972).

The shapes of many foods are irregular. The theorems derived above are
not applicable to these foods because there are no analytical solutions
available. In this case, empirical temperature response functions may be
used to apply the theorems. This will be presented in a future paper.
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