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ABSTRACT
An analyticalmodelfor stablefilm boilingheat transferfrom a sphereis derived

followingthe classical approach of Frederkingand Clark but using spherical
coordinatesinstead. The improvementshowsmoreclearlythan the previouswork
that the Nusselt numbershouldapproachthe value of 2 instead of zero, as the
Rayleighnumbergoesto zero. Furthermore,by considerationof two limits on the
liquid-vaporinterface boundaryconditionsbased on Bromley’ssuggestion, the
coefficientCl is shownto lie in therange0.586to 0.828,in thecorrelation

NM=C,[~]l’4 +2.

Thissupportsthevalueof0.67asproposedby DhirandLienhard.
@1997ElsevierScienceLtd

Introduction

Analyticalsolutionsto theproblemof naturalconvectionfilmboilingfromsphereshavealways

beenbasedon applyingthe basicequationsin the Cartesianformwiththe assumptionthat for thin

fluidlayersthe curvatureeffectalongthe spherecanbe neglected, as wasreportedby the analysis

ofFrederkingandClark[l]andfollowedby others[e.g.2-4].

RecentlyTsoet al.[5]demonstratedthatby adoptingthe sphericalcoordinates,the resultsshould

yielda limitingvalueof 2 for tbe averageNusseltnumbernear a low modifiedRayleighnumber

wbichcouldnotbe extractedfromtheFrederkingandClarkmodel(F-Cmodel). Thelimitingvahre

of 2 is alreadywidelyacceptedas a leadtermin single-phasenaturalconvectioncorrelations,since

in thelimitof noconvection,elementarypureconductionconsiderationyieldsthis value[6]. In Tso
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et al.[5] the analyticalsolutionwas not carriedout to the end, the mid-waymanipulationbeing

continuedwitha numericalsolution. It is shownherethatby continuingwiththe analysisthe same

expressionas theF-Cmodelis obtained,exceptfor thesecondtermof 2. Moreover,by considering

the F-C modelboundaryconditionsas the lowerboundand definingboundaryconditionsfor an

upperbound,it is shownthatthecoefficientCl shouldlie in a specificrange.

Model Formulation

Coordinate systems and assumptions

A verticalcrosssectionpassingthroughthe centerof a sphereof radiusR is shownin Fig.1.

The originof a right-handedCartesiancoordinatesystem(X,Y,Z)is fixed at the spherecenterO

withthe Z axispointingupwards. A sphericalcoordinatesystem(r,e,@)is definedwithrespectto

the Cartesiancoordinateto suit the analysisis also shownin Fig. 1. Film boilingheat transfer

characteristicsare influencedby the boundarylayer developmentwhich begins at fI = O and

concludesat (3S n withformationof aplumeascendingfromthe sphere.
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FIG. 1
Boundarylayerdevelopmentandcoordinatesystems
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To developan analyticalmodelfor naturalconvectionheat transferfroma sphere,the following

assumptionsareemployed:

1.
2.
3.
4.
5.
6.
7.
8.
9.

Ftuidis incompressibleandthe Boussinesqapproximationis applied.
Filmlayeris larninarandfluidmotioncartbe approximatedby aboundarylayertype.
Vapordensityis uniformin the filmlayerandis independentof temperature.
Viscousheatingis negligibleandconductionis dominantin the film.
Filmlayeris stableandthinandwallsurfaceis smooth.
Thetransportprocessis steadyandis axisymmetricwithrespectto theverticaldiameter.
Forfilmboiling,Tw>>Ts. BothTwandTs areconstant.
Fhtidmotionis slowandinertiaeffectsarenegligible.
Fluidpropertiesareconstantandsurfacetension is negligible.

10. Filmlayer remainsattachedontheentirespheresurfacewithoutseparation.
11. Radiativemodeofheattransfer is negligibleandthereis nosub-coolingin the liquid.
12. Theeffectsof wavesat the interfacearenegligible.

Assumption4 restrictsthe modelapplicationfor smallto moderatespherediameters,sinceheat

conductionacrossthelaminarvaporfilmis the controllingphysicalmechanism.Whereasfor large

sphere diameters, the controlling mechanismsare the vapor movement,bubble formation,

turbulenceandpossiblythewavesat the liquid-vaporinterface. Thedifferencebetweenthepresent

modelandthatof FrederkhtgandClarkis that the spheresurfaceis not approximatedto be a plane

wall. The governingequationsfor the filmlayer in sphericalcoordinatesystemafter takingthe

above assumptions into consideration are the following:

(1)

(2)

(3)

Boundaryconditions

Bromleyhas suggested,from his observationson film condensation[8],that the velocity

boundaryconditionsat the liquid-vaporinterfaceshouldbe specifiedto somethingbetweena no-

slip stagnantfluid and a fluid that exerts no shear. These two differenttypes of boundary

conditionsrepresent two extremecases. Case1 assumesthat the fluidis immovableand no-slip

applies,whereasCase 2 assumesffictionis negligibleat the interface. The reasonsuggestedby
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Bromleyis that the externalfluidis not so easilyset into motion. It is alsonotedthat Frederking

andClinkusedonlyCase1 boundaryconditionin their analysis. Theboundaryconditionsfor the

filmlayerafe:

At O= O, 8=0
Atr = R, Ve=o
Atr = R, T = Tw

Atr= R+ti, T = Ts

Atr = R, kvdA (–$)r=R = hfgdwi>

where dA = 2nR2sin $d(l . (4)

At thevapor-liquidinterface,twocasesaretaken,representingtheupperandlowerbounds.

Whenr = R+6, Case1: -ov*, = v@,,—

Case2: ‘r, =71 = –v. (*)i=o.

Forbothcases, dwv = dw,, = dwi.

Analytical Solution

Sincethetemperaturefieldhasbeendecoupledfromthevelocityfield,a solutionforEq, (3)can

be obtainedby directintegrationsubjectto the aboveboundaryconditions. The followingresults

areobtainedfor thetemperaturedistributionwithinthe filmlayer[5]:

T-T r-1-R-,
~=1+

Tw–T, R-l –(R+ 6)-’
(5)

It canbe seenthat the temperaturedistributionis non-linearfor a spherewhereasit is linearin the

F-Cmodelfora planesurface[l]. Thetemperaturegradientat thewall-vaporinterfaceis givenby

(6)
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The aboveshowsthat heat transferrate vmieswiththe curvatureof a surface. Since?YR>0,

heat transferrate per unit area from a convexsurfaceis greaterthan that from a planar surface

whichcanbe obtainedby droppingthe smallterm5/Rincomparisonwithunity,i.e.,

(:),=. = -$.

Thistemperaturegradientwasindeedusedin thedevelopmentoftheF-Cmodel. Theheat

balanceat thewall-vaporinterfaceyieldsEq. (4)with

dwi= pvd~~+sve2nRsin 8dr. (7)

The velocity component VOis obtained by solving the momentum equation together with the

boundary conditions, andthe followingvelocitydistributionsareobtainedacrossthe filmlayer:

Case1:
–g(pl – p,)sin @ z 2R3+3R2d +R~ 2 –3RZ –3R8 –621V. =

6fly
[r +

r

~:+ (R+8)3 R2 (R+c5)3
Case2: Ve = ‘g(Pt – P,)sin @ r

3/iv 2 r 2 R ‘“

Substitutingthe abovevelocitiesinto Eq. (7) and performingintegration,one obtainsthe

followingexpressionsafterdroppingtermshigherthan(6/R)3.

Case1:

Case2:

dw, = 2~6~ak” d[sin’ (3($)3]
P

dw = 2nRRakw
* 24cP

d[sin2 e(~)’]

(8)

(9)

wherethe Rayleighnumberdefinedis basedonspherediameter,andis

Cpg(PI– p. )~3
Ra =

kvvv

ForCase1theheatbalanceequationat thewall-vaporinterfacereducesto the followingform:

R(l+\ /R)%[sin2 ‘(%3] =’6;i;~;@
(lo)

By droppingthe secondand higher order terms, the followingnon-linearordinarydifferential

equationis obtained:
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~(1 -5 / R)+[sinz
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s, 96cPATsin0

%) ‘= (Ra)h,g

Bythe substitutionz = (~)1’4,Eq. (11)canbe wfittenas

128cPAT(l+zl’4) ~
~ + $Cot e – —=

(Ra)hfg sin 9 “

Vol.24,No. 6

(11)

(12)

Tolinearizethe aboveODE,it is assumedthat (1+ Z1’4) remainspracticallyunchangedsinceb/Ris

alwaysmuchless than unity,i.e., (1+ z’”) = c, wherec is a constant. BYmakinga changeof

variableand applyingthe boundarycondition,Eq. (12)can be solvedand the followingresult is

obtained:

62 r 8CPAT ‘4(1+1),,4II)in’’’ede”’”d—.=—
R (Ra)hfg R sin2’3f3 “

(13)

It is notedthatbymakingthe approximation(1+ ~)”4 = 1, the sameresultasthat ofFrederking

andClark[l]is obtained,that is,

Theheattransferfroma differentialareaat thewall-vaporinterfaceis computedfrom

kVATzDsin~’39(1+6 /R) [~~sin5’3f3d9]-”4
—— /4

2[8CATI(R;)hfg

(14)

Thetotalheattransferfromthesphereis foundby integratingthe abovefrom0=0to t3=n:

DefiningtheaverageNusseltnumberas Nu =
qtD , it followsthat

nD2ATkv
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'u=~[&]4{JJsin5'3'[J~sin``3ede]1'4d
SubstitutingEq. (13)intotheaboveequationandintegrating,yields

l_Ral’4
‘u=0”5861zJ ‘2’

(15)

CPAT
wheretheJacobnumberservesto characterizea givenfluidandis definedas Ja =—

h“ft

Applyingthe samesolutionproceduresfor Case2 boundarycondition,theresultsare

[1
1/4

Nu = 0.828 ~ +2. (16)

It is notedthatgenerallythecorrelationis of theform

[1Nu = C, ~ i- C,, (17)

where 0.586<Cl <0.828,n = 1/4,andC2= 2. If effectivelatentheatof evaporationis used,then

[ Ra ?’
‘“ ‘CIKA‘c”

CPAT
whereJa”=—

h;, ‘

(18)

ForcomparisonwithEq.(17),thetheoreticalresultof FrederkingandClarkis
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[1

(Ra)hfg
1/4

Nu = 0.586 —
CPAT

- [1=0586 ~ 1’4
Ja ‘

(19)

where the coefficient 0.586maybe regardedas the valueforthe lowerboundin thepresentmodel,

and the constant2 is absent. Table 1 showsthe comparisonwith some other correlations. In

particular it is noteworthythat the correlation of Dhir and Lienh~d[7] has been widely

recommended,and it has a coefficientof 0.67, whichis roughlya mid-valuewithinthe present

bounds. Theircorrelationis basedon the approachof filmcondensation,analogousto Bromley’s

treatmentto thecylinders[8].

It is notedthat the constant2 has not been includedin any establishedcorrelation,except in

single-phaseconvection.It maybe thatthe valueof C2is smallwhencomparedto the first termin

film boiling. However,in view of its theoretical source, there may be a need to correlate

experimentaldata in a moreconsistentmanner. The valueof Cj may also serveto identifythe

geometryoftheboilingsurfaceinvolved.

Lastly,mentionshouldbe madeonthe exponent1/4,whichis presentin mostcorrelations.But

Frederkingand Clark’sempiricalcorrelational]actuallyfound 1/3 to be a better tit, and this is

supportedby others(e.g.[2,4]).Presently,thereis no goodtheoreticaljustificationforaccepting1/3.

TABLE1
A briefsummaryof variouscorrelationsfornaturalconvectionfilmboilingon spheres.

Source c1 n C2 Remarks

Frederking&Clark,1963[1] 0.586 1/4 o Theoretical
0.14 1/3 o Empirical

Dhir&Lienhard,1971[7] 0.67 1/4 o Semi-empirical
Farahat&Nasr,1978[2] 0.77 1/4 o Theoretical

0.143 1/3 o Empirical
Michiyoshiet al.,1988[3] -0.5-1.2 1/4 o Theoretical
Tsoet al,, 1995[5] 0.586 1/4 2 Numerical
Presentstudy 0.586-0.828 1/4 2 Theoretical
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1.Ananalyticalmodelforfilmboilingheattransferfroma sphereis derivedwhichimprovesonthe

onedevelopedbyFrederkingandClark.

2. Thepresentmodelshowsclearlythat Nusseltnumberapproaches2 insteadof zero as Rayleigh

numbergoesto zero. It also showsthat the constantCl variesti_om0.586to 0.828whichagrees

withthevalueof 0.67proposedby DhirandLienhard.

3. Thereis a needto correlateexperimentaldatain a consistentmanner. It is suggestedto use a

correlationin the formofEq. (17).

Nomenclature

A area

C1,C2 coefficientsinEq. (17)

CP
D

b’

hfg
Ja

k.

Nu

9,

R

Ra

T

Tw

TX

Va

w

specificheat at constantpressure

spherediameter

gravitationalacceleration

latentheatofvaporization

Jakobnumber=CPATI h),

vaporthermalconductivity

averageNusseltnumber

totalheattransferfroma sphere

radiusof sphere

Rayleighnumber= c,g( pl – p, )D3/ (k, v, )

vaportemperature

wallsurfacetemperature

vaporsaturationtemperature

vaporvelocitycomponentin Odirection

:nterfacialmassflowrate

887

X,Y,Z Cwtesiancoordinates,illustratedin Fig. 1

r,O,~ sphericalcoordinates,illustratedinFig. 1
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GreekLetters

8 filmlayerthickness

AT wallsuperheat= Tw-T,

P“ vapordensity

PI liquiddensity

v, v~r kinematicviscosity

k vapordynamicviscosity

ri shearstressat liquid-vaporinterface

&%bscriDts

v vapor

1 liquid

i interface

hltXSCliDt

* effectivevahse
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