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ABSTRACT

An analytical model for stable film boiling heat transfer from a sphere is derived
following the classical approach of Frederking and Clark but using spherical
coordinates instead. The improvement shows more clearly than the previous work
that the Nusselt number should approach the value of 2 instead of zero, as the
Rayleigh number goes to zero. Furthermore, by consideration of two limits on the
liquid-vapor interface boundary conditions based on Bromley’s suggestion, the
coefficient C, is shown to lie in the range 0.586 to 0.828, in the correlation

Ra
Nu=C[—]"+2.
“ I[Ja] 2

This supports the value of 0.67 as proposed by Dhir and Lienhard.
© 1997 Elsevier Science Ltd

Introduction

Analytical solutions to the problem of natural convection film boiling from spheres have always
been based on applying the basic equations in the Cartesian form with the assumption that for thin
fluid layers the curvature effect along the sphere can be neglected, as was reported by the analysis

of Frederking and Clark[1] and followed by others[e.g. 2-4].

Recently Tso et al.[5] demonstrated that by adopting the spherical coordinates, the results should
yield a limiting value of 2 for the average Nusselt number near a low modified Rayleigh number
which could not be extracted from the Frederking and Clark model (F-C model). The limiting value
of 2 is already widely accepted as a lead term in single-phase natural convection correlations, since

in the limit of no convection, elementary pure conduction consideration yields this value{6]. In Tso
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et al.[5] the analytical solution was not carried out to the end, the mid-way manipulation being
continued with a numerical solution. It is shown here that by continuing with the analysis the same
expression as the F-C model is obtained, except for the second term of 2. Moreover, by considering
the F-C model boundary conditions as the lower bound and defining boundary conditions for an

upper bound, it is shown that the coefficient C; should lie in a specific range.

Model Formulation

Coordinate systems and assumptions

A vertical cross section passing through the center of a sphere of radius R is shown in Fig.1.
The origin of a right-handed Cartesian coordinate system (X,Y,Z) is fixed at the sphere center 0
with the Z axis pointing upwards. A spherical coordinate system (r,0,0) is defined with respect to
the Cartesian coordinate to suit the analysis is also shown in Fig. 1. Film boiling heat transfer
characteristics are influenced by the boundary layer development which begins at 6 = 0 and

concludes at 9 < t with formation of a plume ascending from the sphere.

FIG. 1
Boundary layer development and coordinate systems
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To develop an analytical model for natural convection heat transfer from a sphere, the following
assumptions are employed:

. Fluid is incompressible and the Boussinesq approximation is applied.
. Film layer is laminar and fluid motion can be approximated by a boundary layer type.
. Vapor density is uniform in the film layer and is independent of temperature.
. Viscous heating is negligible and conduction is dominant in the film.
. Film layer is stable and thin and wall surface is smooth.
. The transport process is steady and is axisymmetric with respect to the vertical diameter.
. For film boiling, Ty, >>Tg Both Ty, and Ty are constant.
. Fluid motion is slow and inertia effects are negligible.
. Fluid properties are constant and surface tension is negligible.
10 Film layer remains attached on the entire sphere surface without separation.
11. Radiative mode of heat transfer is negligible and there is no sub-cooling in the liquid.
12. The effects of waves at the interface are negligible.

O 0NN R W~

Assumption 4 restricts the model application for small to moderate sphere diameters, since heat
conduction across the laminar vapor film is the controlling physical mechanism. Whereas for large
sphere diameters, the controlling mechanisms are the vapor movement, bubble formation,
turbulence and possibly the waves at the liquid-vapor interface. The difference between the present
model and that of Frederking and Clark is that the sphere surface is not approximated to be a plane
wall. The governing equations for the film layer in spherical coordinate system after taking the

above assumptions into consideration are the following:

d
g (Vosin8)=0 o)
pu;Z%(rz%vri)+g&;—£V-sin9=0 @)
19 ,aT,
r_Zar(’ ar)_o' 3)

Boundary conditions

Bromley has suggested, from his observations on film condensation[8], that the velocity
boundary conditions at the liquid-vapor interface should be specified to something between a no-
slip stagnant fluid and a fluid that exerts no shear. These two different types of boundary
conditions represent two extreme cases. Case J assumes that the fluid is immovable and no-slip

applies, whereas Case 2 assumes friction is negligible at the interface. The reason suggested by
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Bromley is that the external fluid is not so easily set into motion. It is also noted that Frederking
and Clark used only Case I boundary condition in their analysis. The boundary conditions for the

film layer are:

At0=0, 8=0

Atr=R, vV, =

Atr=R, T=Ty

Atr=R+§, T=T;

Atr=R, k,dA (—;)ER = h,dw,,

where dA =27R*sin 646 . 4)

At the vapor-liquid interface, two cases are taken, representing the upper and lower bounds.

Whenr = R+95, Case I: Ve, =Vg,; =0
Wy
Case 2: T,=1,=-V, (a_)i =0.
(4
For both cases, dw, = dw, =dw,.

Analvtical Solution

Since the temperature field has been decoupled from the velocity field, a solution for Eq. (3) can
be obtained by direct integration subject to the above boundary conditions. The following results
are obtained for the temperature distribution within the film layer[5]:

T-T, r'—-R"
=1+—5 -1
T, -T, R —(R+6)

(&)

It can be seen that the temperature distribution is non-linear for a sphere whereas it is linear in the
F-C model for a plane surface{1]. The temperature gradient at the wall-vapor interface is given by

dar AT é
(_dT)':R =—T(I+E)' 6)
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The above shows that heat transfer rate varies with the curvature of a surface. Since &R > 0,
heat transfer rate per unit area from a convex surface is greater than that from a planar surface
which can be obtained by dropping the small term &/R in comparison with unity, i.e.,

dr AT

(=)= -
dr "k é
This temperature gradient was indeed used in the development of the F-C model. The heat

balance at the wall-vapor interface yields Eq. (4) with
R+8 .
dw, = pvdjk Vo 27tR sin 6dr . )]
The velocity component v, is obtained by solving the momentum equation together with the

boundary conditions, and the following velocity distributions are obtained across the film layer:

—g(p,— p,)sin 8 [+ 2R’ +3R’6 + RS’
6u, r

Case I: Ve = —3R*-3R6 -87]

-g(p, — p,)sin B [_rj+(R+5)3 R (R+6)
3y, 2 r 2 R

1.

Case 2: Vg =

Substituting the above velocities into Eq. (7) and performing integration, one obtains the

following expressions after dropping terms higher than (3/R)’.

_ 2nRRak, . . 8.,
Case 1: dw,; = 9%, dfsin G(R) ] ®)
2mRRak, . ,. 8
. m— - 9
Case 2: dw, 24c, d[sin G(R) ] &)

where the Rayleigh number defined is based on sphere diameter, and is

c,8(p, = p)D’
Rag=—"F""".
kv VV
For Case I the heat balance equation at the wall-vapor interface reduces to the following form:
S d 96¢,AT sin 6

in? 02512
Ra+o B a6 " R 1= " (Ram,

(10)

By dropping the second and higher order terms, the following non-linear ordinary differential

equation is obtained:



884 S.K.W. Tou and C.P. Tso Vol. 24, No. 6

o d ) 96c AT sin 6
—(1-6/R)—[sin’ (=)= —t—— 1
R( / )de [sin (R)] (Ra)h, (11)
. . 5 1/4 .

By the substitution z = (E) , Eq. (11) can be written as
dz 8z 128¢,AT (1+7")
£ 2t g —E T . 2
83 R, b 12

1/4

To linearize the above ODE, it is assumed that (1+ z""*) remains practically unchanged since R is

always much less than unity, i.e., (1+2z"*) = ¢, where c is a constant. By making a change of
variable and applying the boundary condition, Eq. (12) can be solved and the following result is

obtained:

(13)

[ gc AT [_“esinsnﬂd@]”4
%:2 .L_j[ (1+.6_)1/4 o

[(Ra)hfg R sin”” @
6
It is noted that by making the approximation (1+ E)M = 1, the same result as that of Frederking

and Clark[1] is obtained, that is,

s | 8c,AT I U: sinm@dG]m

R [(Ra)hfg sin”

The heat transfer from a differential area at the wall-vapor interface is computed from

oT
dg=k, (—;)mRan2 sin 646

-1/4

k ATaDsin™ 0(1+8 / R) U: sin®” ede] 14

[ 8c,ar 1"
2
[Ra,
The total heat transfer from the sphere is found by integrating the above from 6=0 to 6=m:
~1/4
k. ATrD 8¢ AT 0 -1/4 ] 0 -1/4
q, = ST T jnsinSBGU sin5/39d9] o+ J.n (E) sin>"? O[J sin5/39d6:| do;.
2 (Ra)h fo 0 Y 0 R 0

q.D
nD*ATk,

Defining the average Nusselt number as Nu = , it foliows that



Vol. 24, No. 6 MODELLING OF FILM BOILING ON SPHERES 885

-1/4

21/4 c, AT 9 -1/4 9 ~1/4

== | “sin5’3"[ | sin5/39d9] o+ "Dy ins e[ | sin5/39d9] de.
4 | (Ra)h e 0 Y 0 'R 0

Substituting Eq. (13) into the above equation and integrating, yields

I"Ra 11/4
Nu=0586 | < +2, (15)

c AT
where the Jacob number serves to characterize a given fluid and is defined as Ja =

/1
Applying the same solution procedures for Case 2 boundary condition, the results are

[32c,a7 7" [[] sin*>aa6]

3.
R _L(Ra)hfg sin”’ 6

/4
Nu =0.828 [&} +2.
Ja

(16)

Discussion

It is noted that generally the correlation is of the form

Ra
Nu= Cl{ JaT-FCZ’

an
where 0.586 < C, <0.828, n=1/4, and C, = 2. If effective latent heat of evaporation is used, then
[Ra T
Nu =C|—| +C,, 18
1|_ T2 J 2 (18)
c pAT

*
where Ja =

*

72

For comparison with Eq. (17), the theoretical result of Frederking and Clark is



886 S.K.W. Tou and C.P. Tso Vol. 24, No. 6

1/4
Ra)h
Nu=0586 Ry
cpAT

=0.586 [52]1/4, (19)
Ja
where the coefficient 0.586 may be regarded as the value for the lower bound in the present model,
and the constant 2 is absent. Table 1 shows the comparison with some other correlations. In
particular it is noteworthy that the correlation of Dhir and Lienhard[7] has been widely
recommended, and it has a coefficient of 0.67, which is roughly a mid-value within the present
bounds. Their correlation is based on the approach of film condensation, analogous to Bromley’s

treatment to the cylinders([8].

It is noted that the constant 2 has not been included in any established correlation, except in
single-phase convection. It may be that the value of C; is small when compared to the first term in
film boiling. However, in view of its theoretical source, there may be a need to correlate
experimental data in a more consistent manner. The value of C, may also serve to identify the

geometry of the boiling surface involved.

Lastly, mention should be made on the exponent 1/4, which is present in most correlations. But
Frederking and Clark’s empirical correlation[1] actually found 1/3 to be a better fit, and this is
supported by others(e.g.[2,4]). Presently, there is no good theoretical justification for accepting 1/3.

TABLE 1
A brief summary of various correlations for natural convection film boiling on spheres.

Source Cy n C, Remarks
Frederking & Clark, 1963[1] 0.586 1/4 0 Theoretical

0.14 1/3 0 Empirical
Dhir & Lienhard, 1971[7] 0.67 1/4 0 Semi-empirical
Farahat & Nasr, 1978(2] 0.77 1/4 0 Theoretical

0.143 1/3 0 Empirical
Michiyoshi et al.,1988[3] ~0.5-1.2 1/4 0 Theoretical
Tso et al., 1995{5] 0.586 1/4 2 Numerical
Present study 0.586-0.828 1/4 2 Theoretical
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Conclusions

1. An analytical model for film boiling heat transfer from a sphere is derived which improves on the
one developed by Frederking and Clark.

2. The present model shows clearly that Nusselt number approaches 2 instead of zero as Rayleigh
number goes to zero. It also shows that the constant C, varies from 0.586 to 0.828 which agrees
with the value of 0.67 proposed by Dhir and Lienhard.

3. There is a need to correlate experimental data in a consistent manner. It is suggested to use a

correlation in the form of Eq. (17).

Nomenclature
A area
C,,C, coefficients in Eq. (17)

< specific heat at constant pressure
D sphere diameter
g gravitational acceleration

h ifo latent heat of vaporization

Ja Jakob number = ¢ AT / h,

k, vapor thermal conductivity

Nu average Nusselt number

q, total heat transfer from a sphere

R radius of sphere

Ra Rayleigh number = ¢, g(p, — p, yD*/ (k,v,)
T vapor temperature

T, wall surface temperature

T vapor saturation temperature

vapor velocity component in 0 direction
w interfacial mass flow rate

X,Y,Z Cartesian coordinates, illustrated in Fig. 1

r,0,0  spherical coordinates, illustrated in Fig. 1
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Greek Letters Subscripts

8 film layer thickness v vapor

AT  wallsuperheat=T, - T, I liquid
p,  vapor density i interface

P liquid density

. e Tipt
v, vapor kinematic viscosity Supersc

. . *  effective value
Wy vapor dynamic viscosity

T; shear stress at liquid-vapor interface
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