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Abstract. A simple microstructure model is used to describe a fluid-filled open-cell foam. In
the simplest case it consists of parallel elastic plates with gaps between them, which are filled
with a Newtonian fluid. We assume that the load applied to this model material is uniaxial. The
constitutive equation is formulated with the pressure of the fluid as an inner variable. The model
yields an evolutional equation for the fluid pressure which itself is a field equation, that is a partial
differential equation in time and space coordinates. This differential equation is solved for an
instantaneously applied constant load and for a harmonically oscillating load. The solution of the
differential equation, in combination with the constitutive equation leads to a relation between
mean applied load and global strain of the test specimen. Finally, we obtain the creep compliance
and the complex modulus of the foam material, respectively. The influence of different geometries
of the foam and of different material behaviour of the matrix and fluid on the creep compliance and
the complex modulus is discussed.
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1. Introduction

In general, fluid-filled open-cell polymer foams are used as dampers of waves, impact
loadings and vibrations. They can be applied in abroad range, for example damping of
vibrations of machines, protection of sensitive goods against vibrations and impacts,
and they are used in casual shoes and mattresses as well.

In order to construct fluid-filled open-cell polymer foams with desired damping
characteristics, one needs to understand how the matrix material, the fluid properties,
and the cavity structure influence the damping behaviour. The aim of this paper is to
analyze the influence of the above parameters.

Fluid-filled open-cell foamis not a so-called ‘simple material’, thatis the stress ata
point X does not depend only on the deformatioXadr the history of deformation
at X. Since the fluid needs a finite time to flow out of high pressure regions into
low pressure regions, the system will pass a nonequilibrium state. Therefore, the
constitutive equation has to take into account long-range interactions. The well-
known approach (Eringen, 1975) for a nonsimple material of higher-order gradients
assumes that the stress tensor at a piadea function of the histories of the first
gradients of deformation &. This is not sufficient when we have pronounced long-
range interactions. This is the case for open-cell foams with fluid flow interactions.
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However, modelling the material as a ‘continuum with an inner fluid state variable’
also considers long-range interactions. The field equation of the inner fluid state
variable is an evolutional equation. The fluid pressprean be taken as an inner
state variable.

In the present paper, we will look at a model foam with as simple a microstructure
as possible. Initially, we will consider the fluid flow through the hollow space of the
matrix material in directiorr. The fluid volume flow is assumed to be proportional
to the loss of pressuredp/dx in this direction. For a specimen which is loaded
uniaxially in x-direction the equation of state is given by

o =o(g p). (1.1)

The fluid pressurep satisfies a partial differential equation in space and time
coordinates. In the following this is derived for a model foam with a simple
geometry.

2. Mathematical Modelling of a Porous Medium

The micromechanical model foam (Figure 1) consists of linear-elastic plates which
are arranged parallel to each other. The gaps between the plates are filled with an
incompressible Newtonian fluid under the presspr&ecause of the regularity of
the structure, it suffices to regard a unit cell (Figure 2). The unit cell consists of two
half plates and the fluid-filled space between them. Both the distAnhbetween
the middle of neighbouring plates and the widttof the plates ing-direction are
assumed to be constant. This is true if the package of plates is surrounded by rigid
walls, and no shear stress occurs between the walls and the plates. The actually
existing shear stress can be neglected if we consider areas with sufficient distance
from the boundary.

It should be mentioned that different methods exist to gain the macroscopic
constitutive equations of this special porous material. On the basis of concepts from

H —h—

direction of load

b

\ f// elastic plates

fluid-filled gaps
Figure 1. Micromechanical model foam.
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Figure 2. Unit cell.

continuum mechanics, Biot’s theory of poroelasticity (Biot, 1956; Detournay and
Cheng, 1993) could be applied, or the theory of mixtures extended by the concept
of volume fractions (de Boest al., 1991). Because of the periodic microstructure,
it would also be possible to apply homogenization techniques like those which are
used in the mechanics of composite materials (Coussy, 1991). With the material
under consideration, however, a difficulty arises when such theories are used. This
is due to the fact that, in the direction perpendicular to the plates, the solid is not
interconnected. Therefore, it is difficult to find the proper stress-strain relation for
this direction. It seems to be easier to treat this problem in an elementary manner.
For the following considerations, we assume that inertia effects can be neglected,
and that the strain is small. The shear deformation will not be taken into account. We
will investigate two different cases. First, we consider the fluid flowing in the direction
of the applied load. As a second case, we analyze the fluid flowing perpendicular to
the direction of the applied load. In the first case the load is applied stress controlled,
and, in the second one, it is applied strain controlled. This is done for the simplicity
of the averaging integration of the constitutive equations.

2.1. FLOW PARALLEL TO THE DIRECTION OF AN APPLIED LOAD

Here, we will calculate the averaged straiim x-direction in the case when a normal
stresso in x-direction is applied to the elastic plates by means of rigid end plates
(Figure 3). Owing to the applied load, the fluid flowsirdirection.

The straire, in y-direction and the strainin x-direction of the linear-elastic plates
depend on both the fluid pressysewithin the gaps and the stressin x-direction
inside the plates.

Hooke’s law for plain strain yields

1—12 v(1+4v)
= , 2.1
€ g ot——©g » (2.1)
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Figure 3. Loaded and unloaded plates, flow parallel to an applied hormal stress.

1—2 v(l+v)
gy = — — o,
y E 7 E

with E being Young's modulus andPoisson’s ratio of the plate material. Lgtbe
the distance of the unloaded plates ahdhe small change of gap width due to the

applied strain. Then the gap width under load is

(2.2)

h(x,t) = ho+ 8h(x,1). (2.3)
Therefore, the strain of a plate indirection is
&h
&y = — rho» (2.4)
and, with (2.2), the chang#: of the gap width can be written in the form
1—12 v(l+v
5h=(H—h0)[ z p+ (E )a]. (2.5)

The flow of fluid between two plates caused by the applied stress is assumed to be
quasi-stationary. Furthermore, we assume the change of the plate thigknedse

small compared to the plate thickness, that is the stream lines are roughly straight-
lined and parallel to each other. With these assumptions the Navier—Stokes equations
lead to Darcy’s law, and the averaged velocityn x-direction depends on the fluid
viscosity n, the permeability coefficienk and the loss of pressuredp/dx. The
velocity v, that is the volume flow’ referred to the areh- 4, is given by

/ K 9
YK () (2.6)
bh n ax

If we assume furthermore that the lengtbf the plates is much larger than the gap
width &, thenK is the permeability coefficient of two flat plates and is given by

K=2%n% (2.7)
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Figure 4. Averaged normal stress.

A change in the distandeof two plates, that is a volume change of the fluid-filled
space, leads to a flow of the incompressible fluid. The balance of the fluid volume
yields

d(V/b)  0h , ¢

ax ot at’

(2.8)

Until now we have not taken into account that, due to the fluid flow, a shear sjress
interacting at the boundary between fluid and matrix material, arises. The equilibrium
of forces at a unit cell (Figure 4) yields

(H—h)o —ph=0o H. (2.9)

Here,o denotes the averaged stresscidirection. The pressure term in (2.9) rep-
resents the effect of the shear stregsinstead of the shear stress acting at the
surface area, we can imagine a volume force inside every plate. This ‘pseudo volume
force’ has the same effect as the shear stresss can be derived from differentiating
(2.9) and noting that pressure drop and shear stress are proportional:

] h 0

go__n Py T (2.10)
ax H—h ox H—nh
—————

pseudo volume force

The constitutive equation of the model foam is now obtained by substitution of
the equilibrium equation (2.9) into Hooke’s law (2.1), linearizing with respegt, to
o andéh, and by a subsequent integration over the height of the plates:

1 1/2
EZA”E—F B|—/ pdx (211)
LJ 2
with the constants
1—12 1 h
E@—ho/H) EQ1—ho/H) H
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Figure 5. Loaded and unloaded plates, flow perpendicular to an applied strain.

Finally, we obtain the partial differential equation of the inner varigbeom
(2.1), (2.2) and (2.5)—(2.9). Neglecting nonlinear terms results in

?%p  p do

Al 53 " = Mg (2.13)
where
Y E h} (ho/H)(1 — ho/H)
'™ 120 A+ vl —v =2 —2v)(ho/H) (1 — ho/H)]’ (2.14)

v+ (1—2v)(ho/H)

=10 2a- 20)(ho/H)(1 — ho/H)

2.2. FLOW PERPENDICULAR TO THE DIRECTION OF AN APPLIED LOAD

We now calculate the averaged stresi x-direction for the case where rigid end
plates apply a strainin x-direction to the elastic plates and the fluid between them
(Figure 5). Owing to the applied strain and the boundary conditions, the fluid flows
in z-direction perpendicular to the applied load.

In principle, the derivation of both the constitutive equation and the partial differ-
ential equation fop is analogous to the first case in 2.1, but there are some important
differences.

The state of strain is now three-dimensional. Hooke’s law yields

1
& = = [c —v(o, — p)], (2.15)
1
ey =% [P+ +0) (2.16)
1
g, =—— [o,—v(c — p)]. (2.17)

E
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Insertion of (2.16) into (2.4) yields

H — ho
E

8h = [(1—=v?) p+ (v+1?) o +VvEse.]. (2.18)

The fluid velocityv, in z-direction is given by

V K ap
——p.=— (=), 2.19
lh Ve n < 82) ( )

Assuming that the heiglitof the plates is much larger than the gap widththe

permeability coefficienkK again coincides with the permeability coefficient of flat
plates (2.7). The balance of fluid volume yields

o/ _ o, (ag N 882)‘

e \ar o

2.20
0z at ( )

The equilibrium of forces in-direction at a fluid element shows that the shear stress
¢ at the boundary between fluid and matrix material is proportional to the pressure
loss—ap/dz:
h op

Tp=——=—. 2.21

1 > 92 (2.21)
The equilibrium of forces ir-direction at an element of the matrix material leads to
the equation

do, 2 h Odp

99 _ _ or 2.22
9z H—-h" " H—n oz (2.22)

If the fluid pressurep = 0, there will be no strain, in z-direction. This results, with
(2.15) and (2.17), in the following relations:
_v(2h— H) n 1 £

T TH_n PRt

h . v
o, =
T HEH_RP T

(2.23)
eE.

The linearized average strassn x-direction is defined as

1 (b2 ho ho
o= 1-—)o— — ) 2.24
? b/b/2|:< H)G Hp:|dz ( )

Substituting (2.23) into (2.24), and neglecting nonlinear terms, we obtain the consti-
tutive equation

b/2

b —b/2



276 UDO DUNGER ET AL.
with

1—h0/H ho

Finally, we obtain the partial differential equation of the inner varigbfeom (2.7),
(2.15), (2.17)—(2.20) and (2.23). Neglecting nonlinear terms results in

?p  p de

WP (2.27)
where

o _EM (ho/ H)(1 — ho/H)

LT T A4 WL —v—2(1=2v) (ho/H) (L— ho/H)]’ (2.28)

_ [v+ (1 —2v)ho/H](1 — ho/H)
T (A=)l —v =21 —2v) (ho/H)(L — ho/H)]

ki

3. Solution of the Partial Differential Equations

The partial differential Equations (2.13) and (2.27) are of the same type. Subse-
guently, the solution of (2.13) is given for both an instantaneously and a sinusoidally
applied load.

3.1. SOLUTION FOR AN INSTANTANEOUSLY APPLIED LOAD

Let us consider the case where the l@ad linearly increased from 0 tgg in the
time interval [Q 67], and then kept constant at the valee
The differential Equation (2.13) can then be written as

¥p dp , Do
k=
YWoxz = 9 TN 5
?p _dp
— = — for 1> én.
“Woxz = ar ok
An instantaneously applied streswill lead to an abruptly increased constant fluid
pressure. Therefore, the initial condition of the fluid pressure immediately after an
applied jump of stress can be written as

for 0 <1t < 61,
(3.1)

p(5to) = _kH o) for Stg — 0. (32)

We assume the fluid pressure at the end of the platesdinection to be zero. This
gives the boundary conditions

p(x=30Lt)=p(x=-311)=0. (3.3)
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With these boundary conditions and the initial condition (3.2), we obtain the follow-
ing Fourier series as a solution of the differential equation (2.13) for the case of a
jump of stress:

A=)t cos[(2n— D7 (x/D)]
pl.t) =~k X_; { 2n—1  expirZ(ay/12)2n — )] } - B4

3.2. SOLUTION FOR A SINUSOIDALLY APPLIED LOAD
Now we consider a sinusoidally applied load

o = op Sinwt (3.5)
with the angular frequenay. The approach

p(x,t) = f(x)sinwt + g(x) coswt (3.6)

and the same boundary conditions as before (fluid pressure at the ends of
the plates= ambient pressure- 0) give the following solution of the differential
equation:

ky o0
Sin?(3 1K) sintf(3 [K)) + cof (3 1K) cosif (3 1K) *

plx, 1) =

x {[—si(3 IK)) sinfP (3 1K) —

— coS(31K) cost(3 1K) +

+ sin(xK) sinh(x K ) sin(3 [K ) sinh(3 [K ) +

+ cosxK)) coshixK)) cos(3 [K}) cosh3 K] sinwt +
+ [sin(x K ) sinh(xK ) cos(3 [ K ) cosh(3 [K|) —

— cosxK)) coshxK) sin(3 I K)) sinh(3 1K )] coswr} (3.7)

Ki= /2. (3.8)
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4. Results

4.1. FLOW PARALLEL TO THE DIRECTION OF AN APPLIED LOAD

4.1.1. Material Behaviour for an Instantaneously Applied Load

The creep law, thatis the relation between the averaged staithan instantaneously
applied loadry, is obtained by inserting (3.4) into (2.11):

8 2 exp[-72a/1®)2n - 1% | _
[An — ;Bu k Z PE (Zln/_ 1)2n ] 00
n=1

— D(1) oo. (4.1)

e(t) =

The termD(t) is called creep compliance. For the initial value+$ 0) and for the
equilibrium value { — o0) of D(r) we get

D@ — 0) = A — Bk,
4.2)
D({t — o0) = AH‘
4.1.2. Material Behaviour for a Sinusoidally Applied Load

In the case of a sinusoidally applied load (3.5), we have to insert the solution (3.7)
of the partial differential Equation (2.13) into the constitutive Equation (2.11). This
gives the following expression for the averaged sinusoidal strain:

& =00,/C3 + C§ sin(wt + ¢) (4.3)

By ky
sinh(3 [K) cosh(3 [K) + sin(3 [K}) cos(3 [ K))

with

Cy = Ay — Bk + X

: 4.4
8 [sin(3 (K ) sinh(3 1K |)]2 + [cos(3 I K)) cosh(3 1K )] 44
o — Bk sin(3 1K) cos 3 1K) — sinh(Z 1K) cosh3 1K) 45)
27 1Ky [sind k) sinh 1k)]2 + [cos3 1K) cosh 1K 2T
The loss angle is given by
tang = % (4.6)

1y

and the dynamic moduluByy, is given by

_ 00 _ ., /-2 2
Edyn = 8:0 =1/ C1|\ + C2\|' (4.7)
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The theoretical treatment predicts that the dynamic modEiyisand the tangent of
the loss angle, tap, are functions of the ratiby/ H, Poisson'’s ratio of the linear-
elastic plates and a certain dimensionless quantity. This quanyfity the following
function of the angular frequeney, the viscosity of the fluid, Young’s modulusE
of the linear-elastic plates and the ratio of the fluid path lehgithe gap lengthg:

1\? n

For small values of the dimensionless quantity, the dynamic modulug gy,
denotedE gy, is equal to the reciprocal of the creep compliance for large values
of z:

1 1

Edyn (HM - O) = Egtat =

For very large values of the dimensionless quarfiiy the dynamic moduluggyn
is equal to the reciprocal of the short-time creep compliance:

11
D(t—0) Ay — Bk’

Edyn(nn — 00) = (4.10)
Thus, it will be sufficient to look at the material behaviour of a harmonically applied
load.

The tangent of the loss angle is a measure of the energy dissipation per cycle. At
low values ofI1, the tangent of the loss angle increases with the qualitjtydue
to the fluid flow relative to the matrix. The fluid flow at higher valuedfis more
and more in phase with the applied load, and the tangent of the loss angle decreases.
The fluid flow is negligible at high values &1, and the tap tends towards zero.
This qualitative behaviour is shown in Figures 6 and 8. Furthermore, in Figure 6 itis
shown that increasing values of Poisson’s raticause a higher energy dissipation.
The energy dissipation also increases with increasing kafi& (Figure 8), which
can be interpreted as the portion of the fluid volume.

tan ¢

01 01 1, 10 100 1000
w (g n/E

Figure 6. Tangent of the loss angle verslig, variation ofv.
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Figure 7. Dynamic modulus with respect to the static modulus vef$psvariation ofv.
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Figure 8. Tangent of the loss angle verslis, variation ofag/H.

The fluid flow relative to the matrix causes the dynamic modulus to increase with
the quantityIT;. At high values ofl1;, the fluid flow is negligible, and the incom-
pressible fluid acts as a hindering for the lateral strain. This means that the dynamic
modulus increases with increasing valuedIyf and tends towards a maximum at
high values off1;. This behaviour is shown in Figure 7 and Figure 9. The dynamic
modulus, with respect to the static modulus, increases with increasing values of
Poisson’s ratia’ (Figure 7), and also increases with increasing portion of the fluid
volume (Figure 9).

It is worth mentioning that the Poisson’s ratio has a considerable effect on the
material behaviour in the case of the flow being parallel to the direction of an applied
load. This effect should not be neglected. The qualitative material behaviour of our
model is the same as (Rusch, 1965) predicted with his model, but he did not take into
account the effect of compressible matrix material. In addition, we can omit some
assumptions which (Rusch, 1965) needed to set up his model.
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Figure 9. Dynamic modulus with respect to the static modulus veFsuwariation ofho/H.

4.2. FLOW PERPENDICULAR TO THE DIRECTION OF AN APPLIED LOAD
4.2.1. Material Behaviour for a Sinusoidally Applied Strain

In the case of a sinusoidally applied straigsinwt, the solution of the partial
differential Equation (2.27), inserted into the constitutive Equation (2.25), gives the
following expression for the averaged stress:

T =50,/C? + C2, sin(wt + ¢) (4.11)

with
Bk
X
bK,
sinh(3 bK 1) cosh(3 bK ) + sin(3 bK 1) cos3 bK )
X b
[sin(3 bK 1) sinh(3 bK 1)]? + [cos(5 bK 1) cosH(3 bK 1)]?

Cu=A, —B k| +

(4.12)

Bik, sin(3 bK 1) cos3 bK ) — sinh(3 bK ) cosh(3 bK )
bKy [sin(3bK,)sinh( bK)]? + [cos(3 bK ) cosh(3 bK )]?
(4.13)

Ky = |—. (4.14)
ZCZJ_

In this case, the loss angleis given by

Cr =

C
tan (,0 e ﬁ’ (415)

1L

and the dynamic moduluBgy,, follows from

O
Egyn = 8:2 =.,/C2 +C2. (4.16)
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Figure 10. Tangent of the loss angle versllg , variation ofv.

The dynamic modulu®4y, and the tangent of the loss angle, ¢ggrare again func-
tions of the ratiohg/H, Poisson’s ratiav of the linear-elastic plates and a certain
dimensionless quantity. This quantily, is analogous to the quantifyl;, but the
ratio of the fluid path length to the gap length is now giverblyo:

b\ n

2

For small values of the dimensionless quanfity, the dynamic modulug gy,
denotedE sy, IS

Egyn (ITy - 0) = Estat=A_. (4.18)

For very large values of the dimensionless quarfity, the dynamic moduluggyn
is given by

Edyn(nl—> OO):AJ_—BJ_kJ_. (419)

The qualitative material behaviour when the flow is perpendicular to the load is
similar to the behaviour of the case where the flow is parallel to the load (Figures

Edyn/ Estal
o
o

0.001  0.01 100 1000

0.1 12 10
w (b/hg)*n/E

Figure 11. Dynamic modulus with respect to the static modulus vef$usvariation ofv.
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Figure 12. Tangent of the loss angle versllg , variation ofho/H.
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Figure 13. Dynamic modulus with respect to the static modulus versusvariation of
ho/H.

10-13). The maximum energy dissipation per cycle, when the flow is perpendicular
to the load, is considerably lower than the maximum energy dissipation of the first
case. However, now the influence of Poisson’s ratio on both, the tangent of the loss
angle (Figure 10) and the dynamic modulus (Figure 11), is negligible. Increasing
values of the fluid volume portiohg/H again cause a higher energy dissipation
(Figure 12) and higher values of the dynamic modulus (Figure 13).

5. Conclusion

The presented micromechanical model of a fluid-filled open-cell foam is appropriate
to describe the damping behaviour resulting from fluid flow during deformation.
Furthermore, the model yields the parameters upon which the damping behaviour
depends. This cannot be found by using macroscopic continuum approaches, and,
with this understanding, it is possible to construct fluid-filled open-cell polymer
foams with desired damping characteristics.

The parameters on which the damping behaviour depends, are the Poisson’s
ratio v, the fluid volume portiom:g/H and a dimensionless quantity. When the
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load is applied parallel to the direction of the fluid flow, the quantity is given by
o (1/ho)®n/E, and, when the load is applied perpendicular to the direction of the
fluid flow, the quantity is given bw (b/ ho)? n/E.
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