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Use of a Generalized Stokes Number to Determine
the Aerodynamic Capture Efficiency of
Non-Stokesian Particles from a Compressible

Gas Flow

R. Israel and D. E. Rosner

High Temperature Chemical Reaction Engineering Laboratory, Chemical Engineering Department,

Yale University, New Haven, CT 06520

The aerodynamic capture efficiency of small but non-
diffusing particles suspended in a high-speed stream
flowing past a target is known to be influenced by
parameters governing (a) small particle inertia, (b) de-
partures from the Stokes drag law (associated with local
particle Reynolds numbers greater than unity), and (c)
carrier fluid compressibility (at nonnegligible free-
stream Mach numbers). By defining an effective Stokes
number in terms of the actual (prevailing) particle stop-
ping distance, local fluid viscosity, and inviscid fluid
velocity gradient at the target nose, we show that these

effects are well correlated in terms of a ‘‘standard’’
(cylindrical collector, Stokes drag, incompressible flow,
Rel’2 >> 1) capture efficiency curve. We are thus led to a
correlation that (a) simplifies aerosol capture calcula-
tions in the parameter range already included in previous
numerical solutions, (b) allows rational engineering pre-
dictions of depeosition in situations not previously speci-
fically calculated, (c) should facilitate the presentation of
performance data for gas cleaning equipment and aerosol
instruments.

NOMENCLATURE

Cp drag coefficient

& specific heat at constant pressure
cy specific heat at constant volume

d diameter

) stopping distance

M Mach number

R radius of curvature of the target

Re Reynolds number
Stk Stokes number
ow flow time

particle stopping time
U free stream velocity
u fluid velocity along x coordinate

<

fluid velocity along y coordinate

v fluid velocity vector
v, settling velocity
x coordinate along stagnation line
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y coordinate normal to stagnation line
Y ratio of specific heats

n capture efficiency of the target
u dynamic viscosity

v kinematic viscosity

p density of the fluid

¢ Re? Stk

v non-Stokesian correction factor
Subscripts and Superscripts

c compressible flow

crit critical value

i M< <1

of effective value

M=0 M<<l

P pertaining to particle

stag at the stagnation zone

© at free stream conditions

dummy parameter used for integration
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INTRODUCTION

The capture efficiency of a collector in a high-
velocity flow field is mainly determined by an
inertia parameter characterizing the particle
motion, termed the Stokes number. However,
for non-Stokesian particles the collection -ef-
ficiency also depends on a Reynolds number
based on particle diameter and the free-stream
velocity. For a potential flow field approxima-
tion to the fluid motion about the collector, the
collection efficiency of cylindrical and spherical
targets have been calculated numerically as a
function of both the Stokes and particle
Reynolds numbers (Brun et al., 1955; Dorsch et
al., 1955). The results obtained in the limit of
negligible Mach number are reproduced here in
Figures 1 and 2. As can be seen, for both
Stokesian and non-Stokesian particles, the cap-
ture efficiency curves are qualitatively alike,
providing the motivation to seek a similarity
parameter that would reduce the dependence of
the capture efficiency of both collectors to a
single combination of the above variables.
Likewise, it would be useful if the effects of
nonzero Mach number on capture efficiency
could also be correlated in terms of a Mach-
number-dependent generalized Stokes number.
Clearly, to predict the deposition rate of par-
ticles (Rosner et. al, 1981) over a wide size
spectrum (as would occur, e.g., in gas turbine
and gas cleaning applications), a representation
of the capture efficiency that dramatically re-
duces its dependence on geometric and fluid-
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dynamic parameters would greatly facilitate
computations.

GENERALIZED STOKES NUMBER

Definition

The Stokes number can be viewed as the ratio of
the characteristic stopping time t, of the particle
to the characteristic flow time around the
collector. The stopping time (also known as the
relaxation time) of the particle conventionally is
computed applying the Stokes (linear) drag law
to a particle initially moving with the free stream
velocity. In generalizing the Stokes number,
account must be taken of the fact that the drag
on the particle may be non-Stokesian. In that
case, the stopping distance is as follows:

’

Rep  dRe
1p=%(pp/p)dpjo CRORS O

A generalized Stokes number or the inertia
parameter for particle capture by a cylinder or a
sphere of radius R in an incompressible flow can.

then be written?
I, 8 d Rep dRe’

Stkeff:lz_ pl — e 2
R 3\pN\d/)J), CoRe

I The conjecture that non-Stokes particle capture can be cor-
related in these terms is mentioned in the important paper of May
and Clifford (1967). Here we explicitly demonstrate its success
for two collector geometries (cylindrical and spherical) and then
extend the notion of Stk.¢ to include other important effects
(mainstream Mach number, target geometry, etc.).
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FIGURE 1. Capture efficiency
for a cylinder as a function of
particle inertia. parameter Stk at
several values of the non-Stokes-
ian drag parameter ¢; Rel2 > 1,
M2 << 1 (Brun et al., 1955).
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1.0 T

Equation (2) can be written in terms of the
conventionally defined Stokes number:

Stk .r=(Re,)Stk, A3)

where the non-Stokes drag correction factor  is
given by

24 [Rep dRe’
l//(RCp)=ﬁé; L CoReRe @

Note that in the Stokes limit C,—24/Re and
Y— 1, asrequired. For a given Reynolds number
based on particle diameter and free-stream
velocity, ¥ can be computed by evaluating the
integral on the right-hand side. The functional
dependence of i on Re, is presented in Figure 3.
The generalized Stokes number can then be
found by correcting the conventional Stokes
number by ¥(Re,).”> From Figure 3 it is obvious

2This is equivalent to the practice, in micrometeorology

applications (Aylor, 1978), of writing the Stokes number in
terms of the particle settling velocity vg; i.e., Stkeer = v U/gR
(in the absence of buoyancy corrections).
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FIGURE 2. Capture efficiency for a sphere as a
function of particle inertia parameter Stk, at
several values of the particle Reynolds number;
Rel/2 = 1, M2 << 1 (Dorsch et al., 1955).

that the actual stopping distance, and hence the
stopping time for a non-Stokesian particle, is far
less than what Stokes drag would indicate.
Physically, of course, this is due to the fact that
the Stokes law underestimates the true particle
drag force.

Application to Capture by Isolated
Cylinders and Spheres at Re!/*> >1
and M?< <1

The numerical solutions for the collection ef-
ficiency of a cylinder and sphere, as given in
Figures 1 and 2 for incompressible, inviscid flow,

FIGURE 3. Non-Stokes particle drag correction
factor relating Stk to Stk {Egs. (3) and (4)].
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can now be transformed so as to show the
variation of collection efficiency as a function of
this generalized Stokes number. The transfor-
mation of the coordinates in Figure 2 for the
sphere is straightforward, as both Stokes
number and particle Reynolds number for a
specified capture efficiency are given explicitly.
In the case of Brun’s plot for a cylinder, the
capture efficiency is plotted against Stokes
number for various values of a newly defined
parameter ¢, dependent both on the Stokes and
Reynolds numbers. However, even in this case
the particle Reynolds number can be derived for
specified ¢ and Stokes number from the relation

Re,=(¢Stk)'/2. ; ©)

Thus, in all cases, it is relatively simple to
correlate the efficiency of the collector to our
generalized Stokes number. The resulting values
are plotted (in the transformed coordinates) in
Figures 4 and 5. For each geomietry, these data
are seen to be acceptably represented by a single
function #(Stk.p). We shall show that a further
generalization of the definition of Stk allows all
results for both collector geometries to be
reasonably well approximated by a single func-
tion® of Stk Choosing capture by an isolated
cylinder as the reference condition, for

3We redefine Stk 50 as to map all values of Stk to the
same number despite the target geometry. This provides a
useful, if approximate, single correlation of capture efficiency
for different conditions of flow and geometry (see Figure 7 and
the next section).
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Stk.;>0.14 we recommend?* the curve fit

NStk o) [14 1.25(Stk yp— )~
—14x 107 %Stk ,—3) 2
+0.508 x 10~ %Stk —$)%171, (6)

which is accurate to better than 10%/ (rms) error
and is shown dashed in Figure 4. Equation (6)
will be used here to anticipate the simultaneous
effects of non-Stokes drag and gas compress-
ibility on the aerodynamic capture behavior of
an isolated cylinder at high Reynolds numbers.

Compressibility Effect on Aerodynamic
Capture by a Cylinder®

The incompressible fluid inviscid results cited
pertain to the asymptotic limit M* < <1, where
M is the mainstream Mach number. However, as
is well known, actual gas flows about targets
will depart from this limit at nonnegligible
Mach numbers, even within the inviscid
(Re'? > >1) limit. The effect of gas compress-
ibility on the capture efficiency of an isolated
cylinder has been considered by Brun et al.
(1953) using the so-called Janzen-Rayleigh per-
turbation method. This method converges rea-
sonably well up to the critical Mach number
(~0.4), at which sonic speed is attained some-

4The immediate vicinity of Stk where none of the
available numerical calculations of n are reliable anyway, re-
quires special treatment and will be discussed elsewhere.

5See Brun et al. (1953).
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where along the target. The actual particle
trajectory numerical calculations of Brun et al.
{1953) were carried out only at this particular
Mach number (0.4), for a gas with y=c,/c,=14.

In view of the ability of the “effective Stokes
number” approach to deal with departures from
Stokes drag, we consider here a further general-
ization of Stk that should incorporate the
dominant effect of gas compressibility on the
aerodynamic capture of particles. For this pur-
pose, consider first the Stokes drag limit and
rewrite Eq. (2) in the instructive form

_ b (P’ 2
Stk—tflow—< 18# (due/dx)x=0 '

Here (du,./dx),_, is the inviscid forward stag-
nation point velocity gradient at the cylinder,
known to be decisive in determining the critical
Stokes number below which pure inertial im-
paction will not occur (Friedlander, 1977).° In
defining an effective Stokes number to account
for compressibility it is then clear from Eq. (7)
that it is appropriate to base Stk.; on the
values of u and du, /dx actually prevailing in the
crucial forward stagnation region. For isen-

()

6Note that the use of 2(dug/dx);—q~! for tg, in the
definition of Stk will have the property of mapping the critical
Stokes numbers for all target geometries to the same value, §
when Re!/2 > 1. It should be remarked that even for com-
pressible flows the tangential gradient (du/dx),—¢ can be shown
to be equal to the local value of the spatial rate of fluid de-
celeration (—9v/dy),—o (normal direction) in the immediate
vicinity of a symmetrical forward stagnation point. On the basis
of this check we have corrected a coefficient in the M4 term

reported by Brun et al., (1955).

Stk = W 4 Re 3 Stk

FIGURE 5. Correlation of capture efficiency
behavior of a sphere; Rel/2 > 1, M2 < 1.

tropic flow of a gas with a viscosity dependent
on a power o of the absolute temperature, we
can then write

u(stag)/uq, = [1+3 (- 1HM?J%, ®)
where M is the free-stream Mach number.
Moreover, according to Imai’s calculations

(Eser, 1943; Ehlers et al, 1948) using Janzen-
Rayleigh perturbation theory:

du, LU 5.,
(dx >x=0_2 R Iilul_?: M

where the leading term, O(M?), has a coefficient
that is independent of y. We conclude that an
appropriate effective Stokes number for capture
by a cylindrical target in a compressible but
subsonic gas flow is of the form’

{1+[-D/21M? )

Stk ey =(Stk) ;=0 (10)

7 Evaluating the correction factor for y = 1.4, w = 0.67, M
= 0.4, we obtain 0.918, so that the critical value of the inertial
parameter Stkys_q below which pure inertial deposition will not
occur on a cylinder at M = 0.4 predicted to be
[Stk a7 — ol crit=5/0918=0.136,
rather than the incompressible value 0.125. Convergence of the
Janzen-Rayleigh series leading to Eq. (9) for a cylinder probably
extends up to a free-stream Mach number of ~0.45. Interest-
ingly enough, compressibility effects on a sphere are somewhat
smaller—with the numerator of Eq. (10) containing the factor 1
— 0.25M2 + --- (Lighthill, 1954).
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Combining Egs. (10) and (2) provides an ap-
proximate method for correlating the effects of
both non-Stokes particle drag and gas compress-
ibility on capture efficiency. Results of such a
correlation are compared with the numerical
calculations of Brun et al. (1953) in Figure 6. It is
interesting to note that whereas Brun et al.
(1953) concluded {from numerical calculations
at or above (Stk),,_, of 0.5] the compressibility
effect on # would become small near Stk in
fact, the relative effect is very great there since the
compressible theory predicts deposition only
above (Stk),,_,=0.136 (at M =0.4), whereas the
incompressible theory predicts deposition above
(Stk),s_o=0.125. Thus, in contrast to the graph
(Figure 6) of Brun et al., the present correlation
approach leads us to conclude that 10(n,—5.) /3;
becomes 100%; for all values of (Stk),,_ysbetween
0.125 and 0.136.

DISCUSSION

While the range of aerosol particle Reynolds
numbers considered above is quite large (up to
nearly 10%), it is apparent from Figures 4 and 5
that the aerosol collection efficiency for each
target is well correlated by an effective Stokes
number based on the actual (non-Stokes drag)
stopping distance. This kind of reduction in the
required number of “independent” parameters
should also be valuable in dealing with particle
Reynolds numbers not previously analyzed for
either collector geometry. The success of this

R. Israel and D. E. Rosner

notion for these two particularly well-studied
target geometries (isolated cylinder or sphere)
supports the use of a generalized Stokes number
to correlate the effects of non-Stokes particle
drag in many other cases of practical interest.
Moreover, by basing the effective Stokes
number on the appropriate characteristic flow
time [cf. Eq. (7)], the capture efficiency behavior
of the sphere and cylinder (and other target
geometries?) is adequately represented by a
single composite graph [ Figure 7 and curve fit to
Eq. (6)] with a scatter not much different than
the scatter in the individual non-Stokesian
particle correlations for each of these two
particular target geometries (Figures 4 and 5).
Indeed, such a Stokes number [cf. Eq. (10)]
includes the primary effects of fluid compress-
ibility, thereby also allowing the correlation of
Mach-number-dependent collection efficiencies.

CONCLUSIONS

Although not exact,® the use of a generalized
Stokes number (based, in effect, on actual, non-
Stokes, stopping time and appropriate flow

81n contrast, correcting Stokesian particle capture results for
the effects of "*slip™” at appreciable particle Knudsen numbers
(incorporating the Stokes—Cunningham factor SCF into the
numerator of Stk.gr) is exact, since slip ‘does not alter the
underlying linearity of the relation between small particle drag
and relative (particle-fluid) velocity. For non-Stokes continuum
drag associated with lvp - vldp/v > 1, the particle momentum
equation governing Vp is intrinsically nonlinear, and our use of
the correction factor x[/(Rep) can also be viewed as the result of
performing a quasi-linearization of this vector equation.

6

FIGURE 6. Compressibility and non-
Stokes drag effects on the capture effi-
ciency of an isolated cylinder; comparison
of present correlation (shown solid) with
the results of Brun et al. (1953 shown
dashed).
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time) is seen to have a remarkable effect on =~ REFERENCES

suppressing the dependence of capture efficiency
on many important geometric and fluid-
dynamic parameters, including the Mach
number.® This technique should prove very
useful in making engineering predictions or
correlating experimental data on both isolated
and interfering collectors,!® such as occur in gas-
cleaning equipment and aerosol instruments.
Moreover, even when the correlation is not
“complete,” it is still useful to employ a represen-
tation which minimizes the “apparent” dif-
ferences between various geometric and flow
situations. Finally, we anticipate that an ap-
propriate Stk will allow the correlation of other
important features of inertial impaction, includ-
ing particle kinetic energies upon impact, an-
gular distributions of capture, etc. Further tests
and extensions of these ideas are accordingly
suggested and will, in part, be dealt with in
separate reports.
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